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October 18, 2022

Contents

1 Addition of angular momenta 3

2 The Helium atom 9

2.1 Ground state . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

2.2 Excited states . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

3 Scattering theory 14

3.1 Lippmann–Schwinger equation, Green’s function, Born series . . . . . . . . . . . 14

3.2 Scattering amplitudes and cross sections . . . . . . . . . . . . . . . . . . . . . . 18

3.3 The method of partial waves . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

3.4 Optical theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25

4 Dynamical pictures of quantum mechanics 28

4.1 The Schrödinger picture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

4.2 The Heisenberg picture . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 30

4.3 The Dirac (interaction) picture . . . . . . . . . . . . . . . . . . . . . . . . . . . 31

5 Motion in electromagnetic field 35

5.1 Commutation relations of the kinetic momentum operators . . . . . . . . . . . . 35

5.2 The Hamilton operator . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

5.3 Para- and diamagnetism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 37

5.4 Continuity equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

5.5 Gauge transformation of the wavefunction . . . . . . . . . . . . . . . . . . . . . 41

5.6 The Aharanov–Bohm effect . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 42

5.7 Flux quantization in type-I superconductors . . . . . . . . . . . . . . . . . . . . 45

1



5.8 The motion of free electrons in magnetic field: Landau levels . . . . . . . . . . . 46

A Classical electrodynamics 49

A.1 Maxwell equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

A.2 Scalar and vector potentials, gauge transformations . . . . . . . . . . . . . . . . 49

A.3 Lagrangian formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

A.4 Hamiltonian formalism . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52

2



1 Addition of angular momenta

Let J⃗1 and J⃗2 be two angular momentum operators acting on different Hilbert spaces,

J⃗i : Hi → Hi (i = 1, 2) , (1)

which satisfy the angular momentum algebra,

J⃗i × J⃗i = ıℏJ⃗i . (2)

The common eigenvector of Ji,z and J2 is denoted by |ji,mi⟩ ∈ Hi, where ji = 0, 1
2
, 1, 3

2
, . . .

and mi ∈ [−ji,−ji + 1, . . . , ji.1, ji],

Ji,z |ji,mi⟩ = ℏmi |ji,mi⟩ (3)

J2
i |ji,mi⟩ = ℏ2ji(ji + 1) |ji,mi⟩ (4)

Ji,± |ji,mi⟩ = ℏ
√
ji(ji + 1)−mi(mi ± 1) |ji,mi ± 1⟩ , (5)

where the raising and lowering operators, Ji,+ and Ji,−, are defined as Ji,± = Ji,x ± ıJi,y.

We extend these operators to act on the tensor product Hilbert space H1 ⊗H2 as

J⃗i : H1 ⊗H2 → H1 ⊗H2 , (6)

J⃗1 → J⃗1 ⊗ I2 , J⃗2 → I1 ⊗ J⃗2 , (7)

where Ii is the identity operator on the Hilbert space Hi. This means that J⃗i acts in Hi as
in Eqs. (3), (4), and (5), while it keeps the vectors of the other Hilbert space unchanged.

Accordingly, the action of the operator J⃗1 on a vector |j1,m1⟩ ⊗ |j2,m2⟩ ∈ H1 ⊗ H2 can be
written as (from now on neglecting the notation ⊗ from the tensor product vectors):

J1,z |j1,m1⟩ |j2,m2⟩ = ℏm1 |j1,m1⟩ |j2,m2⟩ , (8)

J2
1 |j1,m1⟩ |j2,m2⟩ = ℏ2j1(j1 + 1) |j1,m1⟩ |j2,m2⟩ , (9)

J1,± |j1,m1⟩ |j2,m2⟩ = ℏ
√
j1(j1 + 1)−m1(m1 ± 1) |j1,m1 ± 1⟩ |j2,m2⟩ , (10)

and similar for J⃗2. Obviously, the operators J⃗1 and J⃗2 commute and their sum J⃗ = J⃗1 + J⃗2 is
also an angular momentum operator. Namely,

J⃗ × J⃗ =
(
J⃗1 + J⃗2

)
×
(
J⃗1 + J⃗2

)
= J⃗1 × J⃗1 + J⃗1 × J⃗2 + J⃗2 × J⃗1︸ ︷︷ ︸

0

+ J⃗2 × J⃗2

= ıℏJ⃗1 + ıℏJ⃗2 = ıℏJ⃗ . (11)

Note that the second and third terms in the second row cancel each other because the vector
product is antisymmetric. Consequently, the common eigenvector of Jz and J2, |j,m⟩ ∈ H1 ⊗
H2, satisfy the relationships,

Jz |j,m⟩ = ℏm |j,m⟩ (12)

J2 |j,m⟩ = ℏ2j(j + 1) |j,m⟩ (13)

J± |j,m⟩ = ℏ
√
j(j + 1)−m(m± 1) |j,m± 1⟩ . (14)
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We will demonstrate how the above eigenvectors |j,m⟩ can be constructed for given values
of j1 and j2 as a linear combination of the |j1,m1⟩ |j2,m2⟩ tensor product states,

|j,m⟩ =
∑

m1,m2

C (j1m1, j2m2|j,m) |j1,m1⟩ |j2,m2⟩ . (15)

The coefficients C (j1m1, j2m2|j,m), denoted often by ⟨j1m1, j2m2 |j,m⟩, are called the Clebsch–
Gordan coefficients. According to the ususal convention, we choose them to be real. Note
that the dimension of the subspace in H1 ⊗ H2 spanned by the states |j1,m1⟩ |j2,m2⟩ is
(2j1 + 1) (2j2 + 1), which - as shown by group theory - can be decomposed as a direct sum
of the eigensubspaces (irreducible representations) of Jz and J2. From this it also follows that
on this subspace we can combine (2j1 + 1) (2j2 + 1) common eigenvectors of Jz and J2.

The action of Jz on the state in (15) can be expressed as

Jz |j,m⟩ = (J1,z + J2,z)
∑

m1,m2

C (j1m1, j2m2|j,m) |j1,m1⟩ |j2,m2⟩

=
∑

m1,m2

ℏ (m1 +m2)C (j1m1, j2m2|j,m) |j1,m1⟩ |j2,m2⟩

= ℏ (m1 +m2) |j,m⟩ , (16)

which together with Eq. (12) leads to∑
m1,m2

ℏ (m1 +m2 −m)C (j1m1, j2m2|j,m) |j1,m1⟩ |j2,m2⟩ = 0 . (17)

Since the states |j1,m1⟩ |j2,m2⟩ are orthonormal, therefore, also linearly independent,

(m1 +m2 −m)C (j1m1, j2m2|j,m) = 0 , (18)

from which we conclude that C (j1m1, j2m2|j,m) = 0 if m ̸= m1+m2. This condition is usually
written as the first rule for the Clebsch-Gordan coefficients,

m = m1 +m2 . (19)

This also implies that, for given j1 and j2, the maximum of the possible quantum numbers m is
j1 + j2, therefore, j can not be larger than j1 + j2, i.e., for j > j1 + j2 C (j1m1, j2m2|j,m) = 0.

Statement:
|j1 + j2, j1 + j2⟩ = |j1, j1⟩ |j2, j2⟩ , (20)

i.e.
C (j1j1, j2j2|j1 + j2, j1 + j2) = 1 . (21)

Proof:

The state |j1, j1⟩ |j2, j2⟩ is clearly eigenstate of Jz with the eigenvalue ℏ (j1 + j2):

Jz |j1, j1⟩ |j2, j2⟩ = (J1,z + J2,z) |j1, j1⟩ |j2, j2⟩
= ℏ (j1 + j2) |j1, j1⟩ |j2, j2⟩ . (22)

The operator J2 can be rewritten as,

J2 =
(
J⃗1 + J⃗2

)2
= J2

1 + J2
2 + 2J⃗1J⃗2 = J2

1 + J2
2 + 2J1,x J2,x + 2J1,y J2,y + 2J1,z J2,z

= J2
1 + J2

2 + 2J1,z J2,z + J1,+ J2,− + J1,− J2,+ , (23)
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therefore, using the actions of the tensor product operators (8), (9), and (10),

J2 |j1, j1⟩ |j2, j2⟩ = ℏ2 (j1(j1 + 1) + j2(j2 + 1) + 2j1j2) |j1, j1⟩ |j2, j2⟩
+ J1,+ |j1, j1⟩︸ ︷︷ ︸

|0⟩1

J2,− |j2, j2⟩+ J1,− |j1, j1⟩ J2,+ |j2, j2⟩︸ ︷︷ ︸
|0⟩2

= ℏ2 (j1 + j2) (j1 + j2 + 1) |j1, j1⟩ |j2, j2⟩ , (24)

where |0⟩i is the zero vector of the Hilbert space, Hi. Q.E.D.

Let us introduce the notation jmax = j1 + j2. It is obvious that the successive action of
the lowering operator J− = J1,− + J2,− starting from the state |jmax, jmax⟩ generates the states
|jmax,m⟩, m ∈ [−jmax,−jmax + 1, . . . , jmax − 1]. This procedure yields 2jmax + 1 eigenstates of
Jz and J2.

Example: Let’s calculate the Clebsch–Gordan coefficients for |jmax, jmax − 1⟩. Acting on both
sides of Eq. (20) with J−,

J− |j1 + j2, j1 + j2⟩ = ℏ
√

2 (j1 + j2) |j1 + j2, j1 + j2 − 1⟩ (25)

(J1,− + J2,−) |j1, j1⟩ |j2, j2⟩ = ℏ
√

2j1 |j1, j1 − 1⟩ |j2, j2⟩+ ℏ
√
2j2 |j1, j1⟩ |j2, j2 − 1⟩ , (26)

it immediately follows that

|j1 + j2, j1 + j2 − 1⟩ =

√
j1

j1 + j2
|j1, j1 − 1⟩ |j2, j2⟩+

√
j2

j1 + j2
|j1, j1⟩ |j2, j2 − 1⟩ , (27)

i.e. the corresponding Clebsch–Gordan coefficients are:

C (j1, j1 − 1; j2, j2|j1 + j2, j1 + j2 − 1) =

√
j1

j1 + j2
(28)

C (j1, j1; j2, j2 − 1|j1 + j2, j1 + j2 − 1) =

√
j2

j1 + j2
. (29)

Obviously, the equality

(2j1 + 1) (2j2 + 1) = 2 (j1 + j2) + 1 (30)

only holds if one of j1 and j2 is zero. In these cases, we have found all of the eigenstates of J2 and
Jz that satisfy (15). For j1j2 ̸= 0 we can find further eigenstates corresponding to the quantum
numbers j < jmax = j1 + j2. First we have to construct the eigenstates |j1 + j2 − 1,m⟩ . The
state |j1 + j2 − 1, j1 + j2 − 1⟩ should have the form,

|j1 + j2 − 1, j1 + j2 − 1⟩ = c1 |j1, j1 − 1⟩ |j2, j2⟩+ c2 |j1, j1⟩ |j2, j2 − 1⟩ , (31)

which follows from Eq. (19). This state can be calculated if we utilize the orthogonality of
the eigenstates |j1 + j2 − 1, j1 + j2 − 1⟩ and |j1 + j2, j1 + j2 − 1⟩, see in (27), being the linear
combinations of the same tensor product vectors. From the orthogonality of the eigenstates of
J2 and Jz we obtain,

c1

√
j1

j1 + j2
+ c2

√
j2

j1 + j2
= 0 .
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Normalizing the eigenstates to one,
c21 + c22 = 1 . (32)

implies, up to a multiplicative factor of ±1, the solutions

c1 = C (j1, j1 − 1; j2, j2|j1 + j2 − 1, j1 + j2 − 1) =

√
j2

j1 + j2
, (33)

c2 = C (j1, j1 − 1; j2, j2|j1 + j2 − 1, j1 + j2 − 1) = −

√
j1

j1 + j2
, (34)

i.e.,

|j1 + j2 − 1, j1 + j2 − 1⟩ =

√
j2

j1 + j2
|j1, j1 − 1⟩ |j2, j2⟩ −

√
j1

j1 + j2
|j1, j1⟩ |j2, j2 − 1⟩ . (35)

Starting from this state, by successive actions of J−, we can generate the states |j1 + j2 − 1,m⟩
for m ∈ [−j1 − j2 + 1, . . . , j1 + j2 − 2]. If the total number of the eigenstates |j,m⟩ is still less
than (2j1 + 1) (2j2 + 1), we proceed with the construction of the subspace corresponding to
j = j1 + j2 − 2. First, we find the state |j1 + j2 − 2, j1 + j2 − 2⟩ by orthogonalizing it to the
states, |j1 + j2, j1 + j2 − 2⟩ and |j1 + j2 − 1, j1 + j2 − 2⟩, obtained previously and then applying
again J− until we get the state |j1 + j2 − 2,−(j1 + j2 − 2)⟩ (see Practical course).

The question naturally arises how long we can countinue this process. In other words, what
is the minimal quantum number jmin, the eigensubspace of which can be generated from the
states |j1,m1⟩ |j2,m2⟩? As we mentioned before, the dimension of the subspace in H1 ⊗ H2

spanned by the states |j1,m1⟩ |j2,m2⟩ is (2j1 + 1) (2j2 + 1), which should be equal to the sum
of the dimensions of the eigensubspaces of J2 and Jz that can be generated on this subspace,

(2j1 + 1) (2j2 + 1) =

jmax∑
j=jmin

(2j + 1) . (36)

There are two possible cases:

(1) all j′s are integer (or 2j + 1 is odd):

The sum of the odd numbers up to 2jmax + 1 equals

jmax∑
j=0

(2j + 1) = 2

jmax∑
j=0

j + jmax + 1 = 2
jmax (jmax + 1)

2
+ jmax + 1 = (jmax + 1)2 , (37)

from which we obtain

jmax∑
j=jmin

(2j + 1) = (jmax + 1)2 − j2min = (j1 + j2 + 1)2 − j2min . (38)

(2) all j′s are half-integer (or 2j + 1 is even):

jmax+
1
2∑

j= 1
2

(2j + 1) = jmax + 1 +

jmax+
1
2∑

j= 1
2

(2j) = jmax + 1 +

jmax∑
k=0

(2k + 1) (39)

= jmax + 1 + (jmax + 1)2 = (jmax + 1) (jmax + 2) , (40)
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where we used the substitution k = j − 1/2. Using this identity,

jmax∑
j=jmin

(2j + 1) = (jmax +
1

2
)(jmax +

3

2
)− (jmin −

1

2
)(jmin +

1

2
)

= j2max + 2jmax + 1− j2min = (j1 + j2 + 1)2 − j2min , (41)

i.e., we get the same result in both cases. From Eq. (36) we get for jmin,

j2min = (j1 + j2 + 1)2 − (2j1 + 1) (2j2 + 1) = (j1 + j2)
2 − 4j1j2 = (j1 − j2)

2 (42)

or
jmin = |j1 − j2| . (43)

The possible quantum numbers j are then as follows,

j ∈ [ |j1 − j2| , |j1 − j2|+ 1, . . . , j1 + j2 − 1, j1 + j2] , (44)

or
C (j1m1, j2m2|j,m) = 0 if j < |j1 − j2| or j > j1 + j2 , (45)

which is usually termed as the second rule for the Clebsch-Gordan coefficients.

We note two important properties of the Clebsch–Gordan coefficients:

Orthonomality

It follows from the orthonormality of the angular momentum eigenstates:

⟨jm |j′m′⟩ = δjj′δmm′ . (46)

Expanding the above scalar product using (15),

⟨jm |j′m′⟩ =
∑
m1m2

∑
m′

1m
′
2

C (j1m1; j2m2|jm)C (j′1m
′
1; j

′
2m

′
2|j′m′) ⟨j1m1 |j′1m′

1⟩︸ ︷︷ ︸
δj1j′1

δm1m
′
1

⟨j2m2 |j′2m′
2⟩︸ ︷︷ ︸

δj2j′2
δm2m

′
2

(47)

⇓∑
m1m2

C (j1m1; j2m2|jm)C (j1m1; j2m2|j′m′) = δjj′δmm′ . (48)

Completeness

A second identity follows from the fact that, being an orthonormal set of vectors, the eigen-
states |jm⟩ form a complet set of the subspace {|j1m1⟩ |j2m2⟩ : −j1 ≤ m1 ≤ j1, −j2 ≤ m2 ≤ j2}
:

j1+j2∑
j=|j1−j2|

j∑
m=−j

|jm⟩ ⟨jm| =
∑
m1m2

|j1m1⟩ |j2m2⟩ ⊗ ⟨j1m1| ⟨j2m2|

≡
∑
m1m2

|j1m1⟩ ⟨j1m1| ⊗ |j2m2⟩ ⟨j2m2| . (49)
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Expanding the projectors on left-hand side of the identity using again (15),

jmax∑
j=jmin

j∑
m=−j

|jm⟩ ⟨jm| =
jmax+∑
j=jmin

j∑
m=−j

∑
m1m2

∑
m′

1m
′
2

C (j1m1; j2m2|jm)C (j1m
′
1; j2m

′
2|jm)

|j1m1⟩ ⟨j1m′
1| ⊗ |j2m2⟩ ⟨j2m′

2| (50)

=
∑
m1m2

∑
m′

1m
′
2

(
jmax∑

j=jmin

j∑
m=−j

C (j1m1; j2m2|jm)C (j1m
′
1; j2m

′
2|jm)

)
|j1m1⟩ ⟨j1m′

1| ⊗ |j2m2⟩ ⟨j2m′
2| , (51)

which, as compared with

jmax∑
j=jmin

j∑
m=−j

|jm⟩ ⟨jm| =
∑
m1m2

|j1m1⟩ ⟨j1m1| ⊗ |j2m2⟩ ⟨j2m2| ,

implies
jmax∑

j=jmin

j∑
m=−j

C (j1m1; j2m2|jm)C (j1m
′
1; j2m

′
2|jm) = δm1m′

1
δm2m′

2
. (52)
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2 The Helium atom

The Helium atom displays a prototypical system for two interacting electrons. The two-
electron Hamilton operator can be decomposed into two parts,

H (1, 2) = H0 (1, 2) + V (1, 2) , (53)

where H0 (1, 2) is the Hamilton operator of the independent electrons, while V (1, 2) describes
the interaction between the two electrons. H0 (1, 2) can be written as the sum of one-electron
Hamilton operators,

H0 (1, 2) = H1 (1) +H1 (2) , (54)

where H1 is a hydrogen-type of Hamilton operator with Z = 2,

H1 (i) = − ℏ2

2m
∆i −

2ke2

ri
(i = 1, 2) . (55)

The interaction is the Coulomb repulsion between the two electrons,

V (1, 2) =
ke2

|r⃗1 − r⃗2|
. (56)

As we learned, the eigenstates of H1 (i) are labelled by the principal quantum number n =
1, 2, 3, . . ., the angular momentum quantum number ℓ = 0, 1, . . . , n− 1, the magnetic quantum
number m = −ℓ,−ℓ+ 1, . . . , ℓ and the spin quantum number ms = ±1

2
,

ϕn,ℓ,m,ms (i) = ϕn,ℓ,m (r⃗i)

∣∣∣∣12 ,ms

〉
i

,

H1 (i) ϕn,ℓ,m,ms (i) = En ϕn,ℓ,m,ms (i) (57)

while the eigenenergies depend just on n,

En = −4
m (ke2)

2

ℏ2
1

n2
= − 4

n2
Ryd . (58)

2.1 Ground state

The lowest-energy one-particle states are the 1s states,

ϕ1,0,0,ms (i) = ϕ1,0,0 (r⃗i)

∣∣∣∣12 ,ms

〉
i

= ϕ1s (r⃗i)

∣∣∣∣12 ,ms

〉
i

. (59)

The two-electron tensor product space generated by these wavefunctions is four-dimensional,
but only one of them is antisymmetric, i.e., can describe a two-fermion state:

ψ1s,1s (1, 2) = ϕ1s(r⃗1)ϕ1s(r⃗2) |0, 0⟩ , (60)

where the spatial part, ϕ1s(r⃗1)ϕ1s(r⃗2), is symmetric and the spin part,

|0, 0⟩ = 1√
2

(∣∣∣∣12 ,+1

2

〉
1

∣∣∣∣12 ,−1

2

〉
2

−
∣∣∣∣12 ,−1

2

〉
1

∣∣∣∣12 ,+1

2

〉
2

)
(61)
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is the antisymmetric two-spin singlet state (S = 0, mS = 0). This is the ground state of the
non-interacting two-electron Hamiltonian, H0(1, 2), which we consider the Hamiltonian of the
unperturped system,

H0(1, 2)ψ1s,1s(1, 2) = E
(0)
1s,1s ψ1s,1s(1, 2) (62)

E
(0)
1s,1s = −8Ryd . (63)

The first-order perturbation correction of the ground state is given by the non-degenerate
perturbation theory as

∆E
(1)
1s,1s = ⟨ψ1s,1s(1, 2)|V (1, 2) |ψ1s,1s(1, 2)⟩ (64)

= ⟨00 |00⟩︸ ︷︷ ︸
=1

ke2
∫ ∫

ϕ∗
1s(r⃗1)ϕ

∗
1s(r⃗2)ϕ1s(r⃗1)ϕ1s(r⃗2)

|r⃗1 − r⃗2|
d3r1d

3r2 (65)

= ke2
∫ ∫

ϱ1s(r⃗1)ϱ1s(r⃗2)

|r⃗1 − r⃗2|
d3r1d

3r2 = C1s,1s > 0 , (66)

where ϱ1s(r⃗) = ϕ∗
1s(r⃗)ϕ1s(r⃗) = |ϕ1s(r⃗)|2 and C1s,1s is the Coulomb interaction energy of the

classical charge distribution, eϱ1s(r⃗). The result of the calculation is,

C1s,1s =
5

4

Zm (ke2)
2

ℏ2
= 2.5Ryd , (67)

thus, the first-order ground-state energy of the He atom equals

E
(1)
1s,1s = E

(0)
1s,1s +∆E

(1)
1s,1s = −5.5Ryd . (68)

Actually, this is a surprisingly good approximation of the exact ground state energy, −5.807
Ryd .

2.2 Excited states

The first excited states of the unperturbed Hamiltonian can be generated from the 1s and
2s, 2p one-electron states. Let’s consider first the eight-dimensional tensor product space of the
1s and 2s states. By using the two-spin eigenstates,

| 0 0⟩ = 1√
2

(∣∣∣∣12 ,+1

2

〉
1

∣∣∣∣12 ,−1

2

〉
2

−
∣∣∣∣12 ,−1

2

〉
1

∣∣∣∣12 ,+1

2

〉
2

)
singlet (69)

|1− 1⟩ =
∣∣∣∣12 ,−1

2

〉
1

∣∣∣∣12 ,−1

2

〉
2

|10⟩ = 1√
2

(∣∣∣∣12 ,+1

2

〉
1

∣∣∣∣12 ,−1

2

〉
2

+

∣∣∣∣12 ,−1

2

〉
1

∣∣∣∣12 ,+1

2

〉
2

)
|11⟩ =

∣∣∣∣12 ,+1

2

〉
1

∣∣∣∣12 ,+1

2

〉
2


triplet (70)

and the symmetric and antisymmetric combinations of the spatial parts of the hydrogen-like
wavefunctions,

ϕ+
1s,2s(r⃗1, r⃗2) =

1√
2
(ϕ1s(r⃗1)ϕ2s(r⃗2) + ϕ2s(r⃗1)ϕ1s(r⃗2)) (71)

ϕ−
1s,2s(r⃗1, r⃗2) =

1√
2
(ϕ1s(r⃗1)ϕ2s(r⃗2)− ϕ2s(r⃗1)ϕ1s(r⃗2)) , (72)
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four antisymmetric two-electron states can be constructed as follows,

ψ1
1s,2s(1, 2) = ϕ+

1s,2s(r⃗1, r⃗2) |00⟩ (73)

ψ2
1s,2s(1, 2) = ϕ−

1s,2s(r⃗1, r⃗2) |1− 1⟩ (74)

ψ3
1s,2s(1, 2) = ϕ−

1s,2s(r⃗1, r⃗2) |10⟩ (75)

ψ4
1s,2s(1, 2) = ϕ−

1s,2s(r⃗1, r⃗2) |11⟩ . (76)

These states are degenerate eigenstates of the unperturbed Hamiltonian, H0(1, 2) :

H0(1, 2)ψα
1s,2s(1, 2) = E1s,2s ψ

α
1s,2s(1, 2) (α = 1, 2, 3, 4) (77)

E1s,2s = −4

(
1 +

1

4

)
Ryd =− 5Ryd . (78)

To obtain the correction of the energy due to the electron-electron interaction we have to apply
degenerate first-order perturbation theory. Since the Coulomb interaction is independent of the
spin and ψα

1s,2s(1, 2) contain orthonormal two-spin states, the matrix of the Coulomb interaction

is diagonal on the basis
{
ψα
1s,2s

}
. The first-order energy corrections are then obtained as the

diagonal elements of the matrix of perturbation,

∆E
(1),1
1s,2s =

〈
ψ1
1s,2s(1, 2)

∣∣V (1, 2)
∣∣ψ1

1s,2s(1, 2)
〉

(79)

=

∫ ∫
ϕ+
1s,2s(r⃗1, r⃗2)

∗ ke2

|r⃗1 − r⃗2|
ϕ+
1s,2s(r⃗1, r⃗2) d

3r1d
3r2 , (80)

and for α ∈ {2, 3, 4}

∆E
(1),α
1s,2s =

〈
ψα
1s,2s(1, 2)

∣∣V (1, 2)
∣∣ψα

1s,2s(1, 2)
〉

(81)

=

∫ ∫
ϕ−
1s,2s(r⃗1, r⃗2)

∗ ke2

|r⃗1 − r⃗2|
ϕ−
1s,2s(r⃗1, r⃗2) d

3r1d
3r2 . (82)

We can see that the triplet states remain degenerate but the degeneracy between the triplet
and singlet states is lifted. Let’s evaluate the energy corrections:∫ ∫

ϕ±
1s,2s(r⃗1, r⃗2)

∗ ke2

|r⃗1 − r⃗2|
ϕ±
1s,2s(r⃗1, r⃗2) d

3r1d
3r2 = (83)

=
1

2

∫ ∫
ϕ1s(r⃗1)

∗ϕ2s(r⃗2)
∗ ke2

|r⃗1 − r⃗2|
ϕ1s(r⃗1)ϕ2s(r⃗2) d

3r1d
3r2

+
1

2

∫ ∫
ϕ2s(r⃗1)

∗ϕ1s(r⃗2)
∗ ke2

|r⃗1 − r⃗2|
ϕ2s(r⃗1)ϕ1s(r⃗2) d

3r1d
3r2

±1

2

∫ ∫
ϕ1s(r⃗1)

∗ϕ2s(r⃗2)
∗ ke2

|r⃗1 − r⃗2|
ϕ2s(r⃗1)ϕ1s(r⃗2) d

3r1d
3r2

±1

2

∫ ∫
ϕ2s(r⃗1)

∗ϕ1s(r⃗2)
∗ ke2

|r⃗1 − r⃗2|
ϕ1s(r⃗1)ϕ2s(r⃗2) d

3r1d
3r2 . (84)

The first two terms on the right-hand side of the above equation are clearly identical and
equal to the classical Coulomb interaction energy between the charge distributions, eϱ1s(r⃗1)
and eϱ2s(r⃗2) :

C1s,2s = ke2
∫
ϱ1s(r⃗1)ϱ2s(r⃗2)

|r⃗1 − r⃗2|
d3r1d

3r2 . (85)
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The remaining two terms that are also identical have no classical analogue. Since they con-
tain two different wavefuntions with the same (coordinate) argument, we call these terms the
exchange integral,

K1s,2s = ke2
∫ ∫

ϕ1s(r⃗1)
∗ϕ2s(r⃗2)

∗ϕ2s(r⃗1)ϕ1s(r⃗2)

|r⃗1 − r⃗2|
d3r1d

3r2 , (86)

which gives the energy splitting between the singlet and triplet states formed from the tensor
product of 1s and 2s one-electron states:

∆E
(1),singlet
1s,2s = C1s,2s +K1s,2s , (87)

∆E
(1),triplet
1s,2s = C1s,2s −K1s−2s . (88)

For a complete description first excited states of the Helium atom we have to consider
also the Slater determinants formed by the 1s and 2p3 one-electron states, because they are
eigenfunctions of the unperturbed Hamiltonian with the same energy, E = −5 Ryd. The
corresponding two-electron states can be constructed as above,

ψ1
1s,2pm(1, 2) = ϕ+

1s,2pm(r⃗1, r⃗2) |00⟩ (89)

ψ2
1s,2pm(1, 2) = ϕ−

1s,2pm(r⃗1, r⃗2) |1− 1⟩ (90)

ψ3
1s,2pm(1, 2) = ϕ−

1s,2pm(r⃗1, r⃗2) |10⟩ (91)

ψ4
1s,2pm(1, 2) = ϕ−

1s,2pm(r⃗1, r⃗2) |11⟩ , (92)

where m ∈ {−1, 0, 1} refer to the hydrogen-like one-electron eigenfunctions ϕ2,1,m (r⃗). There-
fore, we have to work on a 4 × 4 = 16-dimensional subspace of two-fermion wavefunctions
and employ first-order degenerate perturbation theory on this space. In order to avoid this
high-dimensional problem we can make use that the two-electon angular momentum operator,
L⃗ = L⃗1 + L⃗2, commutes with the Hamiltonian H(1, 2), thus, we can look for the common
eigenstates of the operators H(1, 2), Lz and L

2. Furthermore, based on the addition of angular
momenta, it is obvious that the states (73)-(76) are eigenfunctions of Lz and L

2 with L = 0 and
M = 0, while the states (89)-(92) correspond to angular momentum eigenstates with L = 1
and M = m. Obviously, the matrix of V (1, 2) is again diagonal and the degeneracies are lifted
as above,

∆E
(1),singlet
1s,2pm = C1s,2p +K1s,2p , (93)

∆E
(1),triplet
1s,2pm = C1s,2p −K1s,2p , (94)

where C1s,2p is the Coulomb integral and K1s,2p is the exchange integral defined in (85) and
(86), respectively, by simply replacing ϕ2s by ϕ2pm . It is easy to show that the integrals C1s,2p

and K1s,2p are independent of m by symmetry. The tensor product space of the (1s, 2s) and
(1s, 2p) states split then into four energy levels, as shown in Figure 1.

For the eigenstates of the He atom, in Figure 1 we used the notation 2S+1LJ , where J⃗ = J⃗1+J⃗2
with J⃗i = L⃗i + S⃗i being the total angular momentum. Instead of L = 0, 1, . . . we use the
conventional notation S, P, . . ., respectively. Due to the addition rules of angular momenta,
for the singlet states S = 0 (2S + 1 = 1), the total angular momentum quantum number J
is unambiguously defined as J = L. In case of the 3S1 triplet states, where L = 0, J is also
defined unambiguously, J = S = 1. These levels are 2J + 1 times degenerate. The 3PJ , i.e.
the L = 1 and S = 1 states correspond to J = 0, 1, 2, so this level is 1 + 3 + 5 = 9 times

12



Figure 1: The energy levels of the low-energy excited states in the He atom. The notations are
as follows: J20 ≡ C1s,2s, J21 ≡ C1s,2p, K20 ≡ K1s,2s, K21 ≡ K1s,2p.

degenerate. We will see later that this level splits according to the three different values of J
due to spin-orbit coupling as indicated in Figure 1.

Remark: Effective spin Hamiltonian for the spin singlet and triplet states.

The energy of the singlet and triplet states,

E(S = 0) = C +K (95)

E(S = 1) = C −K (96)

can be written as
E(S) = C − (S(S + 1)− 1)K . (97)

In the above expression we recognize the eigenvalue of the S2 operator, so we define the effective
Hamiltonian, which describes the interaction of the spins of the two electrons,

Hspin(S⃗1, S⃗2) = C +K − 1

ℏ2
(S⃗1 + S⃗2)

2K = C − 1

2
K − 2K

ℏ2
S⃗1S⃗2 (98)

= H0 − J S⃗1S⃗2 . (99)

This is a prototype of the isotropic Heisenberg model with the so-called exchange interaction
J related to the exchange integral K as

J =
2K

ℏ2
. (100)
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3 Scattering theory

In this section, we investigate the propagation of particles through a scattering medium
termed as the target. The scattered particles are detected far from the target. As in the case
of one-dimensional scattering, we use plane-wave states for the incoming particle,

ıℏ∂tψ0 (r⃗, t) = H0ψ0 (r⃗, t) = −ℏ2∆
2m

ψ0 (r⃗, t) , (101)

ψ0 (r⃗, t) = Aei(k⃗r⃗−
E
ℏ t) (102)

E =
ℏ2k2

2m
. (103)

If the particle is described by a wave packet, localized both in coordinate and momentum space,
then we should consider the superposition of plane waves.

3.1 Lippmann–Schwinger equation, Green’s function, Born series

The scattering process can be described by solving the time dependent Schrödinger equation,

ıℏ∂tψ (r⃗, t) = (H0 + V (r⃗))ψ (r⃗, t) , (104)

where the V (r⃗) the potential energy stands for the interaction between the scattered particle
and the target (target potential). If the target potential is time independent, the energy of
the particle is a conserved (elastic scattering), so we can change to the time independent
Schrödinger equation:

ψ (r⃗, t) = ψ (r⃗) e−iEℏ t (105)

⇓

(H0 + V (r⃗)) ψ (r⃗) = E ψ (r⃗) . (106)

Without loss of generality it is worth to take the solution ψ (r⃗) as the sum of the incident
wave ψ0 (r⃗) and a scattered wave ψsc (r⃗),

ψ (r⃗) = ψ0 (r⃗) + ψsc (r⃗) . (107)

As the detectors are far from the target, our goal is to express the scattered wave for large
r = |r⃗| → ∞, which is called the asymptotic limit.

Substituting (107) into the Schrödinger equation (106),

(H0 + V (r⃗)) (ψ0 (r⃗) + ψsc (r⃗)) = E (ψ0 (r⃗) + ψsc (r⃗)) (108)

we proceed as
(H0 + V (r⃗))ψsc (r⃗) + V (r⃗)ψ0 (r⃗) = E ψsc (r⃗) (109)

⇓

(H0 − E)ψsc (r⃗) = −V (r⃗) (ψ0 (r⃗) + ψsc (r⃗)) (110)

and obtain the following equation for the scattered wave,

(H0 − E)ψsc (r⃗) =

(
−ℏ2∆

2m
− E

)
ψsc (r⃗) = −V (r⃗)ψ (r⃗) . (111)
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The above equation can be solved by Green’s function techniqe. The Green’s funtion of the
free particles is defined as (

−ℏ2∆
2m

− E

)
G0(r⃗, r⃗

′;E) = −δ(r⃗ − r⃗′) . (112)

Multiplying with V (r⃗′)ψ (r⃗′) and integrating over r⃗′, we obtain(
−ℏ2∆

2m
− E

)∫
G0(r⃗, r⃗

′;E)V (r⃗′)ψ (r⃗′) d3r′ =

= −
∫
δ(r⃗ − r⃗′)V (r⃗′)ψ (r⃗′) d3r′ = −V (r⃗)ψ (r⃗) . (113)

Comparing with equation (111) we conclude that the scattered wavefunction satisfies the equal-
ity

ψsc (r⃗) =

∫
G0 (r⃗, r⃗

′, E)V (r⃗′)ψ (r⃗′) d3r′ , (114)

thus, the solution of (106) can be written as

ψ (r⃗) = ψ0 (r⃗) +

∫
G0(r⃗, r⃗

′;E)V (r⃗′)ψ (r⃗′) d3r′ , (115)

which is called the Lippmann–Schwinger equation. The Lippmann–Schwinger equation is an
integral equation that provides the solution of the time-independent Schrödinger equation in
such a way that it includes the boundary conditions for the solution by a suitable choice of the
Green’s function G0 (r⃗, r⃗

′;E). In our case, we expect spherical outgoing waves (eikr/r) far away
from the target (see later).

In order to determine the Green’s function we introduce the resolvent operator, G0 (z),

(H0 − zI)G0 (z) = −I (116)

where I is the unit operator of the Hilbert space and z ∈ C is a complex energy argument.
Taking the coordinate representation of the above operator equation,

⟨r⃗| (H0 − zI)G0 (z) |r⃗′⟩ = −⟨r⃗ |r⃗′⟩ = −δ (r⃗ − r⃗′) (117)

⇓∫
d3r′′ ⟨r⃗| (H0 − zI) |r⃗′′⟩ ⟨r⃗′′|G0 (z) |r⃗′⟩ = (H0 (r⃗)− z)G0 (r⃗, r⃗

′; z) = −δ (r⃗ − r⃗′) , (118)

where we used that H0 is diagonal in coordinate representation,

⟨r⃗|H0 |r⃗′⟩ = H0 (r⃗, r⃗
′) = H0 (r⃗) δ (r⃗ − r⃗′) . (119)

It is then obvious that the coordinate representation of the resolvent operator, ⟨r⃗|G0 (z) |r⃗′⟩ =
G0 (r⃗, r⃗

′; z), is the required Green’s function.

Let’s recall the spectral resolution of H0,

H0 =
∑
n

εn |n⟩ ⟨n| , (120)

where εn and |n⟩ are the eigenvalues and eigenvectors of H0, and they form an orthonormal
basis on the Hilbert space. Note that in the case of a continuous spectrum, instead of the
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summation we have to take an integral over the generalized eigenvalues. From Eq. (116) it
follows,

⟨n| (zI −H0)G0 (z) |m⟩ = (z − εn) ⟨n|G0 (z) |m⟩ = δnm (121)

from which we get

⟨n|G0 (z) |m⟩ = δnm
1

z − εn
, (122)

and the spectral resolution of the resolvent,

G0 (z) =
∑
n

|n⟩ ⟨n|
z − εn

. (123)

Since εn can take only real values, in order to avoid zero values in the denominator, for real
values of z = E we take the limits when the imaginary part goes to zero. Depending on whether
this limit is taken from the upper or lower complex semiplane, we define G+

0 (E) and G−
0 (E)

as

G±
0 (E) =

∑
n

|n⟩ ⟨n|
E − εn ± i0

. (124)

Obviously G+
0 (E) and G−

0 (E) are the adjoint operators of each other, and identical only if E
is not an eigenvalue of H0 (i.e. out of the spectrum of H0).

The Green’s function can be written as

G±
0 (r⃗′, r⃗; z) =

∑
n

⟨r⃗′ |n⟩ ⟨n |r⃗⟩
z − εn ± ı0

=
∑
n

φn (r⃗
′)φn (r⃗)

∗

z − εn ± ı0
, (125)

where φn (r⃗) denote the eigenfunctions of H0. Taking into account that the properly normalized

generalized eigenfunctions of H0 are φp⃗ (r⃗) =
1

h3/2 e
i
ℏ p⃗r⃗ with the generalized eigenvalues εp⃗ =

p2

2m
,

and writing the energy variable of the Green’s function as z = ℏ2k2
2m

, we get the following
expression:

G0 (r⃗
′, r⃗; z) =

1

h3

∫
e

i
ℏ p⃗(r⃗

′−r⃗)

ℏ2k2
2m

− p2

2m

d3p =
2m

h3

∫
e

i
ℏ p⃗(r⃗

′−r⃗)

ℏ2k2 − p2
d3p (126)

=
4πm

h3

∫ ∞

0

p2dp

ℏ2k2 − p2

∫ 1

−1

dx e
ı
ℏp|r⃗

′−r⃗|x (127)

=
2m

h2|r⃗ − r⃗′|
1

i

∫ ∞

0

dp p
e

ı
ℏp|r⃗−r⃗′| − e−

ı
ℏp|r⃗−r⃗′|

ℏ2k2 − p2
(128)

=
2m

ih2|r⃗ − r⃗′|

∫ ∞

−∞
dp

pe
ı
ℏp|r⃗−r⃗′|

ℏ2k2 − p2
. (129)

The integral can be calculated by using the residue theorem by closing the contour in the upper
complex semiplane. For Re z > 0 and Im z > 0 → Re z > 0, Im k > 0 we get

G0 (r⃗
′, r⃗; z) = − 4πm

h2|r⃗ − r⃗′|
Re s(

pe
ı
ℏp|r⃗−r⃗′|

(p− ℏk) (p+ ℏk)
, ℏk) = −2m

ℏ2
eik|r⃗−r⃗′|

4π |r⃗ − r⃗′|
, (130)

while for Re z > 0 and Im z < 0 → Re z > 0, Im k < 0,

G0 (r⃗
′, r⃗; z) = − 4πm

h2|r⃗ − r⃗′|
Re s(

pe
ı
ℏp|r⃗−r⃗′|

(p− ℏk) (p+ ℏk)
,−ℏk) = −2m

ℏ2
e−ik|r⃗−r⃗′|

4π |r⃗ − r⃗′|
, (131)
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⇓

E > 0 : G±
0 (r⃗′, r⃗;E) = −2m

ℏ2
e±ık|r⃗−r⃗′|

4π|r⃗ − r⃗′|
. (132)

In order to derive the asymptotic form of the scattered wave, we will use G+
0 (r⃗′, r⃗;E) providing

outgoing spherical waves as mentioned already. We also note that for E < 0, E ± i0 = (±ik)2
with k =

√
−E, therefore,

G±
0 (r⃗′, r⃗;E) = −2m

ℏ2
e−k|r⃗−r⃗′|

4π|r⃗ − r⃗′|
, (133)

being identical for both side limits.

Choosing the positive side limit of the free Green’s function, the abstract form of the
Lippmann–Schwinger equation reads as

|ψ⟩ = |ψ0⟩+G+
0 V |ψ⟩ , (134)

where we dropped the energy argument. The above equation can be solved by successive
iteration,

|ψ(0) = |ψ0⟩ (135)

|ψ(1)⟩ = |ψ0⟩+G+
0 V |ψ0⟩ = |ψ0⟩+G+

0 V |ψ0⟩ (136)

|ψ(2)⟩ = |ψ0⟩+G+
0 V |ψ(1)⟩ = |ψ0⟩+G+

0 V |ψ0⟩+
(
G+

0 V
)2 |ψ0⟩ (137)

|ψ(3)⟩ = |ψ0⟩+G+
0 V |ψ(2)⟩ = |ψ0⟩+G+

0 V |ψ0⟩+
(
G+

0 V
)2 |ψ0⟩+

(
G+

0 V
)3 |ψ0⟩ (138)

and so on

what we call the Born series. It is easy to see, that the complete solution is given by

|ψ⟩ = |ψ0⟩+G+
0

∞∑
n=0

(
V G+

0

)n
V |ψ0⟩ . (139)

If
∥∥V G+

0

∥∥ < 1, that is the scattering potential is weak, we can use the sum of the Neumann-
series,

∞∑
n=0

(
V G+

0

)n
=
(
I − V G+

0

)−1
(140)

and the solution of the Lippmann–Schwinger equation can be written as

|ψ⟩ = |ψ0⟩+G+
0

(
I − V G+

0

)−1
V |ψ⟩0 . (141)

We recognize that

G+
0

(
I − V G+

0

)−1
=
((
G+

0

)−1 − V
)−1

= (E + i0−H0 − V )−1

= (E + i0−H)−1 = G+ (E) (142)

is the resolvent operator of the scattering target. This gives the complete solution of the
Lippmann–Schwinger equation,

|ψ⟩ = |ψ0⟩+G+V |ψ0⟩ (143)

or in coordinate representation,

ψ (r⃗) = ψ0 (r⃗) +

∫
G+ (r⃗, r⃗′;E)V (r⃗′)ψ0 (r⃗

′) d3r′ . (144)
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3.2 Scattering amplitudes and cross sections

Putting the origin of the coordinate system into the compact domain of the target potential
V (r⃗′) and considering the position r⃗ of the detector far from the target, we get the asymptotic
form of the scattered wave by determining the Green’s function in the limit of r ≫ r′. It is
easy to see that the lowest decay in r is provided by the first term of the Born series, which is
called the Born approximation:

ψ (r⃗) ≃ ψ(1) (r⃗) = ψ0 (r⃗) +

∫
G±

0 (r⃗, r⃗′;E)V (r⃗′)ψ0 (r⃗
′) d3r′. (145)

In the denominator of e±ik|r⃗−r⃗′|/|r⃗− r⃗′|, we can take the approximation |r⃗− r⃗′| ≃ r, because
with further terms in the expansion of 1/|r⃗ − r⃗′| lead to contributions to ψ (r⃗) proportional
with 1/r2 or 1/r3 etc. decaying faster than the leading term proportional with 1/r. On the
contrary, in the numerator we have to go further in the expansion of |r⃗ − r⃗′| in order to obtain
an asymptotic form for the scattered wave that depends on the direction of the detector e⃗r =

r⃗
r
,

k |r⃗ − r⃗′| = kr

√(
r⃗

r
− r⃗′

r

)2

= kr

√
1− 2r⃗r⃗′

r2
+
r′2

r2
→
r≫r′

kr

(
1− r⃗r⃗′

r2

)
(146)

from which the asymptotic form of the Green’s function reads as

G±
0 (r⃗′, r⃗;E) → −2m

ℏ2
e±ıkr

4πr
e∓ı⃗k′r⃗′ = − m

2πℏ2
e±ıkr

r
e∓ı⃗k′r⃗′ , (147)

where

k⃗′ = ke⃗r = k
r⃗

r
(148)

denotes the wavevector for the particle propagating towards the detector.

Considering the time dependent phase factor e−ıEℏ t, the function eıkr/r describes a spherical
wave propagating outwards (away the target), while e−ıkr/r stands for a spherical wave propa-
gating inwards (to the target). For the solution of the scattering problem we therefore use the
Green’s function G+

0 (r⃗, r⃗′;E) and obtain for the scattered wave in the asymptotic limit,

ψsc (r⃗) ≃ −e
ıkr

r

m

2πℏ2

∫
e−ı⃗k′r⃗′V (r⃗′) eı⃗kr⃗

′
d3r′ . (149)

The asymptotic wavefunction can then be written in the following form,

ψ (r⃗) ≃ A

(
eı⃗kr⃗ + f (q⃗)

eıkr

r

)
, (150)

where we introduced the so called scattering amplitude

f (q⃗) = − m

2πℏ2

∫
V (r⃗′) e−ıq⃗ r⃗ ′

d3r′ , (151)

with q⃗ defined as the change of the wavevector of the scattered particle,

q⃗ = k⃗′ − k⃗ = k
r⃗

r
− k⃗ = k (e⃗r − e⃗k) . (152)
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Without loss of generality, let’s choose the z axis parallel to the direction of the incoming
wave, e⃗k = e⃗z. Parametrizing the direction of the detector by spherical coordinates, e⃗r =
(sinϑ cosφ, sinϑ cosφ, cosϑ), it is easy to see that the length of q⃗ depends only on ϑ,

q⃗2 = 2k2 (1− e⃗z e⃗r) = 2k2 (1− cosϑ) = 4k2 sin2 ϑ

2
→ q = 2k sin

ϑ

2
. (153)

In case of spherically symmetric potentials the scattering amplitude depends just on q, i.e. on
the polar angle ϑ,

f (q) = −m
ℏ2

∫ ∞

0

r′2dr′V (r′)

∫ 1

−1

dx e−iqr′x

= −2m

qℏ2

∫ ∞

0

r′dr′V (r′) sin(qr′) , (154)

where we choose the z′ axis along the direction of the q⃗ vector. This also implies that the
asymptotic wavefunction depends only on the coordinates r and ϑ,

ψ (r⃗) ≃ A

(
eıkz + f (q)

eıkr

r

)
= A

(
eıkr cosϑ + f (ϑ)

eıkr

r

)
. (155)

As indicated in context of equation (139), the condition for the Born approximation is that
the scattering potential has to be enough weak. The expression (154) is inversely proportional
with q, i.e. with the square root of the energy, which suggests that the scattering amplitude
is going to be sufficiently small for high energies making the Born approximation applicable.
The Born approximation works for potentials that can be Fourier-transformed implying that
the potential has to have sufficiently fast spatial decay. An example is the Yukawa potential,
V (r) ∼ e−κr/r, while in case of the limit of zero screening length, κ→ 0, we get correct results
for the Coulomb potential (Rutherford scattering).

The output of the scattering experiments is the differential scattering cross section, i.e.
the number of particles measured by the detector at a given direction per unit solid angle,
dN (ϑ, φ) /dΩ, divided by the number of the incoming particles per unit area N0,

σ (ϑ, φ) =
dN (ϑ, φ)

N0dΩ
. (156)

In case of stationary states, the probability current density which is identical with the particle
flux (number of particles travelling through a unit area per unit time) is constant in time. This
means that instead of counting (integrating) the number of particles observed by the detector
for a long time, the instantaneous particle flux can be used for the calculation of the differential
cross sections.

The probability current density of the incoming wave is

j⃗0 = |A|2 ℏk⃗
m

.

The radial current density of the scattered wave is,

j⃗sc(r⃗)e⃗r =
ℏ
ı2m

(ψ∗
sc(r⃗)∂rψsc(r⃗)− ψsc(r⃗)∂rψ

∗
sc(r⃗))

= Re

(
ℏ
ım
ψ∗
sc(r⃗)∂rψsc(r⃗)

)
. (157)
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Making the following approximation,

∂rψsc(r⃗) =Af (ϑ, φ) ∂r
eıkr

r
= −Af (ϑ, φ) e

ıkr

r2
+ ıkAf (ϑ, φ)

eıkr

r

→
r→∞

ıkAf (ϑ, φ)
eıkr

r
, (158)

the radial current density can be expressed as

j⃗sc(r⃗)e⃗r ≃ |A|2 ℏk
m

|f (ϑ, φ)|2

r2
= j0

|f (ϑ, φ)|2

r2
. (159)

The number of the scattered particles flowing through the area of the detector dA⃗ = r2dΩ⃗
(where e⃗rdA⃗ = 0) per unit time is,

dN (ϑ, φ) = (⃗jsce⃗r) r
2dΩ = j0 |f (ϑ, φ)|2 dΩ . (160)

The differential cross section is then simply given by the square of magnitude of the scattering
amplitude,

σ (ϑ, φ) =
dN (ϑ, φ)

j0dΩ
= |f (ϑ, φ)|2 . (161)

In the Born approximation the differential cross section can be calculated as

σ (ϑ, φ) =
m2

4π2ℏ4

∣∣∣∣∫ V (r⃗) e−iq⃗r⃗d3r

∣∣∣∣2 . (162)

The total cross section is defined as

σ =

∫
dΩσ (Ω) . (163)

Note that the calculation of the total cross section within the Born approximation could be
missleading because the result does not satisfy the optical theorem (see later).

The scattering cross section of a composite target
If the scattering medium consists of identical atomic potentials V0 (r⃗) centered at the lattice

points R⃗i, then the potential energy of the system can be written as

V (r⃗) =
∑
i

V0

(
r⃗ − R⃗i

)
. (164)

In this case the following expression enters the scattering amplitude in Born approximation,∫
V (r⃗′) eıq⃗r⃗d3r′ =

(∫
V0 (r⃗) e

−ıq⃗r⃗d3r

)∑
i

eiq⃗R⃗i . (165)

The differential cross section can then be written in the following form,

σ (q⃗) = σ0 (q⃗) S (q⃗) , (166)

where the cross section corresponding to the atomic potential is called the form factor,

σ0 (q⃗) =
m2

4π2ℏ4

∣∣∣∣∫ V0 (r⃗) e
−ıq⃗r⃗d3r

∣∣∣∣2 , (167)

and the information about the atomic positions is included in the structure constant,

S (q⃗) =
∑
i,j

eiq⃗(R⃗j−R⃗i) . (168)
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3.3 The method of partial waves

We have learned that for spherically symmetric potentials the wavefunctions,

ψℓm (E, r⃗) = Pℓ (E, r)Y
m
ℓ (ϑ, φ) (169)

are solutions of the Schrödinger equation, where Pℓ (E, r) is the solution of the radial Schrödinger
equation, (

− ℏ2

2m

1

r

d2

dr2
r +

ℏ2

2m

ℓ (ℓ+ 1)

r2
+ V (r)− E

)
Pℓ (E, r) = 0 , (170)

and Y m
ℓ (ϑ, φ) are the (complex) spherical harmonics.

Let us investigate first the free electron solutions (V = 0)! Introducing the wavenumber

k =
√

2mE
ℏ2 (E > 0), the radial Schrödinger equation can be transformed to the second order

differential equation, (
1

r

d2

dr2
r − ℓ (ℓ+ 1)

r2
+ k2

)
Pℓ (r) = 0 . (171)

The regular solutions, being finite at the origin, are defined by

P reg
ℓ (r) = jℓ (kr) , (172)

where jℓ (x) are the so-called spherical Bessel functions.

Let us derive the differential equation of the spherical Bessel functions! Introducing the
variable x = kr, equation (171) transforms to(

1

x

d2

dx2
x− ℓ (ℓ+ 1)

x2
+ 1

)
jℓ (x) = 0 (173)

⇓(
x
d2

dx2
x+ (x2 − ℓ(ℓ+ 1))

)
jℓ (x) = 0 . (174)

Since

x
d2

dx2
x = x

d

dx

(
x
d

dx
+ 1

)
= x2

d

dx
+ 2x

d

dx
(175)

⇓

x2
d2

dx2
jℓ (x) + 2x

d

dx
jℓ (x) + (x2 − ℓ(ℓ+ 1))jℓ (x) = 0 . (176)

The spherical Bessel functions satisfy the boundary conditions,

jℓ (x) →
x→0

xℓ

(2ℓ+ 1)!!
jℓ (x) →

x→∞

1

x
sin
(
x− ℓ

π

2

)
. (177)

The irregular solutions (diverging at the origin) are,

P irreg
ℓ (r) = rnℓ (kr) , (178)

where the so-called spherical Neumann functions nℓ (x) also satisfy Eq. (176) with the boundary
conditions,

nℓ (x) →
x→0

−(2ℓ− 1)!!

xℓ+1
nℓ (x) →

x→∞
−1

x
cos
(
x− ℓ

π

2

)
. (179)
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Let us note that the so-called Wronski determinant of the spherical Bessel and Neumann func-
tions can easily be derived from the differential equation (174) and the asymptotic expressions
of these functions,

j′ℓ (x)nℓ (x)− n′
ℓ (x) jℓ (x) = − 1

x2
(180)

for any x ∈ R\ {0}.
We have seen in the previous section that in case of a spherically symmetric potential the

asymptotic limit of the wavefunction has cylindrical symmetry, i.e. it doesn’t depend on the
azimuthal angle φ. The cylindrical symmetry of the scattering wavefunction persists, however,
independent of the Born approximation and the asymptotic limit. Obviously, the zeroth order
solution of the Born series has cylindrical symmetry,

ψ(0) (r⃗) = ψ0 (r⃗) = Aeıkz = Aeıkr cosϑ . (181)

Using successive approximation (Born series) it is easy to show that cylindrical symmetry of
ψ(n−1) (r⃗) comes down to ψ(n) (r⃗) (n = 1, 2, . . .),

ψ(n) (r⃗) = ψ0 (r⃗) +

∫
G+

0 (|r⃗ − r⃗′|;E)V (r⃗′)ψ(n−1) (r⃗′) d3r′ . (182)

Since

|r⃗ − r⃗′|2 = r2 + r′2 − 2r⃗r⃗′ = r2 + r′2 − 2rr′ [sinϑ sinϑ′ cos (φ′ − φ) + cosϑ cosϑ′] , (183)

the Green’s function depends on the azimuthal angles through the function cos (φ′ − φ),

G+
0 (|r⃗ − r⃗′|;E) = G+

0 (r, r′, ϑ, ϑ′, cos(φ′ − φ);E) . (184)

Then the integral in equation (182) can be written as∫
G+

0 (|r⃗ − r⃗′|;E)V (r⃗′)ψ(n−1) (r⃗′) d3r′ =∫ ∞

0

r′2dr′
∫ π

0

sinϑdϑ

[∫ 2π

0

dφ′G+
0 (r, r′, ϑ, ϑ′, cos(φ′ − φ);E)

]
V (r′)ψ(n−1) (r′, ϑ′) , (185)

while the integral over φ′,∫ 2π

0

dφ′G+
0 (r, r′, ϑ, ϑ′, cos(φ− φ′);E) =

∫ 2π−φ

−φ

dφ′G+
0 (r, r′, ϑ, ϑ′, cosφ′;E)

=

∫ 2π

0

dφ′G+
0 (r, r′, ϑ, ϑ′, cosφ′;E) (186)

is independent of φ and so is the nth approximation of the scattering wavefunction, ψ(n) (r⃗) =
ψ(n) (r, ϑ) . This implies

ψ (r⃗) = lim
n→∞

ψ(n) (r⃗) = ψ (r, ϑ) . (187)

Out of the range of the target potential we consider a general solution of the free-space
Schrödinger equation,

ψ (r⃗) =
∞∑
ℓ=0

[aℓ jℓ (kr)− bℓ nℓ (kr)]Y
0
ℓ (ϑ) (188)

≃
r→∞

∞∑
ℓ=0

1

kr

[
aℓ sin

(
kr − ℓ

π

2

)
+ bℓ cos

(
kr − ℓ

π

2

)]
Y 0
ℓ (ϑ) , (189)
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where we omitted the contributions containing Y m
ℓ (ϑ, φ) with m ̸= 0, since they break cylin-

drical symmetry. Since the radial Schrödinger equation (171) contains no complex number
or complex function, the radial wavefunctions can be chosen as real valued functions up to a
complex phase. This means that the coefficients aℓ and bℓ have the same complex phase,

aℓ
bℓ

∈ R ,

thus ∃cℓ ∈ C |cℓ|2 = |aℓ|2 + |bℓ|2 such that

aℓ = cℓ cos δℓ ,

bℓ = cℓ sin δℓ ,

where δℓ ∈ R are called the partial phase shifts. The asymptotic form of the wavefunction can
then be written as,

ψ (r⃗) =
∞∑
ℓ=0

cℓ
kr

[
cos δℓ sin

(
kr − ℓ

π

2

)
+ sin δℓ cos

(
kr − ℓ

π

2

)]
Y 0
ℓ (ϑ) (190)

=
∞∑
ℓ=0

cℓ
kr

sin
(
kr − ℓ

π

2
+ δℓ

)
Y 0
ℓ (ϑ) (191)

=
∞∑
ℓ=0

cℓ
kr

eı(kr−ℓπ
2
+δℓ) − e−ı(kr−ℓπ

2
+δℓ)

2ı
Y 0
ℓ (ϑ) (192)

=
∞∑
ℓ=0

(
cℓe

ıδℓı−ℓ

2kı

eıkr

r
− cℓe

−ıδℓıℓ

2kı

e−ıkr

r

)
Y 0
ℓ (ϑ) . (193)

This menas that the partial radial wave functions related to Y 0
ℓ (ϑ) are a sum of an outgoing

and an incoming spherical wave.

The incoming plane wave with a wave vector along the z direction can be expanded in terms
of the spherical Bessel functions (Bauer’s identity),

eıkz = eıkr cosϑ =
∞∑
ℓ=0

√
4π (2ℓ+ 1)ıℓ jℓ (kr)Y

0
ℓ (ϑ) . (194)

Let us also expand the scattering amplitude f (ϑ) with respect to the spherical harmonics
Y 0
ℓ (ϑ),

f (ϑ) =
∞∑
ℓ=0

FℓY
0
ℓ (ϑ) ,
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where Fℓ ∈ C. Recalling the asymptotic form of the wavefunction (150),

ψ (r⃗) = Aeıkz + Af (ϑ)
eıkr

r

=
∞∑
ℓ=0

(
A

kr

√
4π (2ℓ+ 1) ıℓ sin

(
kr − ℓ

π

2

)
+ AFℓ

eıkr

r

)
Y 0
ℓ (ϑ) (195)

=
∞∑
ℓ=0

(
A

kr

√
4π (2ℓ+ 1) ıℓ

eı(kr−ℓπ
2 ) − e−ı(kr−ℓπ

2 )

2ı
+ AFℓ

eıkr

r

)
Y 0
ℓ (ϑ) (196)

=
∞∑
ℓ=0

{(
AFℓ +

A

2kı

√
4π (2ℓ+ 1)

)
eıkr

r

− A (−1)ℓ

2kı

√
4π (2ℓ+ 1)

e−ıkr

r

}
Y 0
ℓ (ϑ) , (197)

i.e. the partial radial wavefunctions are again the superposition of an incoming and an outgoing
spherical wave.

The equality of the functions (193) and (197) implies that the coefficients of both the incom-
ing and outgoing spherical waves must be identical. Matching the coefficients of the incoming
waves means

A (−1)ℓ

2kı

√
4π (2ℓ+ 1) =

cℓe
−ıδℓıℓ

2kı
(198)

⇓
cℓ = Aeıδℓıℓ

√
4π (2ℓ+ 1) . (199)

From the matching of the coefficients of the outgoing spherical wave,

AFℓ +
A

2kı

√
4π (2ℓ+ 1) =

cℓe
ıδℓı−ℓ

2kı

=
Ae2ıδℓ

2kı

√
4π (2ℓ+ 1) , (200)

we derive,

Fℓ =
e2ıδℓ − 1

2kı

√
4π (2ℓ+ 1) =

√
4π (2ℓ+ 1)

k
eıδℓ sin δℓ , (201)

and the partial wave expansion of the scattering amplitudes,

f (ϑ) =
∞∑
ℓ=0

√
4π (2ℓ+ 1)

k
eıδℓ sin δℓ Y

0
ℓ (ϑ) . (202)

It is then straightforward to calculate the total (integrated) cross section,

σtot =

∫
dΩσ (ϑ) =

∫
dΩ |f (ϑ)|2

=
4π

k2

∞∑
ℓ,ℓ′=0

√
(2ℓ+ 1) (2ℓ′ + 1) eıδℓe−ıδℓ′ sin δℓ sin δℓ′

∫
dΩY 0

ℓ (ϑ)∗ Y 0
ℓ′ (ϑ)︸ ︷︷ ︸

δℓℓ′

=
4π

k2

∞∑
ℓ=0

(2ℓ+ 1) sin2 δℓ , (203)
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where we used that the spherical harmonics are orthonormal.

The above expression of the total cross section is in principle exact, but the evaluation of
the infinite sum of partial contributions is obviously a hard task. The square of the angular
momentum of a particle in the ℓth partial wave state can be given as

L2 = ℏ2ℓ (ℓ+ 1) . (204)

By analogy with classical mechanics, the angular momentum of the particle moving parallel to
the z axis can be expressed as L = pa, where the so-called impact parameter a is ascribed to
the distance of the particle from the z axis. If the scattering potential is zero beyond a radius
R, then we don’t expect scattering for a ≳ R, so the partial waves with

a =
L

p
≳ R → L2

p2
≳ R2 → L2

2mE
≳ R2

→ L2

2mR2
=

ℏ2ℓ (ℓ+ 1)

2mR2
≳ E ,

do not give a significant contribution to the scattering. This implies that for small energies we
have to consider only a few scattering chanel (ℓ) in the calculation of (203). So the method
of partial waves can be best applied for small energies and for central potentials with compact
support.

For very small energies, scattering happens in the partial channel ℓ = 0. In 1921 C. Ramsauer
and J.S. Townsend investigated independently the scattering of the very slow electrons on nobel
gases like Ar, Kr and Xe. They found that at E ≈ 0.7 eV the electron propagates through the
medium essentially without scattering. The reason for this is that around this energy the ℓ = 0
phaseshift passes π, δ0 (E) ≈ π, making the total cross section nearly zero.

We note that for δℓ(E) =
(
n+ 1

2

)
π the partial cross section has maxima, σℓ =

4π(2ℓ+1)
k2

. For
large ℓ this maximum can be sharp (as a function of the energy) which is called a resonant
scattering.

3.4 Optical theorem

Based on Eqs. (202) and (203) there is a direct connection between the scattering amplitude
and the total cross section. Namely

Im f (ϑ) =
∞∑
ℓ=0

√
4π (2ℓ+ 1)

k
sin2 δℓ Y

0
ℓ (ϑ) (205)

and using the identity Y 0
ℓ (ϑ = 0) =

√
2ℓ+1
4π

, we get,

Im f (ϑ = 0) =
1

k

∞∑
ℓ=0

(2ℓ+ 1) sin2 δℓ , (206)

implying that

σtot =
4π

k
Im f (ϑ = 0) . (207)

This means, that the imaginary part of the forward scattering is proportional to the total cross
section, which is termed as the optical theorem. In a very general sense, it is related to the
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conservation of the number of particles in scattering processes, so it follows from the continuity
equation. The probability current (i.e. the flux of the probability current density) of the
incoming plane wave is zero for a closed surface, while the probability current of the scattered
wave (outgoing spherical wave) is proportional to the total scattering cross section. However,
the probability current for a stationary wavefunction (sum of the incoming plane wave and the
scattered wave) has to vanish on a closed surface. So, the probability current arising due to
the superposition of the incoming plane wave and the scattered wave (interference term) has
to eliminate the probability current of the scattered wave. This leads to the optical theorem
(207).

Proof:

The wavefunction is the sum of the incoming wavefunction and the scattered wave,

ψ (r⃗) = ψ0 (r⃗) + ψsc (r⃗) . (208)

The probability current density can then be expressed as

j⃗ =
ℏ

2mı

(
ψ∗∇⃗ψ − ψ∇⃗ψ∗

)
=

ℏ
2mı

[
(ψ∗

0 + ψ∗
sc) ∇⃗ (ψ0 + ψsc)− (ψ0 + ψsc) ∇⃗ (ψ∗

0 + ψ∗
sc)
]

(209)

⇓
j⃗ = j⃗0 + j⃗sc + j⃗int , (210)

with the current density of the incoming wave,

j⃗0 =
ℏ

2mı

(
ψ∗
0∇⃗ψ0 − ψ0∇⃗ψ∗

0

)
, (211)

the current density of the scattered wave,

j⃗sc =
ℏ

2mı

(
ψ∗
sc∇⃗ψsc − ψsc∇⃗ψ∗

sc

)
, (212)

and the current density from the superposition of the two waves (the interference term),

j⃗int =
ℏ

2mı

[
ψ∗
0∇⃗ψsc + ψ∗

sc∇⃗ψ0 − ψ0∇⃗ψ∗
sc − ψsc∇⃗ψ∗

0

]
. (213)

The asymptotic form of the radial component of the interference term,

j⃗inte⃗r =
ℏ

2mı
[ψ∗

0∂rψsc + ψ∗
sc∂rψ0 − ψ0∂rψ

∗
sc − ψsc∂rψ

∗
0] , (214)

can be formulated by the below approximations,

ψ0 (r⃗) = eıkr cosϑ → ∂rψ0 (r⃗) = ık cosϑeikr cosϑ (215)

ψsc (r⃗) = f (ϑ, φ)
eıkr

r
→ ∂rψsc (r⃗) = ıkf (ϑ, φ)

eıkr

r
+ o

(
1

r2

)
, (216)

yielding

j⃗inte⃗r ≃
ℏk
2mr

[
eıkr(1−cosϑ)f (ϑ, φ) + e−ıkr(1−cosϑ) cosϑ f ∗ (ϑ, φ) (217)

+ e−ıkr(1−cosϑ)f ∗ (ϑ, φ) + eıkr(1−cosϑ) cosϑ f (ϑ, φ)
]

≃ ℏk
2mr

[
eıkr(1−cosϑ) (1 + cosϑ) f (ϑ, φ) + e−ıkr(1−cosϑ) (1 + cosϑ) f ∗ (ϑ, φ)

]
(218)

=
ℏk
mr

Re
(
eıkr(1−cosϑ) (1 + cosϑ) f (ϑ, φ)

)
. (219)
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If ϑ ̸= 0, then 1− cosϑ ̸= 0, so because of kr ≫ 1 the function eikr(1−cosϑ) oscillates rapidly
as a function of ϑ. Since the function (1 + cosϑ) f (ϑ, φ) varies slowly, the integral of the
interference current density vanishes out of a small region around ϑ = 0, so we are going to get
a contribution to the interference current only from a cone given by 0 ≤ ϑ ≤ δϑ and 0 ≤ φ ≤ 2π,
where δϑ is small non-zero value. In this region we can approximate the interference term of
the current density as:

lim
ϑ→0

j⃗inte⃗r ≃
2ℏk
mr

Re
(
eıkrϑ

2/2f (ϑ = 0)
)

(220)

and the corresponding flux is,∫
dΩ j⃗inte⃗r ≃

2ℏk
mr

Re

(
f (0)

∫ 2π

0

dφ

∫ δϑ

0

dϑ sinϑeıkrϑ
2/2

)
≃ 4πℏk

mr
Re

(
f (0)

∫ δϑ

0

dϑϑeıkrϑ
2/2

)
=

x=ϑ2/2

4πℏk
mr

Re

(
f (0)

∫ δx

0

dx eıkrx
)

=
4πℏk
mr

Re

(
f (0)

ıkr

(
eıkrδx − 1

))
(221)

where we used the substitution δx = (δϑ)2 /2. In the Lippmann–Schwinger equation we used
the Green’s function of the outgoing wave, that can be determined from contour integration
and given by the following limit,

lim
α→+0

G0 (r⃗
′, r⃗, E + ıα) = −2m

ℏ2
lim

β→+0

eı(k+ıβ)|r⃗′−r⃗|

4π |r⃗′ − r⃗|
, (222)

where E + ıα = ℏ2(k+iβ)2

2m
. For arbitrary small positive β,

eı(k+ıβ)rδx = eıkrδxe−βrδx r→∞→ 0 , (223)

this way we can neglect the oscillating term form the intrference current,∫
dΩ j⃗inte⃗r ≃

4πℏk
mr

Re

(
−f (0)
ıkr

)
≃ −4π

r2
ℏ
m

Im f (0) . (224)

The probability current of the incoming wave vanishes,∫
dΩ j⃗0e⃗r =

ℏk⃗
m

∫
dΩ e⃗r = 0 , (225)

while the probablity current of the outgoing wave is given by

r2
∫

dΩ j⃗se⃗r =
ℏk
m
σtot . (226)

The total probability current of the stationary wavefunction is zero,

r2
∫
dΩ j⃗e⃗r =

ℏk
m
σtot − 4π

ℏ
m

Im f (0) = 0 , (227)

leading to the optical theorem,

σtot =
4π

k
Im f (0) . (228)
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4 Dynamical pictures of quantum mechanics

In quantum mechanics we can use three different view points (pictures) to describe the time
evolution of the states and the operators. As we will see they are related to each other in
terms of unitary transformations, thus, we have the freedom to use either one according to the
Hamilton operator of the system.

4.1 The Schrödinger picture

All we have learned so far in quantum mechanics is related to the so-called Schrödinger
picture. For sake of simplicity we consider a time independent Hamilton operator,

∂tH
S (t) = 0 , (229)

where the superscript S refers to the Schrödinger picture. This picture is defined by the time
dependent Schrödinger equation valid for the physical states,

iℏ∂tψS (t) = HSψS (t) , (230)

where the initial condition for the wavefunction is fixed,

ψS (t0) = φ . (231)

Let us introduce the time evolution operator U(t, t0) as

ψS (t) = U (t, t0)ψ
S (t0) , (232)

with the obvious boundary condition,

U (t0, t0) = I . (233)

Substituting the right-hand side of Eq. (232) into the Schrödinger equation (230), we get

ıℏ
d

dt
U (t, t0) = HSU (t, t0) , (234)

or after integration,

U (t, t0) = I − ı

ℏ

∫ t

t0

HSU (t′, t0) dt
′ . (235)

This equation can be solved by successive approximation,

U (k+1) (t, t0) = I − ı

ℏ

∫ t

t0

HSU (k) (t′, t0) dt
′ , (236)

⇓

U (0) (t, t0) = I (237)

U (1) (t, t0) = I − ı

ℏ

∫ t

t0

HSdt′ = I − ı

ℏ
HS (t− t0) (238)

U (2) (t, t0) = I − ı

ℏ
HS (t− t0) +

(
− ı

ℏ

)2 (HS
)2

(t− t0)
2

2
(239)

U (3) (t, t0) = I − ı

ℏ
HS (t− t0) +

(
− ı

ℏ

)2 (HS
)2

(t− t0)
2

2
+
(
− ı

ℏ

)3 (HS
)3

(t− t0)
3

3!
(240)
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⇓

U (k) (t, t0) =
k∑

l=0

1

l!

(
− ı

ℏ
HS (t− t0)

)l
.

We can realize that this is the Taylor expansion of the exponential function, so the complete
solution of equation (234) can be written as

U (t, t0) = e−
ı
ℏH

S(t−t0) . , (241)

Statement: The time evolution operator is unitary.

Proof:

iℏ
d

dt
U † (t, t0) = −U † (t, t0)H

S (242)

⇓
d

dt

[
U † (t, t0)U (t, t0)

]
=

1

iℏ
(
−U † (t, t0)HU (t, t0) + U † (t, t0)HU (t, t0)

)
= 0 . (243)

Since
U † (t0, t0)U (t0, t0) = I (244)

⇓

U † (t, t0)U (t, t0) = I ⇒ U † (t, t0) = U (t, t0)
−1 . (245)

Note that the inverse of U (t, t0) describes a reversed time evolution:

U (t, t0)
−1 = e−

ı
ℏH

S(t0−t) = U (t0, t) . (246)

For two arbitrary states, ψS
i (t) and ψS

j (t), the matrix element of a hermitian operator AS (t)
that can have explicit time dependence, is defined as

aSij (t) =
〈
ψS
i (t)

∣∣AS (t) |ψS
j (t)⟩ = ⟨φi|U † (t, t0)A

S (t)U (t, t0) |φj⟩ . (247)

By using equations (234) and (242), the time evolution of this matrix element can be expressed
as

d

dt
aSij (t) = ⟨φi|

[
∂tU

† (t, t0)
]
AS (t)U (t, t0) |φj⟩+ ⟨φi|U † (t, t0)A

S (t) [∂tU (t, t0)] |φj⟩

+ ⟨φi|U † (t, t0)
[
∂tA

S (t)
]
∂tU (t, t0) |φj⟩ (248)

= − 1

ıℏ
⟨φi|U † (t, t0)H

SAS (t)U (t, t0) |φj⟩+
1

ıℏ
⟨φi|U † (t, t0)A

S (t)HSU (t, t0) |φj⟩

+
〈
ψS
i (t)

∣∣ ∂tAS (t)
∣∣ψS

j (t)
〉

(249)

=
〈
ψS
i (t)

∣∣ 1
ıℏ
[
AS (t) , HS

]
+ ∂tA

S (t) |ψS
j (t)⟩ . (250)

As we learned already, the quantum mechanical time derivative 1
ıℏ

[
AS (t) , HS

]
enters the above

identity.
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4.2 The Heisenberg picture

The wavefunctions in the Heisenberg picture are defined as,

ψH (t) = U † (t, t0)ψ
S (t) = ψS (t0) = φ , (251)

used to be tipified that the states are stopped. This fixes the transformation of the operators:

φS (t) = AS (t)ψS (t) (252)

⇓

φH (t) = U † (t, t0) (A
S (t)ψS (t))

= U † (t, t0) (A
S (t)U (t, t0)U

† (t, t0)ψ
S (t))

= U † (t, t0)A
S (t)U (t, t0)ψ

H (t)

= AH (t)ψH (t) → AH (t) = U † (t, t0)A
S (t)U (t, t0) . (253)

This means that even the operators being time independent in the Schrödinger picture become
time dependent (i.e. move) in the Heisenberg picture.

The equation of motion for the operators reads as

d

dt
AH (t) =

1

ıℏ
(
−U † (t, t0)H

SAS (t)U (t, t0) + U † (t, t0)A
S (t)HSU (t, t0)

)
+ U † (t, t0) ∂tA

S (t)U (t, t0) (254)

=
1

ıℏ
[
AH (t) , HH (t)

]
+ ∂tA

H (t) , (255)

where
HH (t) = U † (t, t0)H

SU (t, t0) (256)

and
∂tA

H (t) ≡ U † (t, t0) ∂tA
S (t)U (t, t0) . (257)

It is easy to prove that the Hamilton operator is independent of time in the Heisenberg
picture if it is independent of time in the Schrödinger picture:

d

dt
HH (t) =

1

ıℏ

(
−U † (t, t0)

(
HS
)2
U (t, t0) + U † (t, t0)

(
HS
)2
U (t, t0)

)
= 0 (258)

⇓

HH (t) = HS . (259)

The matrix element of the observables are identical in the Heisenberg and in the Schrödinger
pictures:

aHij (t) =
〈
ψH
i

∣∣AH (t) |ψH
j ⟩ =

〈
ψS
i (t)

∣∣AS (t) |ψS
j (t)⟩ = aSij (t) , (260)

while its time dependence can also be expressed as in the Schrödinger picture:

d

dt
aHij (t) =

〈
ψH
i

∣∣ 1
ıℏ
[
AH (t) , HH (t)

]
+ ∂tA

H (t) |ψH
j ⟩ . (261)
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4.3 The Dirac (interaction) picture

We consider a Hamilton operator in the Schrödinger picture being composed as the sum of
a time independent part, HS

0 , and a time dependent perturbation, V S (t) ,

HS (t) = HS
0 + V S (t) . (262)

Within the Dirac or interaction picture, the states evolve in time according to the time evolution
operator related to HS

0 ,

U (t, t0) = e−
i
ℏH

S
0 (t−t0) (263)

⇓

ψD (t) = U † (t, t0)ψ
S (t) , (264)

with the boundary condition,
ψD (t0) = ψS (t0) = φ . (265)

Correspondingly, the operators are defined in the Dirac picture as

AD (t) = U † (t, t0)A
S (t)U (t, t0) . (266)

The time evolution of the operators looks formally similar as in the Heisenberg picture,

d

dt
AD (t) = − 1

ıℏ
U † (t, t0)H

S
0 A

S (t)U (t, t0) +
1

ıℏ
U † (t, t0)A

S (t)HS
0 U (t, t0)

+ U † (t, t0) ∂tA
S (t)U (t, t0) (267)

=
1

iℏ
[
AD (t) , HD

0 (t)
]
+ (∂tA)

D (t) , (268)

where
(∂tA)

D (t) ≡ U † (t, t0) ∂tA
S (t)U (t, t0) . (269)

In particular, the time independent part of the Hamilton operator remains time independent,

d

dt
HD

0 (t) = 0 ⇒ HD
0 (t) = HS

0 . (270)

Let’s derive the equation of motion for the wavefunction within the Dirac picture:

iℏ∂tψD (t) = ıℏ∂tU † (t, t0)ψ
S (t) + ıℏU † (t, t0) ∂tψ

S (t) (271)

= −U † (t, t0)H
S
0 ψ

S (t) + U † (t, t0)
(
H0 + V S (t)

)
ψS (t) (272)

= U † (t, t0)V
S (t)ψS (t) (273)

= V D (t)ψD (t) , (274)

where
V D (t) = U † (t, t0)V

S (t)U (t, t0) (275)

is the perturbation operator in the Dirac picture.

The time dependence of the matrix elements of observables,

aij (t) =
〈
ψD
i (t)

∣∣AD (t) |ψD
j (t)⟩ (276)

⇓
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d

dt
aij (t) = − 1

ıℏ
〈
ψD
i (t)

∣∣V D (t)AD (t) |ψD
j (t)⟩+ 1

ıℏ
〈
ψD
i (t)

∣∣AD (t)V D (t) |ψD
j (t)⟩ (277)

+
1

ıℏ
〈
ψD
i (t)

∣∣ [AD (t) , HD
0

]
|ψD

j (t)⟩+
〈
ψD
i (t)

∣∣ (∂tA)D (t) |ψD
j (t)⟩ (278)

=
1

ıℏ
〈
ψD
i (t)

∣∣ [AD (t) , HD (t)
]
+ (∂tA)

D (t) |ψD
j (t)⟩ , (279)

is formally the same as in the Schrödinger and Heisenberg pictures.

The time dependence of the wavefunction can be expressed in terms of a new time evolution
operator:

ψD (t) = UD (t, t0)ψ
D (t0) = UD (t, t0)φ , (280)

with
UD (t0, t0) = I . (281)

Using Eq. (274) we get the differential equation for the time evolution operator in the Dirac
picture,

d

dt
UD (t, t0) = − ı

ℏ
V D (t)UD (t, t0) , (282)

which yields by integration,

UD (t, t0) = I − ı

ℏ

∫ t

t0

V D (t′)UD (t′, t0) dt
′ . (283)

This integral equation can be solved by successive approximation as we discussed before,

UD(0) (t, t0) = I

UD(k+1) (t, t0) = I − ı

ℏ

∫ t

t0

V D (t′)UD(k) (t′, t0) dt
′ (k = 0, 1, 2, . . .) (284)

⇓

UD (t, t0) =
∞∑
k=0

(
− ı

ℏ

)k ∫ t

t0

dt1

∫ t1

t0

dt2 . . .

∫ tk−1

t0

dtk V
D (t1)V

D (t2) . . . V
D (tk) (285)

=
∞∑
k=0

1

k!

(
− ı

ℏ

)k ∫ t

t0

dt1

∫ t

t0

dt2 . . .

∫ t

t0

dtkT
[
V D (t1)V

D (t2) . . . V
D (tk)

]
(286)

:= T exp

(
− ı

ℏ

∫ t

t0

dt1V
D (t1)

)
, (287)

where we introduced the time ordered product of the operators:

T
[
V D (t1)V

D (t2) . . . V
D (tk)

]
= V D (ti1)V

D (ti2) . . . V
D (tik) (288)

til ∈ {t1, t2, . . . , tk} (l = 1, 2, . . . , k)

ti1 > ti2 > ti3 . . . > tk−1 > tk

Statement : Using the notation,

f (t1, t2, . . . , tk) = V D (t1)V
D (t2) . . . V

D (tk) ,
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∫ t

t0

dt1

∫ t

t0

dt2 . . .

∫ t

t0

dtk Tf (t1, t2 . . . , tk) =

k!

∫ t

t0

dt1

∫ t1

t0

dt2 . . .

∫ tk−1

t0

dtk f (t1, t2 . . . , tk) . (289)

Proof: k = 2∫ t

t0

dt1

∫ t

t0

dt2Tf (t1, t2) =

∫ t

t0

dt1

∫ t1

t0

dt2 f (t1, t2) +

∫ t

t0

dt2

∫ t2

t0

dt1 f (t2, t1)

= 2

∫ t

t0

dt1

∫ t1

t0

dt2 f (t1, t2) , (290)

k = 3:∫ t

t0

dt1

∫ t

t0

dt2

∫ t

t0

dt3Tf (t1, t2, t3) =

∫ t

t0

dt1

∫ t1

t0

dt2

∫ t2

t0

dt3 f (t1, t2, t3) ((TO-31))

+

∫ t

t0

dt1

∫ t1

t0

dt3

∫ t3

t0

dt2 f (t1, t3, t2) ((TO-32))

+

∫ t

t0

dt2

∫ t2

t0

dt1

∫ t1

t0

dt3 f (t2, t1, t3) ((TO-33))

+

∫ t

t0

dt2

∫ t2

t0

dt3

∫ t3

t0

dt1 f (t2, t3, t1) ((TO-34))

+

∫ t

t0

dt3

∫ t3

t0

dt1

∫ t1

t0

dt3 f (t3, t1, t2) ((TO-35))

+

∫ t

t0

dt3

∫ t3

t0

dt2

∫ t2

t0

dt1 f (t3, t2, t1) ((TO-36))

= 6

∫ t

t0

dt1

∫ t1

t0

dt2

∫ t2

t0

dt3 f (t1, t2, t3) , (291)

where in each of the integrals (TO-32), (TO-33), ...., (TO-36) we changed the names of the
integration variables to (t1, t2, t3).

In general: On the left hand side of Eq. (289) we divide the integration domain into k!
pieces, where the variables t1, t2 . . . , tk are time ordered: we have k choices for the smallest one,
k − 1 for the next one etc. By redefining the variables to t1, t2 . . . , tk, it’s obvious that all off
them are identical with the integral that appears on the right hand side of Eq. (289).

Connection with time dependent perturbation theory:

We take the time evolution operator up to first order in the Dirac picture:

UD(1) (t, t0) = I − ı

ℏ

∫ t

t0

V D (t′) dt′ = I − ı

ℏ

∫ t

t0

e
ı
ℏH

S
0 (t′−t0)V S (t′) e−

ı
ℏH

S
0 (t′−t0)dt′ , (292)

and the wave function in the Dirac picture reads as,

|ψD(1) (t)⟩ = |φ⟩ − ı

ℏ

∫ t

t0

e
ı
ℏH

S
0 (t′−t0)V S (t′) e−

ı
ℏH

S
0 (t′−t0) |φ⟩ dt′ . (293)
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The wavefunction in the Schrödinger picture is written as,

|ψS(1) (t)⟩ = e−
ı
ℏH

S
0 (t−t0)|ψD(1) (t)⟩ (294)

= e−
ı
ℏH

S
0 (t−t0) |φ⟩ − ı

ℏ
e−

ı
ℏH

S
0 (t−t0)

∫ t

t0

e
ı
ℏH

S
0 (t′−t0)V S (t′) e−

ı
ℏH

S
0 (t′−t0) |φ⟩ dt′. (295)

As earlier (see course Quantum Mechanics 1), we assume that the initial state at t0 is an
eigenstate of HS

0 ,
|ψ (t0)⟩ = |φ⟩ = |k⟩ , (296)

and we will use the spectral resolution of HS
0 ,

HS
0 =

∑
n

εn |n⟩ ⟨n| . (297)

The wave function can then be evaluated as

|ψS(1) (t)⟩ = e−
ı
ℏH

S
0 (t−t0) |k⟩− ı

ℏ
∑
n

e−
ı
ℏH

S
0 (t−t0)×∫ t

t0

e
ı
ℏH

S
0 (t′−t0) |n⟩ ⟨n|V S (t′) e−

ı
ℏH

S
0 (t′−t0) |k⟩ dt′ (298)

= e−
ı
ℏ εk(t−t0) |k⟩− ı

ℏ
∑
n

e−
ı
ℏ εn(t−t0) |n⟩

∫ t

t0

e
ı
ℏωnk(t

′−t0)V S
nk (t

′) dt′ (299)

where

ωnk =
εn − εk

ℏ
(300)

and
V S
nk (t) = ⟨n|V S (t) |k⟩ .

Thus, the wave function in first order in V S (t) reads as

|ψS(1) (t)⟩ =
∑
n

c(1)n (t) e−
ı
ℏ εn(t−t0) |n⟩ , (301)

where

c
(1)
k (t) = 1− ı

ℏ

∫ t

t0

V S
kk (t

′) dt′ ≃ 1 (302)

and for n ̸= k

c(1)n (t) = − ı

ℏ

∫ t

t0

eiωnk(t
′−t0)V S

nk (t
′) dt′ . (303)

The above expressions are identical with the results we obtained in first order of the time
dependent perturbation theory in the course Quantum Mechanics 1.
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5 Motion in electromagnetic field

According to the theory of special relativity, the Hamiltonian of a particle with rest mass m
and electric charge q is given by

H (r⃗, p⃗) =

√
m2c4 + c2(p⃗− qA⃗(r⃗))2 + qϕ(r⃗) , (304)

where p⃗ is the canonical momentum, while ϕ(r⃗) and A⃗(r⃗) are the scalar and the vector potentials,

respectively. Note that the eletric field E⃗ and the magnetic field (B-field) B⃗ are related to the
potentials as

E⃗ = −∇⃗ϕ− ∂A⃗

∂t
and B⃗ = ∇⃗ × A⃗ . (305)

Using the approximation,

mc2
√

1 +
1

m2c2
(p⃗− qA⃗(r⃗))2 ≃ mc2 +

(p⃗− qA⃗(r⃗))2

2m
,

in nonrelativistic limit the following Hamiltonian applies,

H (r⃗, p⃗) =
(p⃗− qA⃗(r⃗))2

2m
+ V (r⃗) , (306)

where we have dropped the rest energy and introduced the potential energy, V (r⃗) = qϕ(r⃗).
The kinetic momentum is defined as,

K⃗ = p⃗− qA⃗ =
m ˙⃗r√
1− ⃗̇r2

c2

≃ m ˙⃗r = mv⃗ . (307)

5.1 Commutation relations of the kinetic momentum operators

We extend quantum mechanics in the presence of electromagnetic field in terms of the
Hamiltonian (306) by keeping the commutator relation between the coordinate operators and
the canonical momentum operators,

[pi, xj] =
ℏ
ı
δij. (308)

Brief note on canonical quantization

In the Hamiltonian formalism of classical mechanics the Poisson bracket of two dynamical
variables, f (q, p) and g (q, p), is defined as

{f, g} =
∑
i

(
∂f

∂qi

∂g

∂pi
− ∂f

∂pi

∂g

∂qi

)
where {qi} and {pi} are the canonical coordinates and momenta. The Poisson brackets of the
canonical variables is trivial:

{qi, qj} = 0 {pi, pj} = 0 {qi, pj} = δij .
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From the Hamiltonian equations of motion,

q̇i =
∂H (q, p)

∂pi
ṗi = −∂H (q, p)

∂qi
,

the time evolution of a dynamical variable f (q, p; t) can be expressed as

d

dt
f (q, p; t) = {f (q, p; t) , H (q, p)}+ ∂tf (q, p; t) .

Following Dirac (P.A.M. Dirac: Principles of Quantum Mechanics. USA: Oxford University,
1984), we assign operators (marked only here by hat) to the dynamical variables replacing the
Poisson bracket by the commutator divided by iℏ,

{f, g} = c→ 1

iℏ

[
f̂ , ĝ
]
= ĉ .

Consequently, the operators of the canonical coordinates and momenta satisfy,

[q̂i, q̂j] = 0 [p̂i, p̂j] = 0 [p̂i, q̂j] =
ℏ
ı
δij .

Moreover, the time evolution of dynamical quantities is manifested by the time evolution of the
operators within the Heisenberg picture,

d

dt
Ô (t) =

1

iℏ

[
Ô, Ĥ

]
+ ∂tÔ (t) .

In coordinate representation, the coordinate operators being the mutiplication with the
coordinates, the operators of the canonical momenta operator are then defined as

p⃗ =
ℏ
i
∇⃗ , (309)

and those of the kinetic momenta as

K⃗ =
ℏ
i
∇⃗ − qA⃗ , (310)

where qAi is a multiplication operator. The components of the canonical momentum operator
commute with each other, but this is not true for the kinetic momentum operators, in general:

[Ki, Kj] = ıℏq ([∂i, Aj] + [Ai, ∂j])

= ıℏq (∂iAj − Aj∂i + Ai∂j − ∂jAi)

= ıℏq ((∂iAj)− (∂jAi)) , (311)

where the operator (∂iAj) means the multiplication with the function
∂Aj

∂xi
. Since B⃗ = curl A⃗,

εijkBk = εijkεlmk (∂lAm) = (δilδjm − δimδjl) (∂lAm) = (∂iAj)− (∂jAi) , (312)

therefore,
[Ki, Kj] = ıℏq εijkBk ,

which can also be expressed as (see the derivation for the angular momentum operators):

K⃗ × K⃗ = ıℏq B⃗ . (313)

This means that the kinetic energy operators commute with each other only in absence of
magnetic field. We note the commutator relations of the position and the kinetic momentum
operators,

[Ki, xj] = [pi, xj] =
ℏ
ı
δij . (314)
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5.2 The Hamilton operator

As what follows, we investigate the coordinate representation of the Hamiltonian (306). To
this end, we expand the square of the kinetic momentum operator,(

ℏ
i
∇⃗ − qA⃗

)2

= −ℏ2∆+ q2A2 − ℏq
i

(
∇⃗A⃗+ A⃗∇⃗

)
. (315)

Inferring the action of the last term on a wavefunction ψ,

∂iAiψ + Ai∂iψ = (∂iAi)ψ + 2Ai(∂iψ) , (316)

or written compactly,
∇⃗A⃗+ A⃗∇⃗ = divA⃗+ 2A⃗∇⃗ , (317)

yields the Hamilton operator

H = − ℏ2

2m
∆+ V +

q2

2m
A2 +

iℏq
2m

divA⃗+
iℏq
m
A⃗∇⃗ . (318)

Using Coulomb gauge for the vector potential, divA⃗ = 0, the Hamilton operator reduces to

H = − ℏ2

2m
∆+ V︸ ︷︷ ︸
H0

+
iℏq
m
A⃗∇⃗+

q2

2m
A2 . (319)

As what follows, we will investigate the third and fourth terms in the above Hamilton operator.

5.3 Para- and diamagnetism

In homogeneous static magnetic field, i.e. B⃗ is constant in both space and time, the vector
potential can be chosen using the so-called symmetric gauge,

A⃗ (r⃗) =
1

2
B⃗ × r⃗ . (320)

This is a Coulomb gauge,

divA⃗ = ∂iAi =
1

2
εijk Bj ∂ixk =

1

2
εijk δik Bj =

1

2
εkjk Bj = 0 , (321)

and, the curl of A⃗ yields indeed B⃗:

(∇⃗ × A⃗)i =
1

2
εijk εklmBl ∂jxm

=
1

2
Bl (δilδjm − δimδjl) δjm

=
1

2
Bl (δilδjj − δil)

=
1

2
(3Bi −Bi) = Bi . (322)

When the magnetic field points along the z direction, B⃗ = (0, 0, B), the vector potential is

given by A⃗ = 1
2
(−By,Bx, 0). It is easy to see that the asymmetric gauges A⃗ = (−By, 0, 0) and

A⃗ = (0, Bx, 0) also reproduce the desired magnetic field.
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The action of the third term of the Hamiltonian in Eq. (319) can then be expressed as

ıℏq
m
A⃗∇⃗ψ =

ıℏq
2m

(B⃗ × r⃗)(∇⃗ψ) = ıℏq
2m

(r⃗ × (∇⃗ψ))B⃗

=
ıℏq
2m

(r⃗ × ∇⃗)B⃗ ψ , (323)

where we took into account that the spatial derivatives of B⃗ are zero. Employing the coordinate
representation of the momentum operator, p⃗ = ℏ

i
∇⃗, this term can be written as

ıℏq
m
A⃗∇⃗ = − q

2m
(r⃗ × p⃗) B⃗ = − q

2m
L⃗B⃗ = −M⃗LB⃗ , (324)

where M⃗L is the operator of the magnetic moment related to the angular momentum L⃗, which
for electrons, q = −e, is defined as

M⃗L =
q

2m
L⃗ = −µB

L⃗

ℏ
, (325)

e being the unit charge, m the electron mass and µB = eℏ
2m

= 9.27× 10−24 J/T the Bohr mag-
neton. Together with the coupling of the spin with the magnetic field, the Pauli paramagnetic
term reads as,

Hpara = −(M⃗L + 2M⃗S)B⃗ =
µB

ℏ
(L⃗+ 2S⃗)B⃗ . (326)

The Zeemann effect: Due to the paramagnetic term the energy levels of the hidrogen atom in
a homogeneous magnetic field along the z direction split as

Enℓmℓms = E(0)
n + µB (mℓ + 2ms)B , (327)

where E
(0)
n = −m(ke2)2

2ℏ2
1
n2 are the energy eigenvalues in the absence of magnetic field. Interest-

ingly, the level spacing corresponds to the Larmour frequency ωL = µBB/ℏ = qB
2m

known from
classical electrodynamics. The original level is 2ℓ+1 times degenerate in the angular momentum
and 2 times degenerate in the spin, so there is an overall degeneracy of 2(2ℓ+1). If we consider
the combinations mℓ+2ms with mℓ ∈ {−ℓ,−ℓ+1, . . . , ℓ−1, ℓ} and ms ∈ {−1/2, 1/2}, then we

get 2ℓ+3 different combinations. The four levels with the energies E
(0)
n +µBB{−ℓ−1,−ℓ, ℓ, ℓ+1}

are nondegenerate, while the ones with energies E
(0)
n + µBB{−ℓ + 1,−ℓ + 2, . . . , ℓ − 2, ℓ − 1}

are doubly degenerate, so the total number of levels is retained, 4 + 2(2ℓ− 1) = 2(2ℓ+ 1). (In
fact, the relativistic spin-orbit coupling can strongly modify the above level splittings.)

The second term in the Hamiltonian in Eq. (319) is the so called Langevin diamagnetic
term. Using the symmetric gauge again,

q2

2m
A2 =

q2

8m
(B⃗ × r⃗)2 =

q2

8m
(r2B2 − (r⃗B⃗)2) =

q2B2

8m

(
x2 + y2

)
, (328)

where for the final expression we assumed that the magnetic field is parallel to the z axis.
Let’s perform a simple estimation for the diamagnetic energy in first order perturbation theory
relative to the paramagnetic energy:

δEdia

δEpara

=
e2B2

8m

(
eB

2m

)−1 |⟨x2 + y2⟩|
|⟨Lz + 2Sz⟩|

≃ ea20
4ℏ

B ,
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where we used the approximations |⟨x2 + y2⟩| ∼ a20 and |⟨Lz + 2Sz⟩| ∼ ℏ. If the magnetic field
is measured in Tesla, the above ratio equals to

2π × 1.602177× 10−19 × (5.2917721× 10−11)
2

4× 6.62607× 10−34
B

(
C m2

J s

N s

C m

)
= 1.0636× 10−6B[T ] .

Thus, we can see that in atoms the diamagnetic energy correction is usually negligible as com-
pared to the paramagnetic correction. However, if the paramagnetic term vanishes, ⟨Lz + 2Sz⟩ =
0, the effect of the magnetic field arises from the diamagnetic term.

The paramagnetic energy term appears because the permanent magnetic moment of the atom
µ⃗ = −µB

ℏ ⟨L⃗ + 2S⃗⟩ interacts with the external magnetic field. On the contrary, the Langevin
diamagnetism is related to an induced magnetic moment defined as,

µ⃗dia = −∂Edia

∂B⃗
= − e2

8m

∂⟨(B⃗ × r⃗)2⟩
∂B⃗

= − e2

4m

(
⟨r2⟩B⃗ − ⟨r⃗(r⃗B⃗)⟩

)
=

B⃗∥e⃗z
−e

2B

4m
⟨x2 + y2⟩e⃗z , (329)

being proportional to the external magnetic field and pointing into the opposite direction. This
is indeed in agreement with Lenz’s law. In the framework of linear response theory, we can
introduce the diamagnetic susceptibility tensor as

χ
dia

= − e2

4m

(
⟨r2⟩I − ⟨r⃗ ◦ r⃗⟩

)
, (330)

where I is the 3× 3 unit matrix, such that

µ⃗dia = χ
dia
B⃗ (331)

and

δEdia = −1

2
B⃗χ

dia
B⃗ =

e2

8m
⟨(B⃗ × r⃗)2⟩ . (332)

5.4 Continuity equation

Similarly as we discussed earlier, also in the presence of electromagnetic field we can derive
a continuity equation that provides the probability interpretation of the wavefunction. The
initial point of the calculation is the time dependent Pauli–Schrödinger equation,

ıℏ∂tψ = − ℏ2

2m
∆ψ +

q2

2m
A⃗2ψ +

ıℏq
2m

(div A⃗+ 2 A⃗ ∇⃗)ψ

+ V ψ + µB B⃗σ⃗ ψ , (333)

where we considered the interaction between the magnetic field and the spin of the electron, so
we ha a spinor wavefunction:

ψ =

(
ψ1

ψ2

)
. (334)

In terms of components, the Pauli-Schrödinger equation reads as

ıℏ∂tψr = − ℏ2

2m
∆ψr +

q2

2m
A⃗2ψr +

ıℏq
2m

(div A⃗+ 2 A⃗∇⃗)ψr

+ V ψr + µBBi σ
rs
i ψs (r, s ∈ {1, 2}) , (335)
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where σrs
i denotes the matrixelements of the ith Pauli matrix, i ∈ {x, y, z}. Note that the Pauli

matrices are Hermitian, σrs
i = (σsr

i )∗. From the conjugation of the above equation we get

−ıℏ∂∗t ψr = − ℏ2

2m
∆ψ∗

r +
q2

2m
A⃗2ψr −

ıℏq
2m

(
div A⃗+ 2 A⃗∇⃗

)
ψ∗
r

+ V ψ∗
r + µBBi ψ

∗
sσ

sr
i (r, s ∈ {1, 2}) , (336)

which can compactly be written as,

−ıℏ∂tψ† = − ℏ2

2m
∆ψ† +

q2

2m
A⃗2ψ† − ıℏq

2m

(
div A⃗+ 2 A⃗∇⃗

)
ψ†

+ V ψ† + µB ψ
†B⃗σ⃗ , (337)

where
ψ† =

(
ψ∗
1 ψ∗

2

)
. (338)

From Eqs. (333) and (337) we get,

ıℏ
(
ψ†(∂tψ) + (∂tψ

†)ψ
)
= − ℏ2

2m

(
ψ†∆ψ − (∆ψ†)ψ

)
+
iℏq
m

(
(∇⃗A⃗)ψ†ψ + A⃗ ψ†(∇⃗ψ) + A⃗(∇⃗ψ†)ψ

)
, (339)

where the inner rounded brackets explicitly mark on which functions the ∇⃗ operator acts. Re-
markably, the Pauli paramagnetic part of equation (333) containing the Pauli matrices doesn’t
contribute to the right-hand side of the above equation. After manipulating both sides of the
equation above:

ψ†∂tψ + (∂tψ
†)ψ = ∂t

(
ψ†ψ

)
(340)

ψ†∆ψ − (∆ψ†)ψ = ∇⃗
(
ψ†∇⃗ψ − (∇⃗ψ†)ψ

)
, (341)

and
(∇⃗A⃗)ψ†ψ + A⃗ ψ†(∇⃗ψ) + A⃗(∇⃗ψ†)ψ = ∇⃗(A⃗ ψ†ψ) , (342)

we arrive at the following continuity equation,

∂tρ+ ∇⃗ j⃗ = 0 , (343)

where
ρ = ψ†ψ (344)

and

j⃗ =
ℏ

2mi

(
ψ†(∇⃗ψ − (∇⃗ψ†)ψ)

)
− q

m
A⃗ψ†ψ . (345)

We thus see that the result for the finding probability density is the same as in case without
electromagnetic field (vector potential), but the probability current density is extended by
a term containing the vector potential explicitly. We can understand this if we relate the
probability current density to the kinetic momentum rather than to the canonical momentum,

j⃗ =
1

m
Re(ψ†K⃗ψ) =

1

m
Re(ψ†(p⃗− q

c
A⃗)ψ) (346)

=
ℏ

2mi

{
ψ†(∇⃗ψ)− (∇⃗ψ†)ψ

}
− q

m
A⃗ψ†ψ . (347)
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We note that the continuity equation remains valid if we add a divergenceless term to the
probability current density. The spin-magnetisation probability current density,

j⃗M = −1

e
curl(ψ†M⃗Sψ) =

1

m
curl(ψ†S⃗ ψ) =

ℏ
2m

curl(ψ†σ⃗ ψ) , (348)

can be obtained from the nonrelativistic limit of the Dirac equation (see in Relativistic Quantum
Mechanics), but it doesn’t enter the continuity equation derived in this section.

5.5 Gauge transformation of the wavefunction

The electric field E⃗ and the magnetic field B⃗ can be obtained from the scalar potential ϕ
and vector potential A⃗ as

E⃗ = −∇⃗ϕ− ∂A⃗

∂t
and B⃗ = ∇⃗ × A⃗ . (349)

The potentials are not uniquely defined, since the gauge transformation,

A⃗′ (r⃗, t) = A⃗ (r⃗, t) + ∇⃗Λ (r⃗, t) ϕ′ (r⃗, t) = ϕ (r⃗, t)− ∂tΛ (r⃗, t) , (350)

leaves the fields unchanged,

E⃗ = −∇⃗ϕ′ − ∂A⃗′

∂t
and B⃗ = ∇⃗ × A⃗′ . (351)

The time dependent Schrödinger equation,

ıℏ∂tψ (r⃗, t) =

[
1

2m

(
ℏ
i
∇⃗ − qA⃗ (r⃗, t)

)2

+ qϕ (r⃗, t)

]
ψ (r⃗, t) , (352)

contains the potentials which are not physical observables. Therefore, it is mandatory to look
for the solutions ψ′ (r⃗, t) when substituting the gauge transformed potentials into equation
(352),

ıℏ∂tψ′ (r⃗, t) =

[
1

2m

(
ℏ
ı
∇⃗ − qA⃗′ (r⃗, t)

)2

+ qϕ′ (r⃗, t)

]
ψ′ (r⃗, t)

=

[
1

2m

(
ℏ
ı
∇⃗ − qA⃗ (r⃗, t)− q∇⃗Λ (r⃗, t)

)2

+ qϕ (r⃗, t)− q∂tΛ (r⃗, t)

]
ψ′ (r⃗, t) . (353)

Statement: The solution of equation (353) is

ψ′ (r⃗, t) = e
ıq
ℏ Λ(r⃗,t) ψ (r⃗, t) . (354)

Proof: First we substitute the expression (354) into the left-hand side of equation (353):

ıℏ∂tψ′ = ıℏ∂t
(
e

iq
ℏ Λψ

)
= e

iq
ℏ Λ (ıℏ∂tψ − q (∂tΛ)ψ) , (355)

then we multiply the equation by e−
iq
ℏ Λ and add q (∂tΛ)ψ to both sides, which yields

ıℏ∂tψ =
1

2m
e−

ıq
ℏ Λ

(
ℏ
ı
∇⃗ − qA⃗− q∇⃗Λ

)2

e
iq
ℏ Λψ + qϕψ . (356)
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Let’s investigate the following expression:

e−
ıq
ℏ Λ

(
ℏ
ı
∇⃗ − qA⃗− q∇⃗Λ

)
e

iq
ℏ Λψ = e−

ıq
ℏ Λ(

ℏ
ı
∇⃗)e

iq
ℏ Λψ − qA⃗ψ − q(∇⃗Λ)ψ

= (
ℏ
ı
∇⃗+ q(∇⃗Λ))ψ − qA⃗ψ − q(∇⃗Λ)ψ

= (
ℏ
ı
∇⃗ − qA⃗)ψ , (357)

which means the following operator identity,

e−
ıq
ℏ Λ

(
ℏ
ı
∇⃗ − qA⃗− q∇⃗Λ

)
e

iq
ℏ Λ =

ℏ
ı
∇⃗ − qA⃗ . (358)

The square of this identity can be expressed as

e−
ıq
ℏ Λ

(
ℏ
ı
∇⃗ − qA⃗− q∇⃗Λ

)
e

iq
ℏ Λe−

ıq
ℏ Λ

(
ℏ
ı
∇⃗ − qA⃗− q∇⃗Λ

)
e

iq
ℏ Λ

= e−
ıq
ℏ Λ

(
ℏ
ı
∇⃗ − qA⃗− q∇⃗Λ

)2

e
iq
ℏ Λ = (

ℏ
ı
∇⃗ − qA⃗)2 . (359)

The above expression can be used in equation (356), which then trivially transforms to the
Schrödinger equation (352).

5.6 The Aharanov–Bohm effect

For static (time independent) electromagnetic fields, the potentials are also time independent,
thus we can choose a time independent gauge function Λ (r⃗). Integrating the gauge transformed
vector potential along a path between the points r⃗0 and r⃗, we obtain∫ r⃗

r⃗0

A⃗′(s⃗)ds⃗ =

∫ r⃗

r⃗0

A⃗(s⃗)ds⃗+ Λ (r⃗)− Λ (r⃗0) . (360)

In the absence of magnetic field we can choose the gauge such that the vector potential A⃗′ (r⃗)
becomes zero,

Λ (r⃗) = −
∫ r⃗

r⃗0

A⃗(s⃗)ds⃗ , (361)

where, by choosing a suitable additive constant for Λ (r⃗), we fixed Λ (r⃗0) = 0. Since the
vector potential is curl free, the above line integral is independent of the path chosen. More
precisely, this condition is fulfilled only when the domain where B⃗ = 0 (denoted by Ω0) is

simply connected. Namely, if there is a compact region ΩB with B⃗ ̸= 0 enclosed by Ω0 then
Λ(r⃗) for r⃗ ∈ Ω0 is determined only up to multiples of the magnetic flux in ΩB:∮

C

A⃗(s⃗)ds⃗ =

∫
A

curl A⃗ (r⃗) da⃗ =

∫
A

B⃗ (r⃗) da⃗ = ΦB , (362)

where C is a closed loop in Ω0 that encircles ΩB, A is a smooth oriented surface with the
boundary C and we used Stokes’ theorem.

In classical electrodynamics only the fields are measurable, while the potentials are intro-
duced as a mathematical concept. Aharanov and Bohm (1959) predicted first that in quantum
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theory the electromagnetic potentials might be real physical quantities and that this could be
shown in electron interference experiments [Y. Aharonov and D. Bohm: Significance of electro-
magnetic potentials in the quantum theory. Physical Review 115, 485, 1959]. More specifically,
the question is raised whether the magnetic field in domain ΩB enclosed by the zero-field region
Ω0 does have any effect on the motion of charged particles moving in Ω0. According to the
gauge function (361) the magnetic field can have a nonlocal effect through the vectorpotential.
The gauge function appears, however, as a phase in the wavefunction, so it is a nontrivial
question whether this effect can be detected experimentally.

To illustrate the Aharonov-Bohm effect consider a double-slit electron interference experi-
ment, where a perpendicular magnetic field generated by an infinitely long coil (solenoid) is
placed between the two slits. Let r⃗0 be the position of the source and r⃗ is a point of the
screen. In general, the Schrödinger equation can only be solved numerically in order to get
a single-valued wavefunction, from which the probability density at the screen can be deter-
mined. Instead, we construct the intensity pattern at the screen from the superposition of two
wavefunctions, when one of the slits is covered (impenetrable). In both cases, the region with
zero magnetic field becomes simply connected and the vector potential can be transformed out.
Let us denote the wavefunctions by ψA and ψ0 in cases of A⃗ (r⃗) ̸= 0 and A⃗ (r⃗) = 0 (r⃗ ∈ Ω0),
respectively. They are related to each other by

ψ0 (r⃗, t) = ψA (r⃗, t) e
ıq
ℏ Λ(r⃗) = ψA (r⃗, t) exp

(
− ıq
ℏ

∫ r⃗

r⃗0

A⃗(s⃗)ds⃗

)
, (363)

or

ψA (r⃗, t) = ψ0 (r⃗, t) exp

(
ıq

ℏ

∫ r⃗

r⃗0

A⃗(s⃗)ds⃗

)
. (364)

Note that ψ0 is identical with the wavefunction when the magnetic field is switched off in ΩB,
since in this case the vectorpotential can be chosen as zero in all space.

We use the above result for the cases when either slit 1,

ψ1A (r⃗, t) = ψ10 (r⃗, t) exp

(
ıq

ℏ

∫
1

A⃗(s⃗)ds⃗

)
(365)

or slit 2 is opened,

ψ2A (r⃗, t) = ψ20 (r⃗, t) exp

(
ıq

ℏ

∫
2

A⃗(s⃗)ds⃗

)
, (366)

where the paths labelled by 1 or 2 conducts through either slit 1 or slit 2, respectively. The
intensity observed on the screen is proportional to the square of the magnitude of the superim-
posed wavefunctions,

I ∼ |ψ1A (r⃗, t) + ψ2A (r⃗, t)|2

=

∣∣∣∣ψ10 (r⃗, t) exp

(
ıq

ℏ

∫
2

A⃗(s⃗)ds⃗

)
+ ψ20 (r⃗, t) exp

(
ıq

ℏ

∫
1

A⃗(s⃗)ds⃗

)∣∣∣∣2
=

∣∣∣∣ψ10 (r⃗, t) exp

(
ıq

ℏ

[∫
2

A⃗(s⃗)ds⃗−
∫
1

A⃗(s⃗)ds⃗

])
+ ψ20 (r⃗, t)

∣∣∣∣2
=

∣∣∣∣ψ10 (r⃗, t) exp

(
ıq

ℏ

∮
A⃗(s⃗)ds⃗

)
+ ψ20 (r⃗, t)

∣∣∣∣2
=
∣∣∣ψ10 (r⃗, t) exp

( ıq
ℏ
ΦB

)
+ ψ20 (r⃗, t)

∣∣∣2
= |ψ10 (r⃗, t) |2 + |ψ20 (r⃗, t) |2 + 2Re(ψ10 (r⃗, t)ψ20 (r⃗, t) e

ıq
ℏ ΦB) . (367)

43



Clearly, the interference term in the intensity contains the magnetic flux of the coil. In order to
give a simple quantitative estimate for the positions of the interference fringes, let us assume
plane waves for the wavefunctions,

I ∼
∣∣∣∣exp(ikℓ1 + iq

ℏ
ΦB

)
+ exp (ikℓ2)

∣∣∣∣2
=
∣∣∣1 + exp

(
i
[
kℓ1 − kℓ2 +

q

ℏ
ΦB

])∣∣∣2
= 2 + 2 cos

(
kℓ1 − kℓ2 +

q

ℏ
ΦB

)
, (368)

where ℓ1 and ℓ2 denote the lengths of path 1 and 2, respectively. The positions of the maxima
of the electron intensity pattern can be identified from

k (ℓ1 − ℓ2)−
e

ℏ
ΦB = 2πn −→ ℓ1 − ℓ2 = λ

(
n+

ΦB

h/e

)
= λ

(
n+

ΦB

Φ0

)
, (369)

where n ∈ Z, k = 2π
λ
and λ = h

mv
is the de Broglie wavelength and Φ0 = h/e = 4.135·10−11 Tcm2

is the flux quantum. This implies that the positions of the intensity maxima (minima) can be
tuned by the magnetic flux. The shift of the positions is a periodic function of ΦB and the
period is Φ0. These theoretical findings were confirmed by several experiments. It is important
to emphasize that the Aharonov-Bohm effect proves that the vectorpotential has physical reality
in quantum theory, but the physical observables depend always on gauge invariant quantities
as the magnetic flux in case of the interference experiment.

As mentioned, the above explanation of the Aharanov–Bohm effect serves for illustration.
In the experiment both slits are open, so we have to construct the wavefunction in region
Ω0 enclosing a magnetic flux, i.e. Ω0 being not simply connected. (Other experiments also
use geometric setups where Ω0 is multiply connetcted.) The problem becomes obvious when
considering the scattering of plane waves on a solenoid. The interference pattern on the srceen
shows a similar dependence on ΦB as in the double-slit experiment, though the transformation
of the wavefunction (364) can not be used. Sir Michael V. Berry [M.V.Berry et al., Eur. J.
Phys. 1, 154 (1980), M.V. Berry, Eur. J. Phys. 1, 240 (1980)] showed that a single-valued
(exact) scattering wavefuntion can be constructed in the region Ω0 and the asymptotic form
of this wavefunction provides a good explanation of the change of the intensity pattern due to
the change of the magnetic field.

For a simple demonstration of an exact single-valued wavefunction we consider a line flux
ΦB. In cylindrical coordinates (r, ϕ, z) a possible choice for the vector potential can be given
as

Aφ =
ΦB

2πr
, Ar = Az = 0 . (370)

As a further simplification the motion of the charged particle is confined to a circular wire of
radius a. This way the Hamilton operator is given by

H =
1

2m

(
ℏ
ı

1

a

∂

∂φ
− qAφ

)2

= − ℏ2

2ma2

(
∂

∂φ
− iq

h
ΦB

)2

(371)

= − ℏ2

2ma2

(
∂

∂φ
− ı

ΦB

Φ0

)2

. (372)

The solution of the eigenvalue problem of H is provided by

E =
ℏ2C2

2ma2
, (373)
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and

ψ (E;φ) =
1√
2π

exp

(
ı

[
C +

ΦB

Φ0

]
φ

)
, (374)

where the single-valuedness of the wavefunction is satisfied by the condition,

C +
ΦB

Φ0

= n ∈ Z . (375)

The eigenenergies are then

En =
ℏ2

2ma2

(
n− ΦB

Φ0

)2

, (376)

with the eigenfunctions,

ψn (φ) =
1√
2π

einφ . (377)

5.7 Flux quantization in type-I superconductors

Due to the Meissner–Ochsenfeld effect, the magnetic field is excluded from a type-I super-
conductor (perfect diamagnet). Let’s consider a superconducting ring placed into a magnetic
field perpendicular to the plane of the ring. Experiments [B.S. Deaver, Jr. and W.F. Fairbank,
Phys. Rev. Lett.7, 43 (1961); R. Doll and M. Näbauer, Phys. Rev.Lett. 7, 51 (1961)] show
that the flux of the magnetic field enclosed by the superconducting ring is quantized.

In order to understand the phenomenon we have to use the specific properties of type-I
superconductors. Since in the superconductor the magnetic field is zero, the Maxwell equation,

∇× B⃗ = µ0

(
j⃗ + ε0

∂E⃗

∂t

)
, (378)

implies that for stationary fields the current density j⃗ is also zero in the superconductor. In
fact, a current flows only near the surface of the superconductor within the London penetration
depth. In the superconducting phase the charge density is homogeneous, so the wavefunction
of the Cooper pairs can be written as

ψ (r⃗) =
√
ϱeıϑ(r⃗) , (379)

where ϱ is the probability density of the superconducting particles and ϑ (r⃗) is the phase of the
superconducting state. The current density can then be expressed as

j⃗ (r⃗) =
ℏq
m

(
∇⃗ϑ (r⃗)− q

ℏ
A⃗ (r⃗)

)
ϱ . (380)

From j⃗ = 0 it follows that

∇⃗ϑ (r⃗) = q

ℏ
A⃗ (r⃗) . (381)

Now we are going to utilize the single valuedness of the wavefunction, namely, travelling along
a closed loop in the superconducting ring the wavefunction can just pick up a phase of multiples
of 2π,

eıϑ(r⃗) = eıϑ(r⃗)+∆ϑ → ∆ϑ = 2πn , (382)

where

∆ϑ =

∮
∇⃗ϑ(s⃗)ds⃗ = q

ℏ

∮
A⃗(s⃗)ds⃗ =

q

ℏ
ΦB , (383)
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therefore,

ΦB =
h

q
n . (384)

Since the charge of the Cooper pairs is q = −2e, the magnetic flux enclosed by the type-I
superconductor ring is a multiple of Φ0/2.

5.8 The motion of free electrons in magnetic field: Landau levels

In classical electrodynamics, a charged particle in a homogeneous magnetic field performs
a uniform circular motion in the plane perpendicular to the magnetic field with the cyclotron
frequency

ωc =
qB

m
. (385)

Choosing a magnetic field parallel to the z axis, B⃗ = (0, 0, B), Newton’s second law of motion
reads as

m
dv⃗(t)

dt
= q v⃗ × B⃗ → (v̇x, v̇y, 0) = ωc(vy,−vx, 0) . (386)

By fixing the position of the particle for t = 0 at (R, 0, 0) , the solution is given by

r⃗(t) = R(cosωct,− sinωct, 0) , (387)

v⃗(t) =
dr⃗(t)

dt
= Rωc(− sinωct,− cosωct, 0) , (388)

a⃗(t) =
dv⃗(t)

dt
= Rω2

c (− cosωct, sinωct, 0) , (389)

where we supposed B, q > 0. The energy of the particle is

E =
1

2
mR2ω2

c .

Using symmetric gauge for the vector potential,

A⃗(t) =

(
−1

2
By,

1

2
Bx, 0

)
(390)

=
BR

2
(sinωct, cosωct, 0) , (391)

the canonical momentum can be expressed as

p⃗(t) = mv⃗(t) + qA⃗(t) =
1

2
mRωc(− sinωct,− cosωct, 0) . (392)

Employing the Bohr–Sommerfeld quantization principle ,∮
p⃗dℓ⃗ =

∫ 2π
ωc

0

p⃗(t)v⃗(t)dt = πmR2ωc = nh ⇒ 1

2
mR2ωc = nℏ ⇒ En = nℏωc . (393)

It is tempting that by solving the Schrödinger equation the planar motion of the charged
particle also leads to quantized energy levels. In symmetric gauge the kinetic momentum is
given by

K⃗ = (Kx, Ky, Kz) =

(
px −

eB

2
y, py +

eB

2
x, pz

)
(394)

=
(
px −

mωc

2
y, py +

mωc

2
x, pz

)
. (395)
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(Note that for electrons q = −e!), It is easy to prove that the commutator of Kx and Ky is

[Kx, Ky] = −iℏeB =
ℏ
i
mωc , (396)

as we learned already. The eigenfunctions of the Hamiltonian,

H =
1

2m

(
K2

x +K2
y

)
+

p2z
2m

, (397)

can be written as
ψ (r⃗) = φk (x, y) e

ıkz , (398)

where k is an arbitrary wavenumber and φk (x, y) satisfies the equation,

1

2m

(
K2

x +K2
y

)
φk (x, y) =

(
E − ℏ2k2

2m

)
φk (x, y) . (399)

Now we can introduce the operators,

X =
Ky

eB
=

Ky

mωc

and P = Kx . (400)

From Eq. (396) the following commutation relation follows,

[P,X] =
ℏ
ı
, (401)

and the eigenvalue equation (399) transforms to(
P 2

2m
+

1

2
mω2

cX
2

)
φk (x, y) =

(
E − ℏ2k2

2m

)
φk (x, y) . (402)

This is analogous with the Schrödinger equation of a linear harmonic oscillator. We can then
introduce the ladder operators,

a =

√
mωc

2ℏ

(
X +

ı

mωc

P

)
(403)

=
1√
2ℓB

1

mωc

(Kx + ıKy) (404)

and

a+ =

√
mωc

2ℏ

(
X − ı

mωc

P

)
(405)

=
1√
2ℓB

1

mωc

(Kx − ıKy) , (406)

where

ℓB =

√
ℏ

mωc

=

√
ℏ
eB

(407)

is the so-called magnetic length. By substituting ℏ = 1.054571817 × 10−34 J s and e =
1.60217663× 10−19 C we get

ℓB =
25.66√
B [T ]

nm , (408)
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where the magnetic field is measured in tesla. For ordinary magnetic fields the magnetic length
is orders of magnitude larger than the atomic length scale. The Hamiltonian can be expressed
in terms of the ladder operators,

H =
P 2

2m
+

1

2
mω2

cX
2 +

p2z
2m

= ℏωc

(
a+a+

1

2

)
+

p2z
2m

. (409)

Following the algebraic derivation of the spectrum of the harmonic oscillator (see Quantum
Mechanics 1), the eigenenergies of the system are

En,k = ℏωc

(
n+

1

2

)
+

ℏ2k2

2m
, (410)

where the index n = 0, 1, 2, . . . denotes the Landau levels.

We can solve the quantum mechanical problem in the asymmetric or Landau gauge,

A⃗ = (−By, 0, 0) , (411)

which leads to the wavefunction (see Practical course),

ψn,kx,kz (x, y, z) ∼ exp (ıkzz) exp (ıkxx) exp

(
− 1

2ℓ2B

(
y − kxℓ

2
B

)2)
Hn

(
y − kxℓ

2
B

ℓB

)
, (412)

where Hn denotes the Hermite polynomials. From here we can see that the characteristic decay
constant of the wavefunction in the y direction is

√
2ℓB. Since the energy doesn’t depend on

kx, the Landau levels are degenerate. If the planar motion of the electron is confined to finite
lengths (Lx, Ly), kx becomes quantized. Supposing that the wavfunctions takes the same value
at x = 0 and x = Lx (Born-Karman boundary condition):

kx =
2π

Lx

m (m ∈ N) . (413)

Because the distance in y direction between the Landau orbits is kxℓ
2
B, only a finite number M

of these orbits can exist on the length Ly,

2π

Lx

M︸ ︷︷ ︸
max kx

ℓ2B = Ly −→M =
ℓxℓy
2πℓ2B

=
AeB

h
=

Φ

Φ0

, (414)

where A is the surface of the sample and Φ is the flux of the magnetic field. Clearly, M is the
degeneracy of a Landau level. We can interpret this result such that a Landau orbit stands for
a unit flux, therefore, the number of the Landau orbits M in any Landau level is proportional
with the magnetic flux.

Within quasiclassical approximation, we consider a Landau state as a motion along a circle
of radius r ≃

√
2ℓB and we get for the magnetic flux on this circle,

Φ = 2πℓ2BB =
hB

mωc

=
h

e
= Φ0 . (415)
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A Classical electrodynamics

A.1 Maxwell equations

The Lorentz force acting on a charged particle in electromagnetic fields:

F⃗ = q
(
E⃗ + v⃗ × B⃗

)
, (416)

where E⃗ is the electric field and B⃗ is the magnetic field (B-field).

Electrodynamics in presence of matter

ρtot = ρf + ρb , ρb = −∇⃗P⃗ , (417)

j⃗tot = j⃗f + j⃗b , j⃗b = ∇⃗ × M⃗ + ∂tP⃗ , (418)

where ρtot, ρf, and ρb stand for the total, free and bound electric charge densities, while j⃗tot, j⃗f,
and j⃗b denote the total, free and bound electric current densities, respectively. In addition, P⃗ is
the electric polarization density and M⃗ is the magnetisation density. The electric displacement
field D⃗ is defined as

D⃗ = ε0E⃗ + P⃗ , (419)

where ε0 is the vacuum permittivity. Relationship between the magnetic H-field H⃗, B-field B⃗
and the magnetisation density M⃗ :

H⃗ =
B⃗

µ0

− M⃗ . (420)

Maxwell equations:

∇⃗E⃗ =
ρtot
ε0

=
1

ε0

(
ρf − ∇⃗P⃗

)
→ ∇⃗D⃗ = ρf , (421)

∇⃗ × E⃗ = −∂tB⃗ , (422)

∇⃗B⃗ = 0 , (423)

∇⃗ × B⃗ = µ0 j⃗tot = µ0

(⃗
jf + ∇⃗ × M⃗ + ∂tP⃗ + ε0∂tE⃗

)
→ ∇⃗× H⃗ = j⃗f + ∂tD⃗ . (424)

In vacuum P⃗ = 0 and M⃗ = 0, thus, D⃗ = ε0E⃗ and H⃗ = B⃗
µ0
. The Maxwell equations are then

given as

∇⃗E⃗ =
ρ

ε0
, (425)

∇⃗ × E⃗ = −∂tB⃗ , (426)

∇⃗B⃗ = 0 , (427)

∇⃗ × B⃗ = µ0

(⃗
j + ε0∂tE⃗

)
. (428)

A.2 Scalar and vector potentials, gauge transformations

Based on equation (427), we can introduce a vector potential A⃗ (r⃗, t) such that

B⃗ = ∇⃗ × A⃗ . (429)
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By using equation (426),

∇⃗ × E⃗ + ∂tB⃗ = ∇⃗ ×
(
E⃗ + ∂tA⃗

)
= 0 , (430)

thus a scalar potential ϕ (r⃗, t) can be introduced that satisfy

−∇⃗ϕ = E⃗ + ∂tA⃗→ E⃗ = −∇⃗ϕ− ∂tA⃗ . (431)

From equations (425) and (428) we obtain differential equations for the potentials,

∆ϕ+ ∂t∇⃗A⃗ = − ρ

ε0
, (432)

∆A⃗− ∇⃗(∇⃗A⃗) = −µ0

(⃗
j − ε0∂t∇⃗ϕ− ε0∂

2
t A⃗
)
= −µ0j⃗ +

1

c2
∂t∇⃗ϕ+

1

c2
∂2t A⃗ , (433)

where c = 1/
√
ε0µ0 is the velocity of light in vacuum.

Using a Λ (r⃗, t) gauge field, the potentials can be transformed such that the fields remain
invariant:

A⃗′ = A⃗+ ∇⃗Λ
ϕ′ = ϕ− ∂tΛ

}
=⇒ E⃗ ′ = E⃗

B⃗′ = B⃗
. (434)

In that case the scalar and vector potentials (ϕ′, A⃗′) and (ϕ, A⃗) are said to be equivalent or, in
other words, they belong to the same gauge orbit.

A Coulomb gauge is defined by ∇⃗A⃗′ = 0. This implies

0 = ∇⃗A⃗+∆Λ → ∆Λ = −∇⃗A⃗ (435)

and for the scalar potential

∆ϕ′ = − ρ

ε0
→ ϕ′ (r⃗, t) =

1

4πε0

∫
d3r′

ρ (r⃗, t)

|r⃗ − r⃗′|
, (436)

where we fixed a space independent constant to zero. The potentials fulfill the equation,

∆A⃗′ − 1

c2
∂2t A⃗

′ = −µ0j⃗ +
1

c2
∂t∇⃗ϕ′ . (437)

Taking the divergence of the above expressions,

div j⃗ − ε0∂t∆ϕ
′ = 0 → div j⃗ + ∂tρ = 0 , (438)

which is the continuity equation for the charge current and denity. The vector field j⃗ (r⃗, t) can
be divided into longitudinal and transversal components,

j⃗ = j⃗l + j⃗t , (439)

where
∇⃗j⃗t = 0 and ∇⃗ × j⃗l = 0 . (440)

Since the left-hand side of equation (437) is purely transversal, while ∇⃗ϕ is purely longitudinal,
(437) can be rewritten as

∆A⃗′ − 1

c2
∂2t A⃗

′ = −µ0j⃗t . (441)
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The Lorenz gauge is defined by

∇⃗A⃗′ +
1

c2
∂tϕ

′ = 0 .

Then we get the following differential equations for the potentials,

∆ϕ′ − 1

c2
∂2t ϕ

′ = − ρ

ε0
, (442)

and

∆A⃗′ − 1

c2
∂2t A⃗

′ = −µ0j⃗ . (443)

The above equations can be written into Lorentz covariant form:

Aµ = (ϕ/c, Ai) (444)

∂µ = (∂t/c, ∂i) (445)

jµ = (cρ, ji) (446)

∂µ∂
µ =

1

c2
−∆ = −□ (447)

⇓
□Aµ = µ0 j

µ . (448)

A.3 Lagrangian formalism

We define the Lagrange function in presence of electric and magnetic fields as

L
(
r⃗, ˙⃗r
)
= −mc2

√
1−

˙⃗r 2

c2
+ qA⃗ (r⃗, t) ˙⃗r − qϕ (r⃗, t) . (449)

The conjugated canonical momentum is then given by

p⃗ =
∂L
(
r⃗, ˙⃗r
)

∂ ˙⃗r
= −

mc2

(
−2

˙⃗r

c2

)

2

√
1−

˙⃗r2

c2

+ qA⃗ (r⃗, t) =

=
m ˙⃗r√
1−

˙⃗r2

c2

+ qA⃗ (r⃗, t) = K⃗ + qA⃗ (r⃗, t) , (450)

where K⃗ is the so called kinetic momentum,

K⃗ =
m ˙⃗r√
1− ⃗̇r2

c2

= p⃗− qA⃗ . (451)

Euler-Lagrange equation of motion:

∂L
(
r⃗, ˙⃗r
)

∂r⃗
− d

dt

∂L
(
r⃗, ˙⃗r
)

∂ ˙⃗r
= 0 (452)
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⇓

dp⃗

dt
=
∂L
(
r⃗, ˙⃗r
)

∂r⃗
= q(∇⃗ ◦ A⃗) ˙⃗r − q ∇⃗ϕ , (453)

where
(∇⃗ ◦ A⃗)ij = ∂iAj . (454)

Using the vector identity,
(⃗a ◦ b⃗)c⃗ = c⃗× (⃗a× b⃗) + (c⃗ a⃗) b⃗ , (455)

we can proceed as

(∇⃗ ◦ A⃗) ˙⃗r = ˙⃗r × (∇⃗ × A⃗) + ( ˙⃗r · ∇⃗)A⃗ = ˙⃗r × B⃗ + ( ˙⃗r ∇⃗) A⃗ (456)

⇓
dp⃗

dt
= q( ˙⃗r ∇⃗) A⃗− q ∇⃗ϕ+ q( ˙⃗r × B⃗) . (457)

The substantial derivative of the vector potential is defined as

dA⃗

dt
=
∂A⃗

∂t
+ ( ˙⃗r ∇⃗) A⃗ , (458)

by which we obtain
dp⃗

dt
= q

dA⃗

dt
− q

∂A⃗

∂t
− q ∇⃗ϕ+ q( ˙⃗r × B⃗) . (459)

Now we can express the time derivative of the kinetic momentum,

dK⃗

dt
= −q∂A⃗

∂t
− q ∇⃗ϕ+ q( ˙⃗r × B⃗) = qE⃗ + q( ˙⃗r × B⃗) , (460)

which is the Lorentz force.

A.4 Hamiltonian formalism

The Hamilton function is related to the Lagrange function as

H = ˙⃗r p⃗− L
(
r⃗, ˙⃗r
)

= ˙⃗r K⃗ + qA⃗ ˙⃗r +mc2

√
1−

˙⃗r2

c2
− qA⃗ ˙⃗r + qϕ

=
m ˙⃗r2√
1− ˙⃗r2

c2

+mc2

√
1−

˙⃗r2

c2
+ qϕ =

mc2√
1− ˙⃗r2

c2

+ qϕ . (461)

From the relationship,

m2c4

1− ˙⃗r2

c2

= m2c2

(
c2 +

˙⃗r2

1− ˙⃗r2

c2

)
= (462)

= m2c4 + c2K⃗2 = m2c4 + c2
(
p⃗− qA⃗

)2
, (463)
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we obtain the well-known expression for the Hamilton function,

H (r⃗, p⃗) =

√
(mc2)2 + c2(p⃗− qA⃗)2 + qϕ . (464)

In the non-relativistic limit,
(p⃗− qA⃗)2

mc2
≪ 1 , (465)

therefore, we can approach the Hamiltonian by

H (r⃗, p⃗) =
(p⃗− qA⃗)2

2m
+ qϕ , (466)

where we dropped the rest energy mc2.

Hamiltonian equations of motion:

dr⃗

dt
= v⃗ =

∂H (r⃗, p⃗)

∂p⃗
=
p⃗− qA⃗

m
=
K⃗

m
(467)

and

dp⃗

dt
= −∂H (r⃗, p⃗)

∂r⃗
= q(∇⃗ ◦ A⃗) p⃗− qA⃗

m
− q ∇⃗ϕ

= q(∇⃗ ◦ A⃗) ˙⃗r − q ∇⃗ϕ = q( ˙⃗r × B⃗) + q( ˙⃗r ∇⃗) A⃗− q ∇⃗ϕ

= q( ˙⃗r × B⃗) + q
dA⃗

dt
− q

∂A⃗

∂t
− q ∇⃗ϕ . (468)

From this we again get the Lorentz force as the substantial derivative of kinetic momentum,

dK⃗

dt
= m

d2r⃗

dt2
= q(−∇⃗ϕ− ∂A⃗

∂t
) + q( ˙⃗r × B⃗)

= qE⃗ + q( ˙⃗r × B⃗) . (469)
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