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Abstract
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1 Overview of distance and energy scales

The aim of particle physics is to study the fundamental constituents of matter and their interac-
tions. Presently, this mostly involves studying sub-nuclear physics, i.e. physics at scales that are
smaller than the atomic nucleus. It is worthwhile to recall the scales of diverse natural phenomena,
shown in the table below. The values just give a rough order of magnitude within factors of order
unity.

‘ Scale (m) ‘ Phenomena ‘
10-% Planck scale (quantum gravity)
1032 cosmological inflation
<1071 the unknown...
107" — 1072 | presently known particle physics
1071 atomic nucleus

1071 — 1077 | atoms and molecules
10°°—-10"1 cells

1072 —10° human activity

10% — 10° planets

10% — 102 stars

101 size of solar system

1010 light year; typical interstellar distances
1020 — 1022 galaxies

10%° size of the observable universe

However, particle physics does directly influence phenomena at much larger scales, especially
at the cosmological level. As an extreme example, cosmological inflation (which is a process of
presently unknown but most likely particle physics origin) is estimated to produce a Universe
which is homogeneous over scales around 107 — 10® times the linear size of the observable part (the
Universe itself may even be infinite in extent).

Now we would like to resolve phenomena below the scale 107'2 m. If we use light to probe
the system, that is already hard ~-ray and it is not easy to build a microscope for that. For
scales even below, there is no hope of probing them with light. So we want some other objects
with wavelengths between 107'2 and 1072 m, say. By the de Broglie relation this corresponds to

momentum ;
)

p= Y (1.1)

As usual in particle physics, we are going to measure energy in gigaelectronvolts:
1 GeV = 10° eV = 1.602176487(40) - 1071° J (1.2)
The product of Planck’s constant and light speed is
he = 1.98644568 - 1072 J-m = 1.23984199 - 10~'° GeV-m (1.3)
For example, the momentum corresponding to resolving a distance of 107!* m is around

p = 1240 GeV/e (1.4)



Note that using the relativistic expressions for energy and momentum

g= 1 p= (1.5)

\/ @ \/1.-_'

m,c = 0.938272046(21) GeV (1.6)

mcz muv
22 o2
1 - 2 T2

even a proton with

of rest mass would be highly relativistic at such energies. Indeed, its velocity in units of the light
speed would be

Y =P 0.9999997 . .. (1.7)
c &
For an electron with
mec® = 0.5109989461(31) MeV (1.8)
this is even more extreme with y
FJ = 0.999999999999915 (1.9)
So concerning the relativistic energy-momentum relation
2 P 4
£ = VP +mid = {mc hmronn e (1.10)
pc p = mc

the particles we consider are almost always in the ultra-relativistic regime, corresponding to the
second option shown. To characterise such particles, one often uses the relativistic v factor

& v\ 2
- =(1-= 1.11
T e ( c? ) ( )
Non-relativistic physics is only valid when
v-1x1 (1.12)
In contrast, the case
> 1 (1.13)
is called ultra-relativistic. In fact, in such a case one can easily compute

v 1 :

—=1-—+0@n" 1.14

C=1- 554007 (114)
which shows that even for a moderate value v = 10 the velocity already agrees with the speed of
light within half percent. As a result, description of particle physics phenomena requires special
relativity, mostly in the extreme relativistic regime. Therefore we summarise the elements of
relativity in the following Section.



2 Special relativity

2.1 Four-vectors and Lorentz invariance

In Minkowski’s four-vector formalism, the space-time coordinates are

o = (2°.7)
) = ct (2.1)
The invariant Minkowski ’distance’ 1s

ds* = Adt* — di* = n,,dztdz”

1 0 0 0

0 _]. 0 0 I3
T =g 0 -1 0 (2.2)

o 0 0 -1

and the trajectory of light rays corresponds to four-dimensional curves (world-lines) that satisfy

dzr

ds? =
5 0= 7

=c (2.3)

The vectors we introduced so far are all of the variety called contravariant, which is signalled by
upper four-indices. Given a contravariant vector v#, it is convenient to introduce the covariant
form

L
Uy = NV (2.4)
i.e. we have the following relations which allow for lowering and raising indices whenever necessary:
v = v°

v = —v (2.5)
The inverse of this relation can be written as
vt =n"v, (2.6)

where 7*” is the matrix inverse of 7,,; in special relativity, the two matrices are numerically equal
(but the corresponding objects are conceptually different: one is the metric tensor and the other
is its inverse).

We demand that the above relations must be preserved by transformation between inertial
systems. As a result, we can make transformations of the form

" = A x¥ + a (2.7)

such that
ds"”* = ds* (2.8)

Such transformations are called Poincaré transformations. The above condition can be written

N\ de” N da™ = nerdx®dzx” (2.9)



which should hold for any dz*, leading to
M NN, = 11, (2.10)

These look like 16 equations, but in fact they are symmetric in o and 7, so only 10 are independent.
Therefore, the 16 unknowns A* are determined in terms of 6 arbitrary parameters. Before we solve
these equations, let us consider the properties of the solutions. Writing these into matrix notations
we have

AnA =9 (2.11)

The following properties follow immediately:
1. The unit matrix A#, = ¢* is a solution.
2. Any solution is invertible, since det A = 41 # 0.

3. The inverse of any solution is a solution, since

AMpgAh=n = n=(A")"pA!
and (ATt =(AHt (2.12)

4. If Ay and A, are solutions, then A; A, is a solution:
(i'klAg)T?}'AlAg = iké)"\{?’}'_’\likz = A%‘T]_f\g =1 (213)
Therefore the set of real matrices

L={A:A"pA =n} (2.14)

forms a group, using the matrix product as group multiplication. This is called the Lorentz group,
and a Poincaré transformation with no translation (a* = 0) is called a Lorentz transformation.
Note that Poincaré transformations also form a group.

Exercise 2.1. Show that the inverse of a a Lorentz matrix can be obtained by lowering the first
index and raising the second one and then transposing them

(A = A =™ A (2.15)
Solution.

M NGA, = nr = (A1), = 0 N0 (2.16)

Another way to see this is that one must have

A v cT g
(A ) 5 A P =0 14 (2.17)
and indeed
""?#VA;;??WA!; = ??#VA;;A];??W =Nop” = frp (2.18)
O]




Exercise 2.2. For a contravariant vector v transforming as

v = AR (2.19)
compute the matrix A transforming the covariant vector:

v, = ﬂ:-v,, (2.20)

Solution. Writing the contravariant transformation in the form

ol = A7, (2.21)
we get
v, = e A0 vy (2.22)
S0 B
A =N, 07 (2.23)
or, using the previous result -
A=(AY! (2.24)
0

Let us comment on the transposition involved in equation (2.24). Note that the indices of a
(contravariant) Lorentz transformation have the order

n
A iz

i.e.. the first one is upper and the second one is lower. This is also true for the inverse matrix.
However, the covariant matrix must have its first index down and the second up, which is achieved
by transposing the indices of the inverse matrix. This also ensures that the group property of the
Lorentz matrices is preserved in the covariant form:

Exercise 2.3. Show that for any two Lorentz matrices A; and Ay with the product

it 1s also true that ) -

Solution. It is easiest to do this in the matrix form
Rz = (A5)" = (A"AT) " = (A7) (4,1) " = MiA,

O

This relation means that the matrices A form a representation of the Lorentz group, which
is just obtained by taking the inverse and the transpose, called the contragredient. One can also

10



visualize the contravariant-covariant distinction by writing the contravariant vectors as column

vectors:

Action of a 4 x 4 matrix A on such a column vector leads to another column vector by the standard
rules of matrix multiplications. Covariant vectors are, on the other hand, row vectors

(’H.-’g wy Wy '{'1.-'3)

Multiplying a row vector with a column vector leads to a 1 x 1 matrix, i.e. a number:

20
vt 0 1 2 3 L
( wy wip w2 Ws ) = wov + wiv + wav” + wav” = w,v
v
03
= W —wl! —wt? —wd = N w"”

= Wolp — WiV — Wyvly — w3vz = v, w,

The fact that the covariant transformation is the contragredient of the contravariant one ensures

that the above so-called Minkowski product is a scalar quantity:

Exercise 2.4. Show that the Minkowski product

: S, oM _ . a9 O
Hwn,, = v'w, = v,wt (2.25)
18 Lorentz invariant.
Solution.
—] H Y f
v = Ao, AMw” = (A7) P A vaw” = 6 v’ = vew” (2.26)
[l
Exercise 2.5. Show that the vector of coordinate derivatives
0
8“ = — (2.27)
dxh
transforms as a covariant four-vector.
Solution. This can be shown by the following consideration: supposing that
L W 9 O
0# = Ap d, (2.28)
we obtaln
L P iy __ &£ Iy
g’ = 467 =0
AT v T L
A# O-N 27 = 9 u
AN TAV _ v a ¢
A# AN = (Sp (2.29)



so indeed

A=(AH" (2.30)

A quantity transforming like a product of vectors is a tensor

(.T.f)j'i]“,j.(?”

2 I Y

— 1 A Hme T1 A Tn 0. Ty DS
— AN AT AT (2.31)

[ T1...Tn

of m contravariant and n covariant indices, called an (m,n)-tensor. Relation
oAy 0 0
NN A = 1,1 (2.32)

shows that 7, is an invariant (0, 2)-tensor; similarly, " is an invariant (2, 0)-tensor. The (1,1)-
tensor version of 7 is just identical to Kronecker’s delta:

v ov L a e
My = Nuo?l” =0, (2.33)
Note that Lorentz invariant tensor operations always contain index sums running over covariant

and contravariant indices in pairs which is called contracting the indices.

2.2 Examples of Lorentz transformations

Orthogonal transformations We can look for special solutions in the form

100 0

. (2.34)
0 o '
0

where @ is a real 3 x 3 matrix.

Exercise 2.6. Show that for A being a Lorentz matrix is equivalent to

O'0 = 15,3 (2.35)
Solution. The defining property
ApA =17 (2.36)
of Lorentz matrices can be evaluated explicitly as follows:
10 0 0 I 0 0 0 10 0 0
0 0 -1 0 0 0
0o or 00 -1 0 0o o
0 0 0 0 -1 0
10 0 0 1 0 0 0
0 0 -1 0 0 o -
o ~-0T0 0 0 -1 0 (237)
0 0 0 0 -1
0

12



So in this case O can be an orthogonal transformation, i.e. any rotation or reflection of the three

spatial coordinates z', 22, 2°. Rotations are those transformations which preserve orientation, i.e.

det O = +1 (2.38)

Any other orthogonal matrix can be generated from rotations by multiplication with spatial parity
transformation

P == —13x3 (239)

Rotations themselves have three continuous angular parameters; one can use the Euler angles
familiar from the motion of rigid bodies, or parametrise rotations by giving a vector

7 (2.40)

whose direction gives the axis of rotation and length gives the angle.

Boosts Let us look at a transformation that acts on time and a spatial dimension, say 2" = ct
and z! = z. We can write the Lorentz transformation as

= a2’ + pat

D (2.41)

Exercise 2.7. Find the general solution for the coefficients a, 3, v, 9.
Solution. Keeping only the first two rows and columns of the equation ]
ApA =17 (2.42)

the coefficients satisfy the equations

(53) 0 %) 5)-(0 %) 2

D

or, in components

G:Z o ,}_2 = 1
-5 = -1
af—~v = 0 (2.44)
The first two equations are solved by
a = coshn
= sinhp
d = coshy
S = sinhy (2.45)
while the third one gives
tanhn = tanhn' = n=1 (2.46)

13



So we get the transformation rules

0 0 1
xr~ = x coshn+ x sinhnp

" = 2"sinhn + 2! coshy (2.47)

Reintroducing the usual time variable, we get

ct' = ctcoshn+ xsinhny

!

x' = ctsinhn + xcoshn (2.48)

What is the physical meaning of this transformation? Let’s see how the origin of the system K’
moves in K:

0 = 2’ =ctsinhny+ zcoshy
I
r = —cttanhn (2.49)
So we get |
tanhn = ? (2.50)
c

where v is the velocity of K’ which moves along the z direction with respect to K. Using the
identities

tanh 1
sinhn = :? coshn = ———— (2.51)
\/1 — tanh?n /1 — tanh?7p
we get the so-called Lorentz boost in the xdirection
t —vx/c? T — vt
"= / ' (2.52)

" V1—v2/c? T V1—v2/c?

while also 3’ = y and 2z’ = z. There are two other independent boost transformations along i and
z.
It is clear that for a general relative velocity vector v of K’ with respect to K the proper

generalisation is
. t—1u- T/ T —ut

V1—v2/c? C V1—v2/c?

since one can always take the first axis parallel to ¢, in which case these expressions reduce to
the former case. So the boosts depend on three real parameters, which are the components of
v. Together with the three angular parameters for rotations, this indeed makes 6 continuous
parameters altogether for the general Lorentz transformations.

(2.53)

2.3 Parity and time reversal

Note also that it would also have been possible to take

a = 0= —coshnp
f = = =sinhy (2.54)

14



Such a choice would make ¢’ flow backwards with respect to t. Besides the rotations and boosts,
there are therefore two discrete Lorentz transformations, namely

1 0 0 0 -1 0 0 0
e o oms 101 0 0 : o 0 100 o EE
parity : P = 0 0 -1 0 time reversal : T = 0 010 (2.55)
0o 0 0 -1 0 001
In general, it is possible to prove that
|AG| > 1 (2.56)

Transformations with A% > 1 preserve, while those with A% < —1 reverse the arrow of time. The
Lorentz group is made of four components

c=ch{JeiyetYet (2.57)

where the arrow shows the action on the direction of time, and the index + corresponds to the
determinant of the matrix being +1. All rotations and boosts, together with the identity are in the
component L1, while the rest of the components can be generated from the first by multiplication
with a particular discrete transformation, namely:

£t by PT
£locby P
LY by T (2.58)

2.4 Free relativistic particle

Take an object in inertial motion. In its proper system of reference we have

1
dr* = —ds* (2.59)

o2

where 7 is the object’s proper time. The proper time elapsed along any trajectory #(t) is

to S —
T:/‘ﬁwl—yﬁj (2.60)
t1

where the square root factor corresponds to time dilatation, with
~ v
By =2
being the velocity in units of ¢. For a point particle, we define its motion by Fermat’s principle.

The particle takes the path along which the elapsed proper time is extremal (in this case, the
extremum is a maximum). So the action for a free relativistic point particle is

1d7

c  cdt (2.61)

to -
S:—A/tﬁl—me§ (2.62)
t

1

L=—A\1— %)/ (2.63)
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Note that
B(t)? = 2(t) - Z(t) = &' (H)a' (1) (2.64)

since we use here the standard Euclidean three-vector scalar product.

Exercise 2.8. Compute the canonical momentum, the Hamiltonian and the equations of motion
from the above Lagrangian.

Solution. The canonical momentum is

Pi= .= : (2.65)
N R
and the Hamiltonian is
H = pii'(t) — = A2+ 22 (2.66)
\/ 1 — Z(t)2/c2
The Euler-Lagrange equations are
d oL 0L dp;
——— =0 = =0 2.67
dt ozt Oz! dt (2:67)
which is just the correct equation of motion for a free particle. ]
Now let us introduce a new notation for A as
A =mc? (2.68)

so that we obtain the relativistic expressions for the action, momentum and energy of a free
relativistic particle of mass m:

to -

S = —mczf dty/ 1 — Z(t)%/c?
(51

mat(t

P = —Dbi= 7()
J1-d/e

m(_‘.2

e - . (2.69)
1 - #(t)2/c

Note that for |7| < ¢ the Lagrangian becomes

L:—mgwl—anw&:—m3+%mﬂnﬁuwﬂwW8) (2.70)

so, apart from a constant term it reduces to the known non-relativistic Lagrangian.
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2.5 The velocity and energy-momentum four-vectors

We can write the energy and momentum in four vector notation by introducing the four-velocity

dz# 1 .
ut = = c, 7(t) (2.71)
v 1 q)2)e ( )

Since 7 is an invariant, this is a four-vector, which always satisfies
15 2 & 3
utu'n,, = c (2.72)

so that the energy and momentum can be unified into the energy-momentum four-vector

P =mut = (E/c,p) (2.73)
Note also that
PHPV??W =m?c (274)
or explicitly
E — PP =m?! (2.75)

Now one can see that it is possible to have a zero-mass object, which satisfies

E =|ple (2.76)
and, since
5\/ 1—Z(t)2/2 =mc® =0 (2.77)
it will always move with the speed of light
dz
“l=c 2.
p ‘ c (2.78)

We can deduce from this that photons must have zero mass, since for in other case finite and real
energy implies

dz
dt

i.e. massive objects always move slower than c.

<c (2.79)
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3 Particles: classification by quantum numbers and interac-
tions

3.1 Unitsh=c=kg=1

In particle physics there are natural units which can be expressed in terms of the unit of energy.
This is shown in the following table:

‘ Quantity ‘ Natural unit | Short notation ‘ SI ‘
Energy eV eV 1.6021766 - 1019 J
Mass eV/c? eV 1.782662 - 10~7° kg
Distance he/eV eVt 1.97327-10" m
Time h/eV eVt 6.582119-10" % s
Momentum eV/e eV 5.344286 - 10~%® kg'm/s
Temperature eV/kp eV 11604.5 K
Velocity c 1 299792458 m/s

In these units, the mass of the electron is
m,. = 0.510998910 MeV (3.1)
while that of the proton is
m, = 938.27205 MeV = 0.93827205 GeV (3.2)
The atomic mass unit corresponds to
1 amu. = 931.49432 MeV (3.3)

Depending on the phenomenon, one can also use MeV or GeV as the basis of units. 1 GeV ™! is
equal to 1.97327 - 107'% m as a distance and 6.582119 - 10~?° s as a time unit. The present energy
frontier corresponds to the operation of the LHC, which runs at a collision energy of 13 TeV that
corresponds to distance scales a few times 1072° m.

From now on we mainly use the natural units and put h = ¢ = kg = 1 (with some exceptions
for convenience or didactic purposes).

3.1.1 Electromagnetic interactions

Let us consider the magnitude of electromagnetic interactions in these units. The potential between
two elementary charges is

2
V= (3.4)
dmegr

where r is distance in meters. We can introduce the distance in the natural units by

r |m| = he R[eV] (3.5)
and write o

V=— 3.6
I (3.6)
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where )
e - 1
“ 7 dreohe ~ 137.0359992

is the fine structure constant which gives the strength of the electromagnetic interaction. Since
a < 1 the electromagnetic interaction is usually weak; the exception is when there are very strong
electric or magnetic fields.

We can get a better handle on this by looking at the hydrogen atom. The non-relativistic
Schriodinger equation in natural units is

(3.7)

LN %np — BV (3.8)

2m

Suppose the electron is localised at a typical distance d, which then gives the characteristic scale
over which the wave function W varies. Then the size of the derivative term can be estimated as

1

AV| ~ —|TU 3.9
AV ~ | (39)

In a bound state the kinetic and potential energies are similar in magnitude, so

1 1 a
—|AY| ~ Ul ~ —|W 3.10
so the size of the hydrogen atom is
1 : _

d~ — ~268 MV ' = 53107 m (3.11)

am
This exactly coincides with the Bohr radius. For the energy we get the order of magnitude estimate

E~ —% — —a’ma~ 272V (3.12)

while the actual value for the ground state energy is just half of this number:
Ey =~ —13.6 eV (3.13)

This shows that our order-of-magnitude estimate is correct. The scales for which the electron
behaves as a relativistic quantum particle, on the other hand, correspond to distances of the order
of the (reduced) Compton wavelength

Iy 1 - . 1n—13 21,

R ORI MY 3.86-107" m (3.14)
The hydrogen atom is two orders of magnitude larger, corresponding to the small value of a. At
the same time, the typical energy scale (c.f. Ej) is more than four orders of magnitude smaller than
the rest mass of the electron. As a result, the non-relativistic approximation to the spectrum works
very well, and the hydrogen atom can be described to a very good precision as a non-relativistic
quantum system. In fact, with a few notable exceptions |'| phenomena in atomic physics and
chemistry can be understood using standard non-relativistic quantum mechanics; relativistic effects
give only small corrections that are suppressed by « (such as the fine structure of the hydrogen
atom, whence the name fine structure constant).

!The few exceptions include the colour of copper and gold, which is caused by relativistic corrections, and also
the liquidity of mercury at room temperature. Relativistic corrections are also important for inner electrons of
atoms with a large atomic number Z, which results in an enhanced effective interaction constant Za.
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3.1.2 Gravity

Gravity behaves in an entirely different way. Consider the Newtonian potential between two equal
masses

G'm? m?
Vo = = — 3.15
¢ T T MLR (3.15)
where G = 6.674 - 10! Nm? /kg* is Newton’s gravitational constants and
he -8 901 19 :
Mp, = e ~ 2.1765 - 10 °kg ~ 1.2209 - 10™ GeV (3.16)

is the Planck mass. For two protons at a given distance, gravitational interaction is much weaker
than the electromagnetic one, indeed, it is smaller by a factor

m?

_r
172
Mg,

Ja~ 107% (3.17)

As a result, gravity can be neglected in all high-energy particle phenomena that we can presently
study by experémentﬂ However, we can expect quantum gravitational phenomena to appear at
length and time scales Mp;' which correspond to the

hG

Planck length: lp = — & 1.6162-107% m
=
h
Planck time:  tp =4/ —? ~5391-107" s (3.18)
P

3.2 Symmetries, conserved quantities and quantum numbers

We consider a quantum system with a Hilbert space ‘H and a Hamiltonian operator H, so that the
time evolution is described by the Schrodinger equation

N, ‘
i () = H|¥(0) (3.19)

We recall that observables correspond to self-adjoint operators O : H — H. Given such an
operator, its eigenvalues and eigenstates Satisnyl

O|®,) = | Py) (3.20)
and the eigenstates can be taken to form a full orthonormal basis:

<¢’a|¢’.'3> = Oap (321)

2We remark that the effect of gravity on quantum mechanical systems can already be studied directly using
trapped cold neutrons; the measurements agree with the predictions obtained by including the gravitational potential
in the non-relativistic Schrédinger equation.

$We ignore here the issues related to operators with continuous spectra, such as position and momentum. They
can be treated using the spectral theorem of functional analysis, which we can consider to be a technical refinement
of the simple-minded formalism used here, without any novel physical content.
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When undertaking a measurement of the observable O, the possible outcomes are given by the
eigenvalues A, while the probability of obtaining a given outcome in a state |¥) is given by the
Born rule

Po = [(¥|®a)[" (3.22)
A symmetry is nothing else then a map
U:H—H (3.23)

that preserves the probabilities of any possible measurement in any possible state. E. Wigner has
proven the following result:

Theorem 3.1. (Wigner’s theorem) Any symmetry U can be described by either a unitary or an
anti-unitary operator, i.e. it must satisfy

U =uU' =1 (3.24)
and be either

linear:  U(a|Py) + 8|Ts5)) = ald|¥,) + SU|T,)
or antilinear:  U(a|Uy) + 58|U3)) = o U|Ty) + U|T5) (3.25)

where |V 5) € H and o, € C.

In addition, a symmetry must preserve the time evolution, i.e. if we transform the state and
then evolve it in time, it must be the same as first evolving and then transforming it. Therefore

UHU ' = H (3.26)
i.e. the symmetry operator must commute with the Hamiltonian
UH =HU < [H U =0 (3.27)

Therefore H and U have a common eigenstate basis. Let us suppose now that U is unitary. The
above property implies that taking an eigenstate of I as initial condition

UL (0)) = n¥(0)) (3.28)
the time evolved state will be an eigenstate of U with the same eigenvalue, independent of time

U (t)) = nw(t)) (3.29)
This is easy to prove

O UI()) = U(1)) = UDU(E) — nd W () = —UiH|W(E)) +niH|¥(2))
= —iHU|V(t)) +niH|V(t)) = —iHn|¥(t)) + niH|¥(t)) = 0 (3.30)
So energy eigenstates of the Hamiltonian can be characterised by the eigenvalue of U. These

eigenvalues are called quantum numbers. There are two distinct cases according to the nature of
U: discrete and continuous symmetries.

21



3.2.1 Discrete symmetries

The prime example of discrete symmetries is parity (spatial reflection), represented by a unitary
operator P on the Hilbert space. The eigenvalue of P is called the parity of the state.

Another example of discrete symmetry is time reversal, which can be represented by an oper-
ator 7. However, under time reversal one expects that while momentum changes sign (particle
propagating back in time), energy does not:

TPT '=—-P THT '=H (3.31)

Should energy change sign, the spectrum would not be bounded from below, leading to an unstable
physical system without a ground state. On the other hand, 7 must change time evolution to run
backwards:

Te—itHT—l — eith‘ (332)
So T must be an anti-unitary operator. We now show that the eigenvalue of such an operator has

no physical meaning. First of all, due to 77 = 7!, any eigenvalue must be a phase. Second, if
we find an eigenstate

Tlw) = €[) (3.33)
then redefining the phase of the state
[¢) = e [v) (3.34)
it satisfies
Th) = € y) (3.3)

However, states related by a phase redefinition are physically equivalent, since they do not differ in
any observable properties. Therefore, the eigenvalue of an anti-unitary symmetry operator cannot
have any physical significance.

3.2.2 Continuous symmetries: energy and momentum

An example of a continuous symmetry is time translation invariance. In fact, the Schrodinger
equation

N, o
i () = H|¥(0) (3.36)

tells us that for a Hamiltonian that does not depend explicitly on ¢ we have
U (t + At)) = e AW (1)) (3.37)

So energy is nothing else that the generator of time translations.
Recalling that in one-particle quantum mechanics the momentum operator is

§=—iV (3.38)
one can see that momentum is the generator of spatial translations
V(7 + AZ, t) = 25PU(Z, t) (3.39)

In fact, the general definition of momentum in a quantum theory is exactly via its identification
with the generator of spatial translations. Let us denote the unitary operator implementing spatial
translations by a vector a as

U (a) (3.40)
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Since by the group property of translations
U(@U (@) = U@ + @) (3.41)

it can always be written as an exponential
U (i) = P (3.42)

Unitarity of Us(a@) implies that P, i = 1,2,3 are Hermitian operators, which are defined to be the
spatial components of the physical momentum of the quantum system. This can be joined with
the energy to form the relativistic energy-momentum 4-vector P* by defining

P'=H (3.43)
and the unitary operator implementing the 4-translation z# — z* + a* can be written as

¢ i P (3.44)

3.2.3 Continuous symmetries: example of electric charge

Let us consider now the operator @ which corresponds to electric charge. We know that electric
charge is conserved, therefore it must commute with the Hamiltonian

[H.Q] =0 (3.45)

The transformations

Uy(a) = c@ (3.46)

form a representation of the group U(1) composed of the complex numbers of unit modulus
Ul)={e“-nm<a<m} (3.47)

provided all eigenvalues of Q are quantised in integers. This is satisfied for all observed particles
if Q is measured in units of the elementary charge.

Other examples of similar charges include leptonic charge, baryonic charge and strangeness, all
of which will be encountered in the sequel.

3.2.4 Charge conjugation

Most of the particles in nature have an antiparticle, which has the same mass, but all of its
conserved U(1) charges (electric, leptonic, baryonic etc.) have the opposite sign. Some particles,
such as the photon « or the neutral pion 7% are identical to their antiparticle, so they cannot carry
any conserved U(1) charge. In fact, it is a consequence of basic principles of relativistic quantum
theory that any particle carrying a non-trivial conserved U(1) charge must have its antiparticle.
One can then define a new discrete symmetry operation called charge conjugation and denoted
by C, that simply swaps every particle for its antiparticle and vice versa, without changing any
quantum numbers of the state apart from reversing the signs of all conserved U(1) charges. A
consequence of relativistic quantum theory is that the masses of particles and antiparticles must
be exactly equal (see the discussion of CPT invariance in Section.
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3.3 The particle zoo

The classification of particles relies on the following properties:
e the interaction they participate in;
® Mass;
e spin and statistics (boson/fermion)
e clectric charge;

e additional conserved quantum numbers.

3.3.1 Leptons

Leptons are fermionic, spin 1/2 particles that do not participate in the strong interactiontEl Ac-
cording to their electromagnetic properties, there are charged leptons and neutral ones; the latter
are called the neutrinos. Their most basic properties are summarised in the table below.

Name | Symbol | Electric charge |  Mass (MeV) Spin | Mean lifetime (s) |
Electron /positron e Jet —1/4+1 0.510998910(13) | 1/2 stable
Muon /anti-muon wo /" —1/+1 105.6583668(38) | 1/2 | 2.197019(21) - 10°°
Tau/anti-tau /77" —1/41 1776.84(17) 1/2 | 2.906(10) - 10~
Electron (anti-)neutrino | v, /v, 0 < 0.0000022 1/2 unknown
Muon (anti-)neutrino V| Uy 0 <0.17 1/2 unknown
Tau (anti-)neutrino v, Uy 0 <155 1/2 unknown

3.3.2 Hadrons

Hadrons are particles that participate in strong interactions. Those with integer spins are bosonic
and are called mesons, while the ones with half-integer spins obey Fermi-Dirac statistics and are
called ba’ryontﬂ The most important hadrons discovered before the 19701@ are listed in the tables
below.

4Strong interactions are the origin for the nuclear force responsible for binding atomic nuclei together, but their
nature is eventually more involved as we shall see later

®These names originate from the masses of the particles. Before the discovery of the 7 and the heavier mesons,
the rule was that leptons are light, mesons have an intermediate mass and baryons are heavy. Their names are from
the Greek words dentéc (leptés) = "fine, small, thin"; yéooc (mesos) = "intermediate"; Bopic (barys) = "heavy”.

6These are the ones which will later play a role in the S U(3) quark model. Since then, a much larger number of
hadronic particles have also been discovered, as will be discussed later.
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Spin-0 mesons

Name Particle | Anti- Electric | Rest mass (MeV) Mean lifetime (s)
particle | charge
Charged pion 7t T +1 139.57018 + 0.00035 | (2.6033 4+ 0.0005) - 10~®
Neutral pion 0 Self 0 134.9766 = 0.0006 (8.52+0.18) - 1017
Eta n Self 0 547.862 £ 0.018 (5.02+0.19) - 1077
Eta prime ! Self 0 957.78 £ 0.06 (3.324+0.15) - 10~
Charged kaon KT K- +1 [ 493.677 = 0.016 (1.2380 4 0.0021) - 108
Neutral kaon (short) | K2 Self 0 497.614 £+ 0.024 (8.954 +£0.004) - 10~
Neutral kaon (long) | K7 Self 0 497.614 £+ 0.024 (5.116 +0.021) - 10~ ®
Spin-1 mesons
Charged rho meson | p* p- +1 775.11 +0.34 (4.41 +£0.02) - 10~
Neutral rho meson | p" Self 0 775.26 £0.25 (4.45 £0.03) - 10~
Omega meson W Self 0 782.65£0.12 (7.75£0.07) - 103
Phi meson ¢ Self 0 1019.461 + 0.019 (1.54 £0.01) - 10~
Kaon KT | K+ +1 | 891.66 =+ 0.026 (326 £0.06) - 102
Kaon K0 K0 0 895.81 +£0.19 (1.39 £0.02) - 10 %
Spin-1/2 baryons
Name Particle | Antiparticle | Electric charge | Rest mass (MeV) | Mean lifetime (s)
Proton | p P +1 938.272046(21) Stable
Neutron | n n 0 939.565379(21) 880.0 £ 0.9 (free n)
Lambda | A° A° 0 1115.683 + 0.006 | (2.632 4+ 0.020) - 10~
Sigma | X7 ¥ +1 1189.37 £+ 0.07 (8.018 +0.026) - 10~
Sigma | X° 30 0 1192.642 +0.024 | (7.4 +£0.7) - 102
Sigma | ¥~ »t ¥l 1197.449 £ 0.030 | (1.479 £0.011) - 10°1°
Xi =0 =0 0 [314.86 £ 0.20 | (2.00 £ 0.00) - 10~
Xi = =+ ¥l 1321.71 £0.07 (1.639 £ 0.015) - 10~ 1°
Spin-3/2 baryons
Delta | ATF | A - 2 1232 £ 2 (563 £0.14) - 10 2
Delta | A7 A~ T1 1232 £ 2 (563 £0.14) - 10 2
Delta | A? A0 0 1232 + 2 (5.63 £ 0.14) - 10~ =
Delta | A- AT T1 1232 + 2 (5.63 £ 0.14) - 10~ =
Sigma | X** i +1 1382.8 £ 0.4 (1.839 £+ 0.0041) - 10~
Sigma | X% 0 0 1383.7+ 1.0 (1.83 +£0.25) - 10%
Sigma | X*~ ¥+ ¥1 1387.24+ 0.5 (1.671 +0.089) - 1072
Xi =*0 =*0 0 1531.80 =+ 0.32 (7.234+0.40) - 107 %
Xi = = F F1 1535.0 £ 0.6 66+L1.3) 105
Omega | Qr ¥l 1672.45 + 0.29 (821 +0.11)-10° "

We remark that in contrast to the case of mesons, anti-baryons form a set disjoint from the

baryons. For example, >~
antiparticle of X1 is X~

is not the antiparticle of X" as evidenced by their different mass; the
which is different from X~. For the mesons, the antiparticle of 7% is 7~

and that of K is K. This is explained by the quark model considered in 500‘[1011
Note also that there are clearly three different time-scales for the decays. The shortest lifetimes

are of order 10724
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interactions (strong decays). In these processes the decay products are hadrons, e.g.

AT = p+a°

AT = n+at (3.48)
We remark that there by the second half of the 1960s there was also known a huge number of very
short-lived resonances (with strong decays), corresponding to excited states of the particles listed
in the above tables.

The second class of decays has a lifetime between 1072 and 10717 seconds; these are mediated
by electromagnetic interactions (electromagnetic decays), such as e.g. the decay of the neutral pion

70 = 2y (3.49)

or of the neutral sigma
20— A%+ (3.50)

Finally, there are decays mediated by the weak interactions with a time scale typically longer
than 107! seconds, which may involve leptons in the final state such as

Tt = ,u+ + v,

n — pte +1, (3.51)
called weak leptonic/semi-leptonic decays, or may lead to purely hadronic decay products

AN = pta
A = n+7° (3.52)

called weak non-leptonic decays.
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4 Relativistic wave equations 1: the Klein-Gordon equation

The considerations in this chapter and the next one are based on the idea of extending quantum
mechanics in a relativistic way. Ultimately this simple idea fails and relativistic quantum theory
must be formulated in terms of local quantum fields. However, the wave equations we obtain still
play an important role, albeit not as relativistic versions of the Schrodinger equation but rather
as building blocks for the relativistic field theories of particle physics. To keep the relation to
quantum mechanical ideas transparent, in this section and the next one we restore the explicit
dependence on h and c.

Klein-Gordon equation is the simplest relativistic field equation, that was originally obtained
as a tentative quantum mechanical description of a relativistic point particle. As we shall see there
are profound reasons why this quantum mechanical interpretation is not ultimately satisfactory.
However, the quantum field theory version of this equation does describe a field with quanta that
are spin zero bosonic particles. An important example is the Higgs field in the Standard Model of
particle physics.

4.1 Quantum mechanics of a non-relativistic point particle

We recall first the quantum mechanics of a non-relativistic point particle. The Hamilton operator
has the form

—,

2

H=—+V(X) (4.1)

2m

where X" and P, i = 1,2, 3 are Hermitian operators satisfying the canonical commutation relations
[X*, P'] = ihé™ (4.2)

According to von Neumann’s theorem, any two ways of representing this algebra are unitarily
equivalent to each other. The system is therefore uniquely specified by H, which gives the time-
evolution of the state |U(t)) represented by an element of a (separable) Hilbert space H on which
X and P act, as dictated by the Schrédinger equation

0
ot

The form of H is dictated by the fact that the classical limit should give back the dynamics of
a point particle of mass m in an external potential V. The validity of this quantum-classical
correspondence can eventually be proven, but the choice of H is not unique; it can be modified by
any term that vanishes as h — () and so has no effect on the classical limit. Eventually, specifying
the Hamilton operator H as above amounts to defining the dynamics of the system at the quantum
level. There is no unique procedure of “quantisation” that can define a quantum system from its
classical limit; all quantisation procedures used in physics are in fact heuristic arguments justified
by the end result, i.e. the description of observable phenomena (such as e.g. the spectrum of
hydrogen atom or molecular vibrations) by the resulting quantum model.

Observables are Hermitian operators on the Hilbert space. Given such an operator O, we can
consider its cigcnstat.csm

ih— (1)) = H| (1)) (4.3)

Olvr) = Aklvn) (4.4)

“More precisely, to include cases with continuous spectra such as X and P, the following should be formulated
using the spectral theorem of functional analysis. However, we shall follow usual habits in treating only the case
with discrete spectra and normalisable eigenvectors.
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where the [¢) form a complete orthonormal basis of the Hilbert space. Then the fundamental
postulate of quantum mechanics states that a measurement of the observable O at some time ¢
can yield as a result one of the eigenvalues A\i, with the following probability (Born’s rule)

Pelt: 0 = ) = [(D(0) ) (4.5)
We can now introduce the (improper, i.e. not normalisable in the Hilbert sense) eigenvectors of
the position operator satisfying
X'z = 2'|7)
(@|F) = 6(F— ) (4.6)

Exercise 4.1. Prove that (7'|7) = 0 for & # 7.

Solution. We use the eigenstate equation of X* , once on the left and once on the right state to
write

(TX')7) = 2" (Z|7) = 2('|7) (4.7)
k (a7 — 2') (#]7) = 0 (4.8)
O

The state |¥(t)) is completely characterised by the wave function
W(t,7) = (#W(b)) (4.9)

and the fundamental operators are represented by the derivative and multiplication operators

b0

T i Oxk
so that the Schrédinger equation can be written as

QW (t,7) _ (_ h?

P* Xk = zFx (4.10)

ih

2m

— A+ V(:Ic‘)) U(t, 7) (4.11)

The wave function has an interesting interpretation. Let us consider an observable operator which
can be expressed with the coordinates alone:

Os = f(X) (4.12)

then its expectation value can be written as

(W(H)|O (1)) = [ & f (@)W (F, 1) (4.13)

Exercise 4.2. Prove that
(W))W () = [ da f (&)W (F, 1) (4.14)

28



Solution. The statement that the wave-function completely characterises the state can be written
as the identity

W(t)) = fd%h‘:‘)\l’(t,f) (4.15)

The equality can be seen from the fact that the right hand side has the same wave function as the

left
(i ( f d3x|f>\1r(t,:f)) _ f P (Tt 7) = f Bro(f — 7YV (L,T) = (b, §) (4.16)
So we can compute
@Ol = [ ¢ [ Eien@rnue.s
wing  f(X)[) = £()]2)
= [ @ [ @piepr@se- v
= [ dap@ui o (4.17)

As a result,

plE.1) = [W(F, 1) (4.18)

can be interpreted as the probability density of finding the particle in space, and it must be
normalised as

/d3m|lﬂ(§:’,t)|2 =1 (4.19)

In fact, since the total sum of probabilities for any observable must be

Y Rt 0=))=1 (4.20)
k

we always get

ZI (®)en)]* = (T@)[2(1) =1 (4.21)

There are two important propcrtles that make this interpretation consistent:

1. As a probability density, p must be positive, which trivially holds.

2. There must exist a current density ;(:F t) such that p and j_"sa.tisfy a continuity equation:

dp
9% +V-57=0 ( )
This is important because this implies that the integral of p over all space is independent of
time 5
(;f /dqmp(m t)=0 (4.23)

so Schrodinger time evolution conserves the total sum of probabilities, i.e. the norm of the
wave function, once it is normalised at any particular instant of time.
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Exercise 4.3. Prove that the proper current is

j=-2 (w*vqj - ww) (4.24)
2m '
Solution. We have
o h?
ih— = (——A+V |V
ot ( 2m * )
ot h?
—ih—m = (——A+V |V 4.25
: ot ( 2m * ) (425)
S0 _
i (woty = — I (wiaw - waw) (4.26)
ot 2m '
Writing
(WAL - vAw) = V- (V- V) (4.27)
we can rearrange the above equation as
dp = = _
- L7 = 4.2
5 +V-3=0 (4.28)
with ; as above. [
4.2 The Klein-Gordon equation
For a free particle, the elementary solution of the Schrodinger equation
ov(t, ) h?
h — = ——AVU(t, ¥ 4.2
! ot 2m (¢, %) (4.29)
is a plane wave
\Ijﬁ(t, “1_'") — Ae—z’éfi;‘ﬁ+iﬁ-:ﬁ-‘fﬁ
_Q
P ‘
= 4.3
£ 2m (4.30)
which has definite momentum and energy
P'Ust,7) = p'Up(t.7)  HUt,T) = EVy(t, T) (4.31)
Eventually, the normalisable states can be constructed as wave packets
Wt 7) = [ P Ap)eEmeinn (4.32)
<y ek (2ﬂh)3.’fr2 - \ -
with
[dSIJ |A(P))* < oo (4.33)
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Exercise 4.4. Compute the normalisation condition for the wave packet amplitude A(p).

Solution.

o e dgpf et ]
3 = 2 _ 3 A —z.-f,t/’ﬁ-{-tp-:::fﬁ T 1 h—ip’- T/ R
fdm'("“t” - fd / o h)w f(ZTrh)f’»/ﬁA (#)e

d*pd>p’ o B
Al AT — I'—z(é,—f )t/ﬁf ﬁ(p 7)-Z/h
R (p)A' (P )e =
B P
using / = el P=F)Eh _ /d‘qze"(' —p)F _ (277)3(5(}7—35')

- f | AR (4.34)

fo

Exercise 4.5. Show that for a free particle of momentum p

so the condition is

AP =1 (4.35)

—

- p ‘
i==p (4.36)
m
which is consistent with a motion of velocity p/m.

Solution. Using

lL'ﬁ(f,:F) — Ae—iéft}ﬁ-{—-&ﬁ-i’fﬁ (437)
we can compute directly
po= " =1AP"
- ih 2
Jo= o (VN - wvel) = Zap (4.38)
2m m
0

However, this describes particles with the non-relativistic energy-momentum (“dispersion”) re-
lation
P ‘
E= (4.39)
2m
To get relativistic particles, we need a dispersion relation of the form

E* — pPc* = m?*! (4.40)

The simplest wave equation with this property is

. m2ct . _
(af —2A + 2 ) U(t,7) =0 (4.41)
Indeed, substituting a plane wave
Uy(t,T) = Ae e /Itw i/ (4.42)
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and demanding that the solution is non-trivial, i.e. A # 0, leads to the relation

E? + pic? N m2c!
h? h? h?

=0 (4.43)

which is just right! So our first guess for a relativistic Schrodinger equation is the Klein-Gordon

equation:

m2et

(af — AN+ = ) (t, &) =0 (4.44)

Exercise 4.6. Write the Klein-Gordon equation and the plane wave solution in a manifestly
covariant form.

Solution. Dividing by ¢?

2 2
(gw_A+ﬁ;)wma:0 (4.45)
and using
1. =
(}” = (—OLTV)
c
1 -

the Klein-Gordon equation can be rewritten as

(0,04 + M?) ¥(t,7) = 0

with M = T (4.47)
while using the four-vectors
= (ct, 7)
P = (E/e,B) = pu = (Ec,—P) (4.48)
allows the plane wave to be recast in the form
Uyt T) = Ae~pust/h (4.49)

4.3 Peculiarities of the Klein-Gordon equation

In fact, a closer inspection of the Klein-Gordon equation establishes that this is not exactly what
we bargained for... In the following we go through the problems we face when trying to interpret
this equation as a quantum mechanical model of a relativistic particle.
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4.3.1 No spin

This is not a problem per se, just a fact: the Klein-Gordon equation describes spinless (i.e. zero
spin) particles. The reason is that W is a Lorentz scalar field, so when changing the four-coordinates
with a Lorentz transformation

= Ax (4.50)

the field in the new coordinates takes the form
' (2') = U(A ') (4.51)

i.e. for every point with new coordinate 2’ we look up its old coordinate = A~'2’" and read off
the field value at that point.

Now the spin is the particle’s internal angular momentum, so to examine it we need to choose
the particle’s own reference system, called the rest frame where the orbital angular momentum
resulting from the particle’s motion is absent. In this frame the Klein-Gordon plane wave is

Lpﬁ(f, 5:) — Ae—imcgtﬂl (452)
This function is invariant under the special Lorentz transformations called spatial rotations, i.e.
U5(t, OF) = ¥4(t, 7) (4.53)

However this is impossible if the particle has a non-zero spin. If the angular momentum in the rest
frame is non-zero, the wave function cannot be rotationally invariant since the angular momentum
is a wvector, and a rotation changes its direction. Therefore in the case of a non-zero spin a
rotation must take a state with some angular momentum to a state with the rotated angular
momentum, which is a different state. In fact, as we shall see in the case of the Dirac equation,
the transformation of the wave function under rotations in the rest frame tells us exactly what the
spin of the particle is.

So the Klein-Gordon equation can only describe a particle with a zero spin. Such particles do
exist in nature. Most of them are not elementary, such as the pions or kaons, but they could still
be described as a point particle as long as their internal structure is irrelevant for the physical
processes we are trying to capture. On the other hand, the Higgs particle is an example (in fact,
the only known one) of a zero-spin boson which is elementary according to our present knowledge.

4.3.2 Negative energy solutions
A problem with the equation is that the dispersion relation has two solutions
£ = £y/m2ct + P2 (4.54)
Therefore there are two solutions for any value of p'that can be chosen as
qj£3-+)(T) — Ae—i-p“:::“/ﬁ. @;—) (iI') — Ae-i—t'ppw"“fﬁ (455)

where we always choose
Po = + }62 + m2c? (456)

This is not necessarily a problem as long as the particle moves in a slowly varying background
field. However, in a rapidly varying background a problem known as the Klein paradox arises (cf.
Subsection [4.3.4)), which is in conflict with the single-particle interpretation.
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Another problem is that the system is unstable in the presence of a dynamical field such as
quantum electromagnetic field (with photons as quanta): the problem is even worse than for the
Klein paradox as the particle can loose energy by endlessly emitting photons and tumbling down
along the negative energy levels into the infinite recesses of the DRQH (Dark Relativistic Quantum
Hell)...

The solution to this problem is in fact that the field ¥ is not a wave function describing the
state of a single particle, but a quantum variable itself. That leads to quantum field theory, in
which case the proper interpretation is a second quantised description of many-particle states of a
spinless bosonic particle.

4.3.3 No probability density

It is not very hard to construct a conserved four-current for the Klein-Gordon equation, which is

of the form h
= 23_ (vorw — worwt) (4.57)

m

Exercise 4.7. Prove that
Ot =0 (4.58)

Solution. We have

(0,0 +M*) ¥ = 0
(8,0" + M*)UT = 0 (4.59)

S0

0 = Wi (90" + M) ¥ — W (9,0 + M*) U
= 0, (V'o"T — woru') (4.60)

O

There is a slight problem here: the Klein-Gordon equation, in contrast to the Schrédinger
equation, is real, hence nothing excludes taking ¥ to be real. In that case, however, the current j*
is trivial. We can get over this by declaring that we consider W to be complex, but this was just
the first warning sign. There is a much bigger fly in the ointment: the putative probability density

_ 0y e L6
p=7")c= (V10 ¥ — wo, vl (4.61)

2me

although it satisfies the continuity equation

5 J (4.62)
is not positive definite! This alone seems to exclude the probabilistic interpretation and with that
a sensible quantum mechanics built upon the Klein-Gordon equation.
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Exercise 4.8. Compute the current j# for a positive and negative energy plane wave. Verify that

j=pt (4.63)
as expected for a motion of velocity .
Solution. For
ll’gr}(:r?) — Ae—ipuat/h (4.64)
we get
i
O = | AP (4.65)
m
while for .
- A tipuTt/h ,
U (x) = Ae™r (4.66)
the result is p
jOm = 2 A2 (4.67)
m
In both cases .
J_pc
S==—=9 (4.68)
p P
since c ~
0 me . mu
== [ — 4.69
¢ \/1—17%/c? V1—2/c (4.69)
Note that
»°
P = ZA2>0
m
2
P = —|A2<0 (4.70)
m
so the density is negative for negative energy waves. ]

There still seems to be a way out. Maybe the negative energy solutions can just be discarded and
the dynamics can be restricted to the subspace of positive energy solutions, which have a positive
density. This would also solve the stability problem discussed in Subsection m However, this
turns not to be the case: to get a complete basis for the field one needs to retain both types of
plane waves, as shown below.

4.3.4 Klein paradox and completeness
We consider the scattering of one-dimensional plane waves on a potential step

V(z) = {:]/” ’ i g (4.71)

Now for z < 0 we still have the ordinary Klein-Gordon equation

(05 — 07 + M*) ¥ =0 (4.72)
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For = > 0, however, the proper dispersion relation is
(€& —W)? = p°c? = m*c! (4.73)

leading to the equation

W

 ihe

Let us consider a scattering where there is an incident and reflected wave in the domain x > 0 and
an outgoing wave for = < 0, all of which are assumed to be of positive energy:

(0o —a) = +M*) V=0« (4.74)

v, = Ap—i€t/h (e-g'p;r,/ﬁ n Re_.;m,/ﬁ)
U, = Ae /it (4.75)

with ) 1
b= F 52 —m?ct 4= F\/(s - %)2 — m2ct (476)

where R and T are the reflection and transmission amplitudes. Since the Klein-Gordon equation
is second order in spatial derivatives, ¥ and 0, ¥ must be continuous (similarly to the Schrédinger
equation).

Exercise 4.9. Determine R and T

Solution.

UV (r=0)=V.(z=0) : 1+R=T
O Ve(r=0)=0,Y~(x=0) : p(l—R)=¢qT (4.77)

leading to

p_P—4 T 2p

= (4.78)
ptq p+q
O
Now we can determine the incident, transmitted and reflected fluxes:
, iz ‘ D ‘ .
Jm=APE e =APRPE  gr = AP (4.79)

and so the reflection and transmission probabilities are

. 2 .
Jin p+q Jin  (p+q)

which satisfy

r+t=1 (4.81)
However, this is only valid as long as
E— Vo > mdc (4.82)
For
—mc* < & — Vo <mc® (4.83)
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(a) Vo < 2mc? (b) Vo > 2me?

Figure 4.1: Hlustration of the Klein paradox

the value of ¢ is imaginary, and so the wave-function decays exponentially for z > 0. This is still
fine, and is interpreted as a total reflection since for ¢ = ix we get

A

. 2 P . 2112 P . . i
Jin = —_ Jr = |A| |R| — = Jin Jr = 0 (484)
m m
so there is a total reflection as the wave cannot propagate beyond x = 0.
The real surprise is that for

Vo > € +mc? (4.85)

although the energy is way below the necessary amount for penetration, ¢ becomes real again! The
wave does propagate into the region behind the barrier. To understand that, consider the spectrum
of the theory in the two regions far from x = 0. For x < 0 we get the standard spectrum consisting
of positive and negative energy states, while for z > 0 the whole spectrum is shifted up by Vj. As
illustrated in F‘igure nothing strange happens as long as Vj; < 2mc?: particles with insufficient
energy are simply forbidden to propagate on the other side. However, for V; > 2mc? there is a
range of energies where particles with energies naively forbidden to pass over the barrier find a
negative energy level to travel into, making it possible for them to cross the barrier.
The conclusion is that one cannot exclude the negative energy levels from the Hilbert space,
otherwise for the states with
Vo > € +mdc? (4.86)

the tentative probability current would not be conserved, since they would have » < 1, but no level
available for transmission on the other side. On the other hand, the presence of these states leads
to negative probabilities.

Note that the above results exclude the existence of a fully consistent probabilistic interpretation
for the Klein-Gordon equation: excluding the negative energy states leads to positive probabilit-
ies, but due to incompleteness of the wave function basis violates probability conservation, while
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including the negative enerqy states leads to a conserved, but indefinite density which cannot be

interpreted as probability.
Another reason for which the negative energy states cannot be excluded is the nature of the

initial value problem. Note that the Klein-Gordon equation is second order in derivatives, so in
addition to W its first time derivative must also be specified as an initial condition. Consider a

generic solution of the free Klein-Gordon equation:

U(t,7) = d’p A(—'Jp—ié‘{ﬁ')t/h-f—-éﬁi’/ﬁ_’_ d’p B(—'JP-ES(;':')t/ﬁ—-éﬁi-’/ﬁ
Y O™ Eai 2r)s - We

positive energy modes negative energy modes

E(p) = V' P?c? + m2ct (4.87)

One can then evaluate

v(0,7) = f(;;r};aA(ﬁ'Je"ﬁ””'Jrf%B(ﬁ')e‘iﬁﬂﬁ: %[‘4(@+B(—@] i
o,0(0, %) B (;fﬂ;; -i(gf(])}a‘)fl(ﬁ)eiﬁffﬁ_'_f (;})}q igé@B(mG_ﬁ’m
_ d’p i€(p) e |
N f(%fr)3 (_ h )[A(ﬁ?—B(—;ﬁ)]e /h (4.88)

The two initial conditions together specify all the coefficients A and B by Fourier transform.
Therefore, the positive energy modes alone do not form a complete basis for the time evolution of
the Klein-Gordon equation.
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5 Relativistic wave equations 2: the Dirac equation

5.1 Deriving the Dirac equation

We have seen that the Klein-Gordon equation suffers from several problems and limitations:

e it can only account for excitations of spin 0;
e there is no probability interpretation;

e negative energy state signal a potential instability of the system, and there is no easy way
to solve this in the framework of quantum mechanics;

e it does not describe the fine structure of hydrogen-like atoms correctly.

The second and the third problem are in fact related, and are also tied with the fact that the
equation is second order in derivatives. So in contrast to the Schrodinger equation, it is necessary
to specify both the function ® and its derivative for a well-defined initial value problem.

The idea behind the Dirac equation is simply to find a first order relativistic wave equation.
Such an equation can be written in the form

(iT"hd), + M)W = 0 (5.1)

where I'* is some object that must transform as a four-vector under Lorentz transformations, while
M is a Lorentz scalar. On the other hand, we expect the relativistic dispersion relation to be valid,
so W must also satisfy the Klein-Gordon equation

(R*0,0" + m*c®) ¥ =0 (5.2)

where m is the mass of the particle described by the equation, and this must be a consequence of
the first-order equation. Let us evaluate

(iT*hd, — M) (iT*hd, + M) = 0

(—hQF‘T”ﬁ#@,, + th|T*, M0, — Md) v = 0 (5.3)

Using the symmetry of the second partial derivatives this implies that the following must hold

rer“ +rere = 291
r*“ Ml = 0

M = mc (5.4)
where 1 is the identity operator. The first relation defines the so-called Clifford algebra associated
to the Lorentz group of four-dimensional Minkowski space time. The second states that operator
M commutes with the Clifford generators I'*. while the third actually states that M is nothing

else but the mass operator, i.e. its eigenvalues are equal to the particle mass (times ¢). We can
now make use of the following mathematical theorem:

Theorem 5.1. The Clifford algebra
THTY 4 DVT* = 251 (5.5)

has a single 4-dimensional irreducible representation up to similarity transformation. All other
representations of this algebra are simply direct sums of the 4-dimensional one.
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In other words, if we find operators satisfying the Clifford relation, they can always be repres-
ented as block diagonal matrices made up of 4-dimensional blocks in some basis:

Moo ... 0
0 ~5 ... 0

S IR (56)
00 .k

where the 7} are 4 x 4 matrices. They are also related to each other by a similarity transformation,
so we can find 4 x 4 matrices A, such that all of them are transformed into some canonical fornEl

7= At AL (5.7)

Such a transformation amounts to a change of basis that preserves the block diagonal form, so we
can write

0 .o 0
- 0 v ... 0 (5.8)
= .
oo o0
0 0 ... o#
by some appropriate choice of basis, where the 4 x 4 matrices satisfy
{797} = 20" Laxa (5.9)
where
{A,B} = AB + BA (5.10)

is called the anti-commutator of operators A and B.

Irreducibility means that there is no basis in which the 4 x 4 v* can be decomposed simultan-
eously into a block-diagonal form in terms of smaller than 4-dimensional blocks. That implies that
the only matrices commuting with all the v* are proportional to the 4 x 4 identity matrix (this is
the consequence of Schur’s lemma):

["}"u, f-l] =0= A= alysy (5].].)
As a result
mycl 0 e 0
0 mocl ... 0
M= . : (5.12)
: : : 0
0 0 ... mycl

where the labels 4 x 4 were omitted for brevity. From now on, 1 will always denote the identity
matrix of appropriate dimension for the given relation it occurs.

Therefore the general solution is just N copies of the same equation for different masses.
Consider a single 4-dimensional piece, which then has a definite mass m; this is expected to
describe the relativistic quantum mechanics of some particle of mass m. This is the celebrated
Dirac equation:

(ihy"0, —me) ¥ =0 (5.13)

Now let us understand the physical content of this equation.

¥Here there is no summation meant for the repeated index k!
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5.2 Covariance and spinors

The field in the Dirac equation is a 4-component object, which is called a Dirac spinor. Its index
will be denoted by Greek letters; this will not cause confusion with 4-vector indices as the type of
the object will be clear from the context it appears:

V(%) , £€=1,2,34 (5.14)

We need to determine the transformation law for the spinors. Under a Lorentz transformation

't = Az (5.15)
one can write
U'(2") = S(A)¥(x) (5.16)

where S(A) is some transformation acting on the Dirac spinor indices. It can be obtained by
stipulating that the Dirac equation is covariant, i.e.

(ihy"0y — me) ¥ (z) = 0 < (ihy"9, — me) V'(2') =0 (5.17)
Now using -
d,=M/0, (5.18)

the Dirac equation transforms according to
(-ih’}*”ﬁL —me) V'(z') = (iky"A D, — me) S(A)¥(z) =0 (5.19)
Multiplying from the left by S(A)~! gives
(ihS(A)"'A*AYS(A)D, — me) ¥(z) =0 (5.20)
This is identical to the Dirac equation in coordinates x when

S(A) A S(A) = 4" (5.21)

Exercise 5.2. Show that from the above equation it follows that * transforms as a contravariant
4-vector.

Solution. The above equation can be multiplied by S(A) from the left and S(A)~! from the right
to give

5(;"&)’}”’5’(1\)_1 = '}f“l_\: (5.22)
Now using -
A= (A’ (5.23)
the left-hand side can be written as
S S(A) = (A7)", (5.24)
O
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An alternative way of deriving the result is to consider the following condition of covariance

~+ -1 ,ﬂi 1 I 8 =0 14
lS(1’\) {-} (;},T{‘u'b(j\) - F} amy (!,).2!,))
Using
8 . 811'” 8 . ( _1){/ 0
ox'r  dx'mdxv " Qxv
since ¥ = (A_l): ' (5.26)
implies that
S(A)yS(A) ! = (A‘l){; o (5.27)

This is our fundamental equation defining S(A) for any given Lorentz matrix A. The solution for
S(A) is however, not unique, since any scalar factor multiplying S(A) eventually cancels. This can
be partially fixed by choosing solutions with det S(A) = +1. Even with this additional condition
the solution is not unique since for any particular solution S(A) the matrices

CS(A) (5.28)

with ¢* = 1 also solve the fundamental equation and have unit determinant. In fact, the ambiguity
can be fixed further up to an overall sign, as shown later using the Weyl decomposition discussed

in Subsection

Exercise 5.3. Show that Clifford’s theorem implies that there always exists a solution for S(A).
Solution. The Lorentz transformed Dirac matrices
7= (AT (5.20
satisfy the Clifford algebra:
(VA" = (AT (AT {17
= (A7 (A7) 2971
271 (5.30)
So by Clifford’s theorem there exists a similarity transformation S(A) such that
S(A)YS(A) T = (A_l){; ol (5.31)

holds, and its determinant can always be chosen 1 by multiplying it with an appropriate scalar
factor. O
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5.3 Properties of spinor transformations

5.3.1 Group property

Exercise 5.4. Show that S(A;)S(Az) solves the fundamental relation for A;A,.
Solution. Defining
S(AD)S(A)y"S(A2) TS (M) = S(A) [(A37)' 1] S(A)
(i ) ( ')g”f"

— (Al f\Q ‘1)*‘ ~° (5.32)
0

Therefore, taking into account the sign ambiguity in S(A) we obtain
S(A1As) = £5(A1)S(A) (5.33)

The + sign ambiguity shows that S(A) is not a proper representation of the Lorentz group. Instead
the map
A— S(A) (5.34)

is a so-called projective representation. Such a representation of a symmetry only keeps the mul-
tiplication property of the transformations up to a phase, and is allowed in quantum theory since
such phases cancel from all transition probabilities and expectation values of the observables.

5.3.2 Infinitesimal form of spinor transformations

Let us take an infinitesimal Lorentz transformation

i‘k":} = 5":} + w’; + () (LU'Z) N LU'J_“; = _wu;;, (5.35)
so that
(A7), =0 —w), + O(”) (5.36)

Looking for the spinor transformation in the form

S(A) = 1- iwm’“’ +O(w?)
S(A) = 1+ Lilwﬂ,,aw +O(w?) (5.37)
it can be assumed that
o = —g"t (5.38)

due to the antisymmetry of w#”. Using the fundamental relation

S(A)YS(A) = (A1) 4 (5.39)

fi

leads to
[ﬂf__,\: O_;_W] — 9 (,n/\,u,}_.f’ o .n/\f/,-},li-*) (540)
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Exercise 5.5. Derive the above relation.

Solution. Substituting our starting formulae into

S(APS(A) = (A7) 7 (5.41)
leads to ‘ '
i i _
(1 — Zw#,rf””) fy’\ (1 + waa"”) = ((5’}, - w);) ¥ + ()(wz) (5.42)
ie. )
t Y L ¢
Y+ el o = —wurty (5.43)
Using the antisymmetry of w,,, this can be rewritten as
? A v J‘ Av_ Ap v =
1‘*‘-’}“/[7 T ] = ﬁw,uu (?? Yo—n'v ) (‘)44)
and since this is valid for any w we obtain
i A v 1 Av Py
—[y ot = = (A — M) (5.45)
4 2
from which relation (5.40) follows. O
A solution to (5.40) is given by the matrices
i
o = L]y (5.46)
Exercise 5.6. Verify the above solution using the Jacobi identity
Solution. One can easily compute
=21 o] = AR =N = 00 0
= 2P{1,9"} — 277 {y", 1}
4 (n/\;z{_}(u o ?}'Auﬂf”) (548)
from which
[ﬂf:/\_-. O_;w] — 9 (n/\,uﬂf__p o n,\y,}}a) (549)
0
Exercise 5.7. Verify that if there are two solutions ¢} and 4" to
[ﬂf[\: O_;w] — 9 (n,\,u,}__p o n,\y,},p) (550)
then there exist numbers k" such that
b = ot + k"1 (5.51)
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Solution. This follows from

o5 o] =0 (5.52)
and Clifford’s theorem (irreducibility of the 4 dimensional Dirac spinor) + Schur’s lemma. U
A finite Lorentz transformation can always be divided up into infinitesimal ones as
A AN
A=tim (145) = 5.53
N—=oo + N ( )

which leads to the expression

1

N ,
1 o _w,u,y iy _ _?_ , iy 5 B/
S(A) = :'\]":EPOO (1 Y ) = exp ( N ) (5.54)

The remaining ambiguity (5.51) leads a redefinition by an overall phase:

i

, i _ v
S(A) = exp (—waa"”) e aWmh (5.55)
which can always be omitted by the rules of quantum theory. So one can take

7
‘= i (5.56)

J#
as the generators of infinitesimal spinor transformations and
N i s =04
S(A) =exp — WO (5.57)
as the form of finite spinor transformations.

5.3.3 Skew unitarity and the conjugate Dirac spinor

To proceed, it is necessary to specify the conjugation properties of the v matrices first. Note that
(,-},0)2 =1 (,,f_.i)2 -1 = 1,2,3 (558)

so that 4? has eigenvalues £1, while the eigenvalues of 4% are £i. As a result, the v matrices can
be chosen to have the following Hermiticity properties

0 0
Y= == (5.59)
From now on we consider only representations in which properties are satisfied. Using 7% = —~4°
leads to
0, p.0
APt = A0y (5.60)

. -1 o - S . . ;
Using (7°)"" = 4" implies that 4*' and «# are similar, which is again a consequence of Clifford’s
theorem since the matrices v#1 satisfy the same anti-commutation relations as the .

Exercise 5.8. Show that
ot = ~A0ghv A0 (5.61)
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Solution.

ot — -3 (7" — 4yt = _% (7 Typt — i)
7 1
= - ,}_O,Tlu ,}fﬂﬁ{ﬂ ﬁ{_pr_}(ﬂ _ ﬁ{_ﬂﬁ{_p ﬁ{_f}{_}(ﬂ (_}(,LL(_},_O — ﬁ{_ﬂ - (ﬁ{_,u.,}_y - {_}(v{_}__u) ﬁJ(_f} (562)
2 N N~ 2
1 1
O
Exercise 5.9. Verify that R(A) = 7"S(A)" solves the same equation as S(A)™ i.e.
R(A) ' R(A) = (A‘l)”# ~H (5.63)
Solution.
y vara-1 ~1\Y _p
S(AS(A)TH = (AT)n
¢
L AV — (A-1\Y ~pt
S(A)TA4"TS(A) = (A )ﬂq
¢
- -1, EERNY
(V°SA)°) T (PS()1) = (AT (5.64)
O
Now the following skew unitarity property of S(A) can be proven:
S(A)™F = 108 ()1 (5.65)
This is in fact quite straightforward:
,}.Os(ﬂ)T,}_U — ,}f(] exp (%w#,,a*”’f) ,},U — {'G’}’O exp (iw#yc‘.#v> ﬁ{.ﬂ,}(ﬂ = exp (%w’uugﬂu> — S(ﬂ)_l
(5.66)

If v° was the unit matrix, then this would be just standard unitarity. However, that is not
possible; in fact we shall see shortly that 7 has eigenvalues £1, both doubly degenerate. 7° can
be considered a sort of “metric” which defines an invariant inner product in spinor space. In fact,
it is easy to show that given two spinors ¢’ and y, the product

LY (5.67)
is invariant under any Lorentz transformation A:
V% —=a UIS(A)17S(A)x
= 9" S(A) 1 S(A)x
=91 S(A)TIS(A)x
= iyOy (5.68)

Therefore, the natural conjugate of any Dirac spinor 1/ can be defined as

b= oty (5.69)
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and the invariant product of spinors 1) and Yy is then

5% (5.70)

In component notations, 1 is usually represented as a column vector

Uy
V2
I'I' = 5-71
Y s (5.71)
’I;'f/'.'l
while
Yi = (1 w2 s ) (5.72)

is a row vector. Then by the usual rules of matrix multiplication it follows that ¥ is a row vector
and ©y is a 1 x 1 matrix, which is correct for a scalar. -
From the Dirac equation for ¢ it follows that the conjugate Dirac spinor 1) satisfies the equation

_ —
() (?th'“ 0.+ mc) =0 (5.73)
where the arrow indicated that the derivative acts to the left, i.e.

_ — _ _
U(x) (-ih’}*“ 0, + mc) = thd, Y (x)y" + me(x) (5.74)

Exercise 5.10. Derive the conjugate Dirac equation
_ ' —
() (?,hq'“ 0.+ mc) =0 (5.75)

Solution. Taking the Hermitian conjugate of the Dirac equation

0= (ily" 0y — me) Y (x) (5.76)
leads to
0 = ¢i(x) (—?ﬁhf}'”f(gﬂ - m(*)
= ¢i(2) (—fihﬁ“'}*“}-‘ngﬂ - mc) (5.77)
and multiplying by —4" to the right results in the conjugate Dirac equation. O

5.4 Spin, parity and chirality
5.4.1 Parity, Weyl spinors and chirality

[t is easy to see that

S(AS(A)™ = (A1) 4" (5.78)
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implies that the spinor transformation corresponding to parity can be represented as
S(P) =~ (5.79)

since
P =4, A0 =4 (5.80)

Now let us introduce a special element of the Clifford algebra:

F} _Ef}ﬂﬂlﬂzqﬁ = 4T Iuvpcrf} ,.},,0,-}, (581)

which has very interesting properties. The second representation is valid due to
103 = +1 5.82
€p123 9.

and the complete antisymmetry of ¢ together with the anti-commutation relations of the ~*.

Exercise 5.11. Show that

2
(¥)'=1 , At=4°
(=0, [ =0 (5.83)
Solution. By direct calculation
5 2 2 3y 2
(,}) = A0nla 230 12,3 _( ) ( ) 2 (,}3) _
,}_51 — iyt ZT,}IIT{_}OT 372190 = in07 14243 = A5
Py# = ?“”'}*1'}*27"'}“— —iy '}““1“2'}3— —H®
ﬁjr_..:;O,,r..r.r/ — 5,}( (,.}”u?__p u ,u.) _ ((_}(,u — ,}_p)(_}ﬁ — J;u/{_}_-_% (584)

From these properties it follows that the 4-dimensional space S of spinors can be split into the
cigenspaces of 7° of eigenvalues +1:

S = S;as8
L= {vY € Sy = +y} (5.85)
Since the generators o commute with 7°, so do the spinor transformations S(A):
7", S(4)] =0 (5.86)

and therefore the spinor transformations are block-diagonal in a basis that is put together from
two bases in the spaces S+
s—(A) 0
S(A) =
W={"0" s,

This can be used to reduce the ambiguity (5.28) by demanding that both matrices s, (A) have a
unit determinant, which due to the size 2 x 2 of s (A) only allows for an overall sign ambiguity in
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both. Note that this still allows for more freedom than an overall sign in S(A) but this can be fixed
by continuity of the dependence of sy (A) on A and choosing them equal (i.e s4 = s- = +1349)
for the case when A is the unit Lorentz transformation.

However, there is a sign ambiguity that cannot be eliminated for the following reason: a 27
rotation changes the sign of the spinor field. Suppose we take the z axis as the axis of rotation
and recall that a rotation by angle ¢ around the axis z can be obtained as

S(p) = e 27" (5.88)
where
1 0 0 0
3
2 (o> 0 [ 0 =10 0 -
7 _( 0 o ) “lo o 1 o0 (5:89)
0 0 0 —1

(in the Weyl representation; the result for S(27), being proportional to the identity is independent
of the choice of the spinor basis, so our conclusion is independent of the choice of the representation.
[t can be easily seen that

S(?ﬂ') = —14x,1 (590)

Since a rotation by 27 is an identity transformation in physics which must leave all observables
invariant, the Dirac field cannot be an observable. In fact, all local observables are expressed in
terms of even products of the Dirac field.

As a result of the residual sign ambiguity, the spinorial transformations satisfy

S(A1)S(As) = £S(AA,) (5.91)

(cf. the discussion of the group property in Subsection [5.3).
In such a basis, the Dirac spinor can be written as a composite of two so-called Weyl spinors

= ¥- 5 o
P = ( b (5.92)
with
5 [ —laxe 0 = e
7= ( 0+l (5:93)
and the projectors on S; are
1+ 5
P = 27 (5.94)
Because of
7’ = =" (5.95)
parity reflection as represented by
S(P)=1" (5.96)
interchanges the two subspaces:
S(P) : Sy — S (5.97)

As a result, Weyl spinors are chiral objects, with S, taken as right-handed and S_ taken as left-
handed, which are spatial reflections of each other.
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5.4.2 Weyl representation of Dirac matrices and spin

Any basis choice for the Dirac spinor space in which +® is diagonal and
ot _ .0 ) 5 Qs
7= Yy = (5.98)

leads to a so-called Weyl representation of Dirac matrices. A simple example is

0 _ 0 a2y i 0 o

T\ 10 0 T T et 0
L (01 s [0 —i ., (1 0 i
"_(10) ) J_(i 0) ’ "_(0 —1) (5.100)

are the Pauli matrices. We recall here the most important relations satisfied by the Pauli matrices

where

[07,0%] = 2ieMo!
{{'Tj,('fk} = Qé‘jklzxg (5101)

which enable fast computations when using the block formalism. One can also write these relations
as

olok = §7%1,,5 + i o! (5.102)
or as the Pauli vector identity
(a-a)(a-g):a-ﬁﬂa-(axg) (5.103)
In the Weyl representation

and so the upper two components of the Dirac spinor form the left-handed, while the lower two
form the right-handed Weyl spinor.

Exercise 5.12. Compute the Lorentz generators o in Weyl representation.

Solution. By direct calculation

(5.105)

O
Recalling the infinitesimal form of Lorentz and the corresponding spinor transformations
E L
A= 1- §wWJ f
. 1
S(A) = 1——wyot” (5.106)

4
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leads to the following correspondence between the generators
1
JH 50““ (5.107)

In particular, for the spatial rotations
Jik = Cjkwﬂ (5.108)

where J!, [ = 1,2,3 are the generators of usual three-dimensional rotations. So .J! has the spinor

representation
M A L -
r)T A E {) o 1 ( D 1 09 )

As a result, the Dirac-spinor contains two spin-1/2 Pauli spinors and therefore describe two spin-
1/2 objects. The conclusion is that

the Dirac equation describes spin-1/2 particles

thereby solving one of our problems with the Klein-Gordon equation by incorporating the spin.

5.4.3 Dirac and Majorana representations

A Dirac representation for the v matrices is one in which 4 is diagonal. Since +* does not commute
with ~Y, it is not diagonal in a Dirac representation.

Exercise 5.13. Show that the matrices

v = Ayt AT (5.110)
where
1 0O 1 0
1 0 1 01 Eoq
A= Al -1 0 10 (5.111)
0 -1 01

form a Dirac representation.

Solution. By direct calculation

0 _ 1oy2 0
7D 0~y

0 o »
b= (%) (5.112)

s

Exercise 5.14. Compute 7}, and o,



Solution. By direct calculation

L5 0 1oy

D 1oxo 0
(0 o

Jg - ?'( a0 )

ol 0 _
o = C.-,-'k!( 0 z) (5.113)

a

Note that 73, is indeed non-diagonal, and the spatial rotation generators are unchanged from the
Weyl representation. ]

Another interesting class of representations is the one in which the Dirac equation is real,
so that all y-matrices are purely imaginary. This is called a Majorana representation, and in a
Majorana basis the solutions of the Dirac equation can be restricted to be either purely real or
purely imaginary.

Exercise 5.15. Show that the matrices
Ty = Ayra~ (5.114)

where

form a Majorana representation.

Solution. By direct calculation

0 —o? —ioct 0 _

0
Exercise 5.16. Compute 73,

Solution. By direct calculation
o2 0 _
T = ( 2 (5.117)

Note that ~}, is again non-diagonal. [




5.5 Conserved current and probabilistic interpretation

Let us introduce the following current )
G* =yt (5.118)

which transforms as a 4-vector and satisfies the continuity equation
dg" =0 (5.119)
as long as 1) satisfies the Dirac equation

(ihy*0, — me)h(z) =0 (5.120)

Exercise 5.17. Show that j* transforms as a (contravariant) 4-vector.
Solution. Under a Lorentz transformation A
Jo= Dy wS(A)TIS(A)
using S(A)Y*S(A) ! = (A_l)” v

v

= A"y
— AL (5.121)
U
Exercise 5.18. Show that
dg" =0 (5.122)
follows from the Dirac equation
Solution. Writing the Dirac equation and its conjugate
(thy"0, —me)(z) = 0
- —
() (-z'.hf}f” 0, + mc) =0 (5.123)

Multiplying the first by —it)/h from the left and the second by —it)/h from the right and adding
the results leads to

- - —
V(@) 00 (x) + (@) 0 yip(z) = 0
I
O (V(x)y*p(z)) = 0 (5.124)
O
The conserved density
3 =y (5.125)

is positive definite, which shows that the Dirac equation provides a solution to the other problem
plaguing the Klein-Gordon equation and makes a probabilistic interpretation possible. Note that

53



the conserved current j* is bilinear in the Dirac field and so it is an allowed observable (cf.

Subsection .
Note that the Dirac equation can be written in the Schrédinger form by the following consid-
eration

1 -
il 0y = -ih'}*“;(?ﬂ,[} = (-z'.hf?- V + mc) ()

“—

ihoph = Hpa (5.126)
where the Dirac Hamiltonian is
Hp = ihe@-V + mc? 3
(f — f}fﬂf}f"l , 3 — ,_}((] (5127)

This makes it manifest that similarly to the Schrédinger equation, the initial value problem is
specified by giving only the state at the initial time.

5.6 Solutions of the free Dirac equation
5.6.1 Plane waves
The easiest way to solve the free Dirac equation
(ihy*0, — me)h(z) =0 (5.128)

18 to use the Dirac basis in which

0 _ 159 0 1 0 o [y
T = ( 0 _12><2 ) ) T = ( _O.J.' 0 (‘)129)

Since ¢(x) satisfies the Klein-Gordon equation, there are both positive and negative energy solu-
tions. These can be written in the form

Py (2) = u@e P g (z) = o(p)en It (5.130)

with

P’ =po =+ + m22 (5.131)

Substituting these into the Dirac equation leads to the following equations for the spinor amp-
litudes:

(V'pu —me)u(p) = 0
(Yp. +me)v(p) = 0 (5.132)

To simplify notations it is useful to introduce the Dirac slash. For any 4-vector a let us denote
a = “{'#G’,’u (5133)
so the Dirac equation in momentum space can be written as

(p—mecju(p) = 0
(p+me)u(p) = 0 (5.134)
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For later use, we note some interesting properties of the Dirac slash:

ab+ba = 2a,b"
Vs = —As (5.135)

the first follows from the Clifford algebra, while the second from the anti-commutation of ~5 with
all the ~*.
Let us first consider the solutions in the rest frame, i.e.

P=0=py=mc (5.136)
leading to

Yu(0) = 4u(0)
Fu(0) = —v(0) (5.137)

so the independent solutions are

(1) 0

u(p=0,s =+1/2) = 0 . u(p=0,s=-1/2) = 0
\ 0/ \ 0/
03 (o)

0

.U(ﬁ: 0,8:—}—1/2): . -U(pZO,SZ—]./Z):

\ 0/ \ 1)/

The notation reflects the fact that due to the identification of the rotation generator around the z

axis . ;
Lﬂzﬁ(% %) (5.139)

a

(5.138)

-u((T_._ s) and v(ﬁ, s) can be interpreted to correspond to states with the z projection of the spin equal
to s.
Moving positive energy solutions can be obtained by writing

uz(i) (5.140)

with y and ¢ 2-component spinors, which satisfy

(po —me)x —d-pp = 0

—(po+mc)p+3d-py = 0 (5.141)
here it is important to note that p' = —p;, i.e. pp = (po. —p). Using the second relation, the
general positive energy solution is

— _ Xn‘} = I
wp,s) =N\ a5 _ (5.142)
potmeXs
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with the following choice of basis:

1 0 ‘
X+1/2 = ( 0 ) y o X-1/2 = ( 1 ) (5.143)

and where A is a suitable normalisation factor.

Exercise 5.19. Show that the other relation
(po —me)x —a-pp=0 (5.144)
automatically holds by virtue of the dispersion relation.

Solution. Substituting the solution

— —

(o — me)x — G- F—T—y
Po + mc
_ (@
= (po —mc)x P
1
where we used that 1
(7p)° = o'o’p'p’ = S{o", 0/ }p'p’ = p'p'lacy (5.146)
0
Exercise 5.20. Compute the normalisation factor A" from the (Lorentz-invariant) condition
u(p, s)u(p,s) =1 (5.147)
supposing that
yiy =1 (5.148)
Solution. Using the Hermiticity of the Pauli matrices one can write
o - Gg-p | P 0 X
a(p.s)u(p, s) = NPy —— * P
(1 . ) (p ) | | (X X Do 4 m(,) ( 0 —]_ng p(]+er(:X
— — 2 —i
g-p p
= (NP xPx =X (7) x| =W (1 - 72)
Po + mc (po + mc)
2 2.2 ¢
—m-c 2me
_ (1o B Eme) L 2me (5.149)
(po + mc) Po + mce
The usual choice is
Po + mc
N=—— 5.150
2mece (5.150)
O



Note that using the above normalisation

w(p, s)u(p,s’) = xixy (5.151)
or, using the basis states s, s’ = +1/2
w(p, s)u(p,s') = dss (5.152)

One can treat the negative energy case

(p +me)v(p) =0 (5.153)

- (3)
¥

(po +me)x — 7 - py

in a similar way by writing

and obtaining

1
B
I

(=]

—(pp—mec)p+a-px = 0 (5.155)
The solutions are o
TP,
v(p, s) = J\r( pot+me TS ) (5.156)
s
with the same normalisation factor, but this time satisfying the condition
o7, s)o(p,s) = —plpe (5.157)
or, again using the basis states s,s" = +1/2
q_r(ﬁ S)T".(}_}: Sf) = _5&‘.‘;’ (5158)
Our results about the plane wave solutions are collected in the table below.
‘ Energy H Plane wave form ‘ Spinor amplitude ‘ Basis ‘ Invariant product ‘

u(p, s)u(p,s') = dq¢

! — 4P, — e X‘s

| e = u@e |G s) = /e ( 2 ) _
me \ G2 ) | 5=}

_GP_,
— LJ_(T) — 1,r(33')e+"7’ﬂ”’“fﬁ ’U(ﬁ: S) — fpuz;i::;w ( pn_f_r.,:”_.krs )

b

1 0

where py = +/p? + m?c? | Xj172 = 0412 = ( 0 ) s X-1/2 = P12 = ( 1 )

T_,'(ﬁ S)T-’.(}‘_}: Sf) = —5},‘.‘;"

Exercise 5.21. Compute the negative energy solutions and their properties, repeating the steps
for the positive energy ones.

Solution. Explicit calculation. ]



The Hermitian norms of the plane waves can also be computed with the result

ul (P s)u(p,s') = b
me

@ s s) = oy s =£1/2 (5.159)
me

Note that these are not Lorentz invariant.

Exercise 5.22. Compute the Hermitian norms.

) potme( X )
.zl(p, 8) :\/ 02,”,10 ( &5 X ) (‘).160)

Solution. Starting from

Po-time
we get
>
i Lo pg—l—ﬂl(_‘.(_ P ) i
u'(p,s)ulp,s) = ———— |1+ ———= ] XiXs
(7, s)u(p; s) e (ot ) XX
(po + me)* + p§ — m*c?
= XTX"J’
2me (po + me) o
p
= 2 (5.161)
me
Similar calculation gives the Hermitian norms of the v(p, s). O

5.6.2 Physical interpretation of the free Dirac equation

The presence of the negative-energy particles still leads to the same instabilities in the presence
of interactions. They cannot be omitted from the space of states; the Klein paradox works the
same way as for the Klein-Gordon equation. This is clear from the fact that the physical picture
as shown in Fig. is unchanged.

However, the particles obeying the Dirac equation have spin 1/2 and therefore are fermions
according to Pauli’s principlfﬂ So there is a simple way to stabilise the system by assuming that
in the ground state, the negative energy states are filled with particles. This is called the Dirac
sea.

The Dirac sea, however, has serious consequences for the physical behaviour of the system as
shown by the analysis below.

Energy and momentum; antiparticles The energy and momentum of the plane wave modes
can be obtained using the explicit expression for the energy and momentum operators:

E = ihd, = ihcdy , PF= —iho, (5.162)

9In relativistic quantum field theory it can be proven rigorously that integer spin particles must obey Bose-
Enstein, while half-integer ones must be subject to Fermi-Dirac statistics; this is called the spin-statistics theorem.



Vi(z) = 'U(Pje_ip’ﬂpm : ET//‘+ = pocyy Pk'¢'+ = —prtpy =My
P_(x) = u(p)e™™P="/M o B = —poerp_ P = pap_ = —pFi_ (5.163)

Excitations of the systems correspond to either

e particles in positive energy states. They carry momentum p and energy
E = poc = \/p? + m2ct (5.164)

, and can be interpreted as relativistic particles of mass m and spin 1/2, which is represented
by the 2-spinor amplitude y, in the plane wave solution.

e holes in negative energy states. Since they correspond to missing negative energy particles,
they again carry momentum p and energy

E = popc = \/P?c? + m2c? (5.165)

and can be interpreted as relativistic particles of mass m and spin 1/2, which is represented
by the 2-spinor amplitude . in the plane wave solution; however, their spin projection is
rather —s in their rest frame. In addition, if the particles carry some charge (electric or
other), holes carry the opposite charge.

As a result, the holes correspond to anti-particles, leading to the Dirac’s famous prediction of
the positron when the Dirac equation is applied to describe the electron, which was confirmed
by Anderson in 1931, earning him the Nobel prize in 1936. Dirac shared the Nobel prize with
Schrodinger in 1933.

When taking interaction with photons into account, photons with energy larger than 2mc? can
excite a negative energy particle to a positive energy state, leading to the creation of electron-
positron pairs. Due to energy and momentum conservation, this can only proceed if there is some
additional partner present, for example in the electric field of an atomic nucleus that can absorb
some amount of energy and momentum.

Exercise 5.23. Show that conservation of energy and momentum forbids the creation of an
electron-positron pair from a single photon without any additional interaction present.

Solution. Suppose the photon has 4-momentum £*, while the created pair has 4-momenta p/ and
ph. We then have the following constraint equations

Momentum conservation: k= ph + ph
Electron/positron rest mass: PruPy = Doppy = m2c?
Photon rest mass: Kk, =0 (5.166)

But this is impossible to satisfy because p; and p, are time-like, so their sum is also time-like,
while k is light-like. In more detail, the following must hold

0 = k*k, = 2m*c® + 2p,ph (5.167)

Now one can write
P1uph = \/ﬁ% + m-ZCQ\/ﬁg +m2c? —py - po > |pi| [P —p1-p2 >0 (5.168)
so0 it is impossible to fulfil energy and momentum conservation. ]
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It is also possible that a particle and an anti-particle described by a hole annihilate, which in
the Dirac sea picture corresponds to a transition to the empty negative energy level corresponding
to the hole. This is accompanied by the emission of a photon pair (which allows to satisfy energy
and momentum conservation). The creation and annihilation processes signal the breakdown of
one-particle quantum mechanics; whenever the negative energy levels come into play the system
must be described with multi-particle states allowing for transition between states with different
particle/antiparticle numbers, which forces the introduction of quantum field theory and second
quantisation.

Probability current and velocity One can compute the probability density and current for
plane wave solutions with the result

— 0y — bl (Ve _ P
pele) = 1) = vl@)s(e) = 2
- T 0= . P =
Jx(7) = Yile)y VWale) =+~ (5.169)
The covariant form of the continuity equation
Ot =0 (5.170)
gets rewritten in the usual form when changing the variable z° = ct:
L (5.171)
e s C] = .
ot J

so the probability current is eventually r} This is perfectly consistent with the particle interpret-
ation, since these densities satisfy

Cjr = tpil (5.172)

where .
g="L (5.173)

Po

is indeed the relativistic expression for the 3—velocity in terms of the energy and momentum. The
minus sign in the expression for the negative energy plane waves is explained by the fact that their
momentum is —p; it is the holes which carry momentum p.

Exercise 5.24. Compute the above formulae for the densities and currents.

Solution. For the positive energy solutions we obtain

pele) = vhlopalo) = BERE (v T ) (( F )

2me po + mc poFme

+ me 7> Do + mce 2 — m2c?
_ Pn‘ (1+ p 2):}0‘ (1+30 :
2me (po + mc) 2me (po + me)
Po

= 2 (5.174)

mc
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—i‘ — . k
) = wlantu =B (T (e 0 (0 ) ()

2me po + mc —1ayo p— ¢

_ potme o Gy 0 o X
2mc Po + mc O.k 0 pu{ifm:x

me Jg-p ag-p 1
= M (ok P, 7P 0“) X =—x'{o", o'}p'x

2me po +mec  py+ mc 2me
1 k
= —xl2tpl = L (5.175
2me mc
Similar computation gives the results for the negative energy solutions. O

Plane waves can be normalised when putting the particle in the box of volume V' by requiring

| daso@ = [ el @) =1 (5.176)
v Vv
However, our plane wave solutions satisfy instead
f Byl (2)y(z) = LV (5.177)
v me

So the plane waves normalised in a box can be written as

Yy () = | [z (@) (5.178)

In the Weyl representation with diagonal 5

- ( _IUM 0 ) (5.179)

+1o.9

5.7 Weyl spinors

the Dirac spinor can be written in terms of chiral components

v= ( j; ) (5.180)

where ¢, are two-dimensional so-called Weyl spinors. The two chiral components of the Dirac
spinor can also be written as

I e PP oA 0 .
v =1 ¢—(U) b =2 "(m) (5.181)

Chirality is nothing else than the eigenvalue of 75; therefore ¢ has negative and ¢, has positive

chirality. Using
0 1o, . 0 oF
0 2x2 ko 5 18°
b ( lyso 0 ) ) ( -k 0 ) (5.182)
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the Dirac equation can be written as

ihOydy + iha*Opd, —mep_ = 0
ihDyp_ — iha*Opd_ —mepy, = 0 (5.183)

For zero mass, the two components decouple:
-zi(')gqui = :F’.-‘:O'kf}k(_bj: (5184)

Let us consider positive and negative energy plane wave solutions of these equations

@5:+)(I) _ ui(p)e—ip“z#/ﬁ.

o0 (x) = wvalp)etmet/t (5.185)
with py = [p]. Writing

e—i-pp:::“ﬂl — B—'-‘:p(]'.cnfﬁe-}-ipkzk/‘ﬁ (5186)

the positive and negative chirality Weyl equations become
a-p
= u+(p) = Fuy(p)
7]

O’.
WM(P) = +ui(p)
G-
——u-(p) = —u-(p)
1]
a-p

—0v-(p) = —v_(p) (5.187)

These equations mean that for a negative chirality Weyl particle, the spin points opposite to the
direction of momentum, so the particle is left-handed. For the negative energy mode, we already
noted that the negative energy particle has momentum —p and spin &. So in the case of the
anti-particle, which is a hole in the Dirac sea, the momentum is p and the spin is —&, therefore
the anti-particle is right-handed. For the positive chirality Weyl particle, the situation is just the
opposite. This is summarised in the table below:

‘ Chirality Particle ‘ Antiparticle ‘
+1 right-handed (spin parallel with motion) | left-handed (spin opposite to motion) ‘
—1 left-handed (spin opposite to motion) | right-handed (spin parallel with motion) ‘

This is relevant for weak interactions. It turns out that only the left-handed fermions and right-
handed anti-fermions couple to the W= bosons that mediate weak decays. In the approximation
when the neutrino mass is taken to be zerd'’| the neutrino can be modelled as a negative chirality
Weyl particle as discussed later in Subsection Note that since parity is represented by

20— ( 0 19&;2 ) (5.188)

12x2

OTndeed there is as yet no direct evidence for a non-zero neutrino mass, although the observed phenomenon of
neutrino mixing implies that all three mass differences must be non-zero, so at least two neutrinos should have a
tiny, but non-zero mass.
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it takes the positive and negative chirality components into each other, so it changes the handedness
of the particles. This can also be seen from the fact that the spin is a pseudo-vector, while the
momentum is a polar vector, so their scalar product changes sign under spatial reflection P.

On the other hand, as seen from the above table charge conjugation C' also changes handedness,
so the combination C'P in fact preserves chirality and maps vy to ¢.. Therefore the handedness
of weak interactions in itself does not break C'P. Although C'P is broken in nature, the origin
of this breaking is thought to come from a mixing between the three generations of quarks (cf.
Subsection . The experimental observation of neutrino oscillations (cf. Subsection
opened another possibility for C'P breaking whose source is the neutrino mixing matrix.

5.8 Dirac equation in an external electromagnetic field

The electromagnetic field described by a four-vector potential A,, can be included in the Dirac
equation

(ihy"0, — me)p(x) =0 (5.189)

using the prescription of minimal subtraction
Pt — pH — gA* (5.190)
This is the relativistic extension of the non-relativistic recipe
P p—qA (5.191)

and is related to the concept of gauge invariance introduced later in Section@ This procedure
leads to

(V" (ih0y — qAu(z)) — me] ¥ (z) = 0 (5.192)

or, using Dirac’s notation

(ihd — gA — mc) =0 (5.193)

This equation can be decomposed into upper and lower components

@=(§> (5.194)

with the following result (in the Dirac representation for the v matrices)
(fihf?t —qV — ch) X+ co - (?hﬁ + qff) ¢ =0

(—ih@t +qV — mcz) o — - (?,hﬁ + qff) x = 0 (5.195)

where V' and A are the electromagnetic scalar and vector potentials, respectively.

Exercise 5.25. Derive the above equations.

0 15,0 0 1 0 o E
Yo = ( 0 gy ) v Tb = ( ol 0 (5.196)
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we obtaln

(ihdy — qAg — me) x + o' (ihd, — qA) ¢ = 0

(—ihdy + qAg — mc) p — o' (ihd; — qA)x = 0 (5.197)
Substituting
L=t 9= %e}t A= %V A= -4 (5.198)
we get

(fihf?t —qV — mcz) X+ co - (?hﬁ + qfi‘) ¢ =0
(—ih@t +qV — mcz) o — - (?,hﬁ + ql) x = 0 (5.199)

O

To obtain the non-relativistic limit, consider relatively small momenta and weak fields, so the
dominant terms become

(-z'.hﬂt — mcz) X+... =0
(—?ﬁh@t - mcg) o+... =0 (5.200)

As a result, most of the time dependence can be factored out as

X o —-c"mczt/’ﬁ v £ an
(1) cmon( ) s

(ihdy — qV) W + G - (ih6+qﬁ) o = 0

leading to

(—ihdh + qV — 2mc?) ® — ¢5 - (-zthﬁ + q,i') U= 0 (5.202)

Assuming that U and ® are slowly varying in time, and also that the potential is small (|¢V| <
2mc?), the second equation can be solved for ®:

b—— 1 . (09 + o) v (5.203)
2mece
which can be substituted into the first equation to give
(ihd, — qV) ¥ — {a‘ - (-mv + qA)} v=0 (5.204)
This leads to the Pauli equation
ov
h— = HVU
" or
1 N2
where H = — {5’- (ﬁ— qA” +qV
2m
h =
and p = -V (5.205)
i



The Pauli Hamiltonian can also be written as

L /. 2 qh , =
H= - (p - qA) +qV - —06-B (5.206)
2m 2m

Schriodinger Hamiltonian — Pauli term

Exercise 5.26. Compute the above form of the Hamiltonian.

Solution.

N2 . i i
{&' - (15' — Q‘AH = olok(p) — qA)(p* — qA¥)
= (6% +iejuat)(pP — qA7)(p* — qA")

Nz o1 . _
= (-ﬁ— qA) + 5-3'.(3“{7! [P — qA pF — qA¥] (5.207)
Now we can write
' —qA p" = gAY = —q ([P, AY + (A7 p"]) = —q (—ihd; A" + iho A7) (5.208)
. 1 1 )
5'3'-(.1“0%"' —qA, pF — qA¥] = 5'3'-‘7!(—9)(—'”1)26%%14}“ = —qhi - B (5.209)
from which the result follows. O
Note that the non-relativistic spin operator is
~ h
2
so the magnetic moment of the Dirac particle can be written as
=g 13 (5.211)

2m

where g is the so-called gyromagnetic factor, and the Dirac equation (with minimal coupling to the
clectromagnetic field) predicts its value to be exactly g = 2. In experiment, the measured values
of gyromagnetic factors are (the numbers in the parentheses are the errors of the last two digits)

clectron: g, = 2.0023193043617(15)
muon: g, = 2.0023318414(12)
proton: g, = 5.585694713(46) (5.212)
The deviation for the electron can be explained taking into account the effects of quantum elec-
trodynamics; for the muon, the effects of weak and strong interactions are also needed. The big
deviation in proton g-factor from 2 is due to the proton being a composite particle of quarks and

gluons; due to the strong interactions the proton spin and magnetic moment is not well understood
at present. The same goes for the neutron; despite being neutral, it’s magnetic moment is

c —
[y, = gn——0>8 5.213
fin = gno (5.213)

where ¢ = 1.6021717662 - 10~ coulombs is the elementary charge, and

g = —3.82608545(90) (5.214)

65



5.9 Charge conjugation

It is interesting to consider what is transformation corresponding to charge conjugation which
maps particles into antiparticles. Using the example of quantum electrodynamics, it is clear that
taking the complex conjugate of the covariant derivative

(hO, +iqA,)" = ho, —iqA, (5.215)
corresponds to changing ¢ to —¢q. For the scalar field, therefore the charge conjugate of the field is
(CD)(z) = £0" (a) (5.216)

where £ is the charge conjugation parity of the field which must satisfy
§E=1 (5.217)

since repeating C' should give the identity.

For the Dirac field charge conjugation is a little more involved due to spinor structure. Charge
conjugation is a map 1 — t° interchanging the particle with the antiparticle; therefore it should
reverse the charge ¢ — —¢:

(ihd — gA — me) = 0 & (ihd + gA — me) ¢ =0 (5.218)
To construct this transformation, take the conjugate Dirac equation
_ =
U(x) (—zhﬁ —qA — mc) =0 (5.219)
and transpose it -
A (—ihd, — qA, — me) T =0 (5.220)
Suppose that there exists a charge conjugation matriz C satisfying
—CAMTCt = A (5.221)
then one can take -
P = ECyt (5.222)

where £ is the charge conjugation parity of the field .
In fact, Clifford’s theorem guarantees the existence of such a matrix since

(4"} = 21 = {4, 4T} = 291 (5.223)

Its explicit form, however, is representation dependent. In the Dirac representation

W= 122 0
P 0 —I2x2

1
I 0 o .
the v matrices satisfy
=7 =-7 =7 To=-75 (5.225)



so a suitable choice is

2
Cp =iv*y" = —i ( 02 c(r] ) (5.226)

a

which satisfies

—Cp=Cp' =ch =}, (5.227)

Exercise 5.27. Find the charge conjugation matrix in the Weyl and Majorana representations.

Solution. In the Weyl representation

0 '[) lgxg it 0 —O'i E 90¢
= ( Lo 0 U N (5.228)

we have
'}-” _ ,}_01 ,}_1 _ _,}_u ,}_2 _ ,},u ,},3 _ _,},31 (5.229)
so the correct choice is
. 2 . —{'72 0 £ ¢
C=irv"y' =1 0 o2 (5.230)
and again
—C=C'=c"= (5.231)

In the Majorana representation

0 —o° —iot 0 o

we have
™= V=7 Y =71 =7 (5.233)
so a suitable choice is
o= =—( ° o (5.234)
M M o2 0 .
With this choice
Cur = Cyf = —Ciy = Cly (5.235)
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5.10 Majorana fermions and Majorana mass term

Note that in the Majorana representation

'?,;",‘c = C‘.'L.f ’I.;I = CM "}’th,‘“ = (—j,-‘i_‘,)z’t;f'ﬁ*
= (5.236)

so charge conjugation is equivalent to complex conjugation for the Dirac field. Additionally, in
this representation the Dirac equation

is purely real since the ~ matrices are purely imaginary, so the Dirac equation can be
restricted to real fields tb. This observation leads to the possibility of neutral spin-1/2 particles,
called Majorana fermions. These correspond to a purely real field ¢ in Majorana representation.
In a general representation, a Majorana field satisfies

Y= (5.237)

Exercise 5.28. Compute the components of 1) in Weyl and Dirac representations.

Solution. Writing
=" (5.238)
in both representations the result is
e = T3 (5.239)

O

In the Weyl representation, charge conjugation swaps the upper/lower two components of
the Dirac spinor, which is equivalent to swapping the left/right chiral components; this latter
observation is true independently of the representation.

Exercise 5.29. Verify explicitely that (¢), = (¢1)" and (¢°), = (¢¥g)".
Solution. The simplest way is in Weyl representation, where charge conjugation is

Vi
1C - ?fllj\:'—'; =S
e = e 5.240
o= | T (5210
2
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and

b 0
_1—’}'5_'_ o N Tesie SO B0 E -
P = 5 P = 0 VYR = 2 U= s (5.241)
0 4
O]
SO
0 (0K
o 0 I P — 3 =
We=| " =@ ad @, = | T =@
(12 0
(I 0

In the following we shall use the convention that

vp=Wr)" and  ¢f = (Pr)°

so 1§ is a right-handed, while 1§, is a left-handed spinor.

This observation makes it possible to introduce another type of mass term, called the Majorana
mass term. Note that Lorentz invariance requires that the mass couples left-handed components
to right-handed and vice versa, as manifest in writing the Dirac mass term as

mppt = mp (bripr + VriL) (5.242)
in terms of the chiral components
L+
YR = 5 5-1,[: :

Since the charge conjugate of a left-handed component is right-handed and vice-versa, Lorentz
invariance also allows for the Majorana mass terms

1 — _
oML (L/z'i’l/»‘L + ’4/»‘1,'7,191',)

1 _ _
5Mn (d/‘j}_ﬂf‘ﬁ + 'E/J'RTJ/';{) (5.243)

Exercise 5.30. Compute the terms % bp and @djgexplicitcly in Weyl representation.

Solution. We have

U 0
.'_1_?5 — L/"Z ahe — 0 = V¥
¢L - 9 Y= 0 71[’1_, - _7.,[55 (‘)244)
0 Vi
from which we can write
Uy
— c 0 1 X ) ¢
U5 = () yorpr = (00 —v2 ) ( Lo %2 ) Q/{;E (5.245)
0
0
0
= (U 0 —s '7,1’1) " = =t + P12
1y
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While this naively seems to vanish, it must be remembered that fermions obey anticommutation
relations, so the two terms are actually equal! Similarly

0 77/,'1
L+ 0 . —3
hp = W = he, = . 5.24
Q/}H, 2 71[ _77/)3 (d R 0 ( ) 6)
Yy 0
leads to -
YRR = Va3 — Y3t (5.247)
We note that the Dirac mass term has the form
Ui = Yl + Ylpe + i + Ylva (5.248)
O

Note that under a U(1) transformation ¢» — ¢ "*¢ the Dirac mass term is invariant, while the
Weyl mass terms transform as

Y5 — e HYSYy, PR — € YGbnR (5.249)
with their Hermitian conjugates transforming as
TLVS - eTOULYS  TRvh - ¢ TRy (5.250)
For a Majorana fermion we have
vy =vr and Yp=ir

so for a Majorana fermion the Dirac mass term is just a special case of (5.243) with mp = my = mg.
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6 Weak interactions

Since the electromagnetic interaction is already familiar from undergraduate studies, we first in-
troduce the weak interactions which led to the discovery of the neutrino.

6.1 Beta decay and the neutrino

In 1911, Lise Meitner and Otto Hahn measured the energy spectrum of electrons emitted in a 3
decay, and found a wide distribution. This was unexpected as it seemed to contradict energy and
momentum conservation. Imagine a nucleus N at rest decaying as

N —= N +e (6.1)

By momentum conservation, the daughter nucleus and the electron would have opposite momenta
p and —p, and energy conservation implies

my = /m2+ p? + \/ﬂ’liy + p? (6.2)
which has a unique solution for the magnitude p. Therefore the energy /m? + p? of the emitted

electron should be sharply defined. Instead, the distribution of the electron kinetic energy looks
like this (taken from a later historical measurement of the decay of 21Bi):

3L F.A.Scott, Phys. Rev.48,391 (1935)

| | -
y 3 12 I 20 10*

V electron volts)

F1G. 5. Energy distribution curve of the beta-rays.

The spectrum is obviously very wide. There is a maximum value for the electron kinetic energy,
but otherwise it has a continuous distribution. The explanation for this was provided by Fermi
in 1933, who developed an earlier suggestion by Pauli that there should be a third decay product.
Fermi called this new particle the neutrino (Italian expression for a small neutral particle). The
mass of this particle can be determined from the way the distribution approaches zero at the
maximum energy, i.e. from the behaviour of the spectrum at its endpoint; at present the direct
searches for the neutrino mass in beta decay put an upper limit of about 2.2 ¢V, but there are
several proposed experiments planning to improve upon this.
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The particle hypothesised by Fermi is today called the anti electron neutrino, and the full
equation for the beta decay takes the form:

N — N +e +ue (6.3)

The simplest assumption at the time was that this was a zero mass, neutral fermionic particle.
The fact that the spin of the neutrino was half-integer followed from considering the spins of the
initial and daughter nucleus, and imposing angular moment conservation. The simplest assumption
consistent with all empirical data was that this new particle has spin 1/2; and that it does not
participate in the electromagnetic and strong interactions. For a free neutron, the decay

n—p +e + (6.4)

has a lifetime of around 15 minutes, from which one can derive the strength of the interaction
responsible for the process. Such a long lifetime as opposed to typical electromagnetic transitions
or strong interaction processes points to a very weak coupling, hence the name “weak interaction”.

6.2 Parity violation
6.2.1 Parity symmetry

One of the greatest surprises of modern physics is the discovery that Nature distinguishes right
and left handed objects, or putting otherwise, a physical process does not necessarily occur with
the same probability as its mirror image. In any given reference system, parity corresponds to the
spatial reflection

T— -7 (6.5)

The corresponding element of the Lorentz group is

10 0 0
0 -1 0 0

=10 0 -1 o0 (66)
00 0 -1

and (provided it is a symmetry) it is represented on Hilbert space by a unitary operator P. Spatial
reflection reverses momentum, but keeps angular momentum, so a particle state with momentum
p and spin z-projection o satisfies

Plp)e =1l — D)o (6.7)

where 77 = +1 is called the internal parity (in principle it could depend on o, but using Lorentz
invariance it can be shown to be independent of both p and o). Under the composition rules of
group representations, the transformation of multi-particle states is then

’P|}6‘11 e ?13;’:.>01..,cr,1 =Mm... r"’;"rfr.| - ﬁl: ey _ﬁ;i>arl,..crn (68)
Now let us assume the initial state is an eigenstate of parity i.e.
Plw(0)) = £[¥(0)) (6.9)
If the dynamics is parity invariant, i.e. the Hamiltonian H commutes with P

[H,P] =0 (6.10)
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the time-evolved state _
[W(t)) = e 0 (0)) (6.11)

has the same parity at every instant ¢:
PlU(t)) = +U(t)) (6.12)

As a result, parity even/odd states evolve into parity even/odd states, respectively. It had long
been assumed that parity is conserved in Nature; electromagnetic and strong interactions indeed
conserve parity.

For some particles, n must be chosen as a matter of convention. It turns out to be enough to
choose the internal parities of electrons, protons and neutrons: the convention is n = +1 for all
of them. The rest follows from considering electromagnetic and strong interaction processes. For
example, to determine the parity of 7~ one can take the strong interaction process

7+ D —2n° (6.13)

where D is the deuteron. It is known that the deuteron has orbital angular momentum L = (
and total spin Sp = 1. The parity of the orbital wave function is (—1)* = 1 while the spin wave
function is a triplet made up of two 1/2 spins, which is also symmetric and therefore even. As a
result the deuteron’s total parity is

The two neutrons in the outgoing state have total spin S = 1 due to spin conservation (which
is valid because of the reaction being essentially non-relativistic), i.e. their spin wave function is
symmetric. However, Pauli principle implies that this is only possible if the spatial wave-function
is odd i.e. (—1)¥ = —1. So the total parity of the outgoing two-neutron state is odd

Mon = -1 (615)
From the conservation of parity
Na= 1D = T2n (616)
and so
.- =—1 (6.17)

In fact, isospin symmetry (cf. Section then implies that all the pions are odd under parity
i.e. they all have n = —1. Similarly, all kaons have n = —1, a result consistent with flavour SU(3)
symmetry discussed in Scctionm

Another interesting case is that of the photon. Since it is possible to have atomic electromag-
netic transitions emitting/absorbing a single photon that change the total orbital momentum L
by one unit without changing the spin, the photon must be odd under parity:

7, = —1 (6.18)

6.2.2 The ¢ — 7 puzzle and the proposal of parity violation

As data on hadrons started piling up in the 1950s, a curious phenomenon was observed by Dalitz
and Fabri in 1953. It was found that there existed two particles with exactly the same mass, charge
and other measurable physical parameters. However, one of them decayed as

0 — xt + 70 (6.19)
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and the other one as
Tt 4+ 4+ a° (6.20)

The two end states have opposite parity, so if parity was conserved these two particles had to be
different. However, all their other physical properties were found to be the same. It was also clear
from their lifetimes that the decay proceeded via weak interactions.

In 1956 Lee and Yang suggested that the two particles were identical to each other; in fact,
both of them was the same as the K meson. However this implies that weak interaction cannot
conserve parity; Lee and Yang therefore suggested an experiment to test this directly in radioactive
A decay, which was performed in 1957 by Wu.

6.2.3 The Wu experiment and neutrino chirality

The experiment performed by Wu was based on the decay sequence of cobalt-60:

2Co — NI +e 47,
<5 ONi + 24 (6.21)

The result of the -decay is an excited state of the nickel nucleus, which then decays by emitting
two gamma rays. Cooling the cobalt sample to near absolute zero and applying a strong magnetic
field the nucleus spins can be aligned. The experiment is shown in Figure Thc presence of
photons is important as a cross-check since they are produced by electromagnetic interaction which
preserves parity. Wu'’s experiment compared the distribution of gamma and electron emissions
with the nuclear spins in opposite orientations. If the electrons were always found to be emitted
in the same direction and in the same proportion as the gamma rays that would mean that weak
interactions conserved parity just as electromagnetism. A difference in the direction of decays
would establish that weak interaction violated parity.

Wu found that the v rays were emitted asymmetrically, 60% in the vertical while 40% in the
horizontal direction. This establishes that the cobalt sample is spin polarised, and it is invariant
under switching the direction of current in the solenoid which flips the spin direction; this is due to
the parity invariant nature of electromagnetic interactions. On the other hand, switching the dir-
ection of the nuclear spin flips the distribution of electrons which are always emitted preferentially
opposite to the nuclear spin, with a 70%-30% asymmetry.

Figure illustrates that parity symmetry would imply that the electrons should have no
preference to be emitted either to the half space in the direction or the half space opposite to the
spin direction. This is a simple consequence of the electron momenta changing sign with parity, in
contrast to the nucleus spin which is invariant under spatial reflection. So the fact that electrons
are preferentially emitted opposite to the nuclear spin violates parity!

Lee and Yang showed that the violation observed by Wu is mazximal, and it is connected to
neutrino chirality. Those times neutrinos were believed to have zero mass. For a zero mass particle,
the projection of its spin on the direction of its momentum (called helicity) is Lorentz invariant.
For neutrinos it means that they could come in two chiral versions, called Weyl fermions (cf.
Section. However, it turns out that anti-neutrinos emitted in beta decay are all right-handed
i.e. they are spinning in the direction of their momentum, corresponding to negative chirality for
the Weyl fermion.

UDrawing from Wikipedia By Pen88, with English translation by Stigmatella aurantiaca - Derived from Wu-
Experiment _wikipedia by Pen88 on the German Wikipedia, substituting the German legends with English legends.,
CC BY-SA 3.0, https://commons.wikimedia.org/w/index.php?curid=29895892
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Figure 6.1: The Wu experiment (picture from Wikimedia Commons, available at
https://en.wikipedia.org/wiki/File:Wu-Experiment  (English).png)
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Figure 6.2: The left hand side shows an electron emitted in the half space opposite to the spin. On
the right hand side the situation is the parity image of the left one with the centre of transformation
being the intersection point of the dotted lines. Note that the direction of rotation, and therefore of
the spin, is the same, while the electron is now emitted in the other half space. If weak interaction
was parity invariant, the probability for both processes would be the same, therefore the total
probability of electrons emitted in both half spaces should agree.
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This fact alone violates parity, since under spatial reflection a right-handed anti-neutrino would
turn into a left-handed one (note that parity P reverses momentum, while leaving spin invariant).
Therefore the reflected version of the beta decay simply does not exist: this is the reason why
parity violation is maximal (a non-maximal case would be when the reflected process exists, but
proceeds with a different probability). Conservation of momentum and angular momentum results
in this asymmetry to be reflected in the electron distribution, and the asymmetry Lee and Yang
obtained from this model matched the one observed by Wu. For the description of violation of
parity conservation in weak interactions Lee and Yang were awarded the Nobel Prize in physics in
1957.

Direct evidence for neutrino chirality was obtained by Goldhaber, Grodzins and Sunyar in 1957.
They considered the radioactive decay

P2Eu+ ¢ — P2MSm + p, —» 928m + Y+ Ve (6.22)

which proceeds by capturing a K shell electron. Now it turns out that angular momentum con-
servation makes the helicities of the outgoing neutrino and gamma photon correlated. Helicity is
defined as the projection of the spin on the direction of the momentum of the particle:

S. P
X = —

1]
Recalling the result (5.187) and its discussion, for a positive chirality Weyl fermion the particle
has positive helicity (y = +1/2) while the antiparticle has negative helicity (y = —1/2), with the
opposite assignment for negative chirality. From nuclear physics it is known that the *2Eu and

1%28m nuclei have spin 0, while the %2Sm nucleus has spin 1. As a result, there are the following
possibilities for spin projections along a reference directions:

(6.23)

2By + e — ¥Sm + oy, — ¥2Sm + v 4+
0 +1/2 +1 -1/2 0 +1 -1/2 (6.24)
0 ~1/2 -1 +1/2 0 -1 412

which shows that the direction of the photon and neutrino spins are always antiparallel to each
other. If one can select the cases where the neutrino and photon are emitted back-to-back, the
helicity of the photon would be the same as the helicity of the neutrino. Selection of these cases
is possible due to the fact that the Sm nucleus suffers a recoil from neutrino emission, and sub-
sequently the photon suffers a Doppler shift from the moving nucleus, in addition to losing some
of its momentum due to the nuclear recoil. Now the energy of the neutrino is 840 keV, while
the photon energy is 961 keV in the laboratory frame; when the photon and neutrino are emitted
back-to-back, the Doppler shift and the recoil effect compensate each other sufficiently well so that
the outgoing photon can be absorbed by a separate '°2Sm scatterer. Selecting those events in
which photon reabsorption happens, one can make sure the neutrino was emitted in the direction
opposite to the photon.

The photon helicity corresponds to light polarisation and can be measured using Compton
scattering on polarised electrons, which were provided by magnetised Fe surrounding the Eu source.
The photons themselves were detected using a Nal scintillation counter; the experimental setup is
shown in Fig

The photon polarisation measured this way is in one-to-one correspondence with the neutrino
helicity, and the result for the latter was:

Xo=—-1.0£0.3 (6.25)

concluding that neutrinos are indeed left-handed.
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Figure 6.3: The setup of the Goldhaber-Grodzins-Sunyar experiment.

From: M. Goldhaber, L. Grodzins and A. W. Sunyar, Phys. Rev. 109 (1958) 1015.
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6.3 (P violation
6.3.1 CP symmetry

Once parity P is violated, it is an interesting question whether some other combination is pre-
served. Indeed, the weak interaction model built upon four-Fermi interactions that is discussed in
Subsectionprcservcs the combination C'P where (' is charge conjugation that swaps particles
with their anti-particles while leaving their momenta and spin invariant:

Clpin)e = &ulpin)s (6.26)

where n denotes the species of the particle and n° is the corresponding anti-particle species. As a
result, antimatter has opposite chirality compared to matter, and an “antimatter Wu experiment”
would result in just the opposite result: the positrons produced by the anti-cobalt nuclei would fly
preferentially in the direction of the nuclear spin.

C'P symmetry works even for chiral neutrinos, since the C'P image of a left-handed neutrino
is a right-handed antineutrino, exactly as it should be for a Weyl fermion of negative chirality.
Indeed, after the discovery of parity violation C'P symmetry was still consistent with all observed
weak (and also electromagnetic and strong) processes, until a famous experiment performed by
Cronin and Fitch in 1964.

6.3.2 The Cronin-Fitch experiment

The first observation of C'P violation happened for neutral kaons that are charge neutral. However,
they have a charge called strangeness that is conserved under strong interactions, and therefore
the particle and anti-particle are different. Denoting them K° and K°, these two states are related
by C'P symmetry:

|KY) = CP|K") (6.27)

Now if C'P is a symmetry of the Hamiltonian, it is expected that energy ecigenstates are also
cigenstates of C'P. Indeed, there exist two neutral kaon states in Nature, one of them has a short
lifetime 7¢ =~ 9 - 107! s, while the other is noted for its “longevity™ 7, ~ 5.2 - 107%s. They have
the following main decay routes:

+ —
T 47
K% —
s {ﬂ'” + 70
7+ e + 1./,

0 7+ uF + /v,

K 6.28
b at + 7~ + a0 (6.28)
70+ 70 + 70
The pionic decay routes imply that K2 has CP = +1, while K has CP = —1, so one can write
them as
1 _
K% = —(|K" +|K"
- ]' - a I
K2 = — (1K)~ |K%) (6.29)

Sl

2
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Cronin and Fitch prepared a beam of hadrons by colliding 30 GeV protons from the AGS (Altern-
ating Gradient Synchrotron, Brookhaven) with a fixed target, obtaining a beam of neutral particles
at angle 30° removing charged particles with a sweeping magnet and led collimators. This leaves
a beam consisting of neutral kaons: other neutral particles, such as 7° have a very short lifetime
and decay almost immediately, and not even the A” would make it through the beamline with its
lifetime of about 2.6- 107! s and decay products n + 7% or p+ 7w ~. After propagating around 17.6
meters (57 feet), the beam consists purely of KV, the K2 component having long decayed even
after accounting for relativistic time dilation effects. To their surprise, they observed that for one
in every 500 decays, the K ended up in a two pion end state, clearly violating C'P symmetry.

Exercise 6.1. Compute the fraction of K§ remaining in the beam using the lifetime 75 and
assuming a speed v = 0.997¢.

Solution. At the speed given above the time dilation factor is
v=(1-v/cA)1? = 12.92 (6.30)

corresponding to kaons of energy
E = 'm;\’CQ“J(' ~ 6 GeV (631)

The time dependence of the number of K¢ is then given by

Ns(t) = Ng(0)e /s (6.32)
which translates into a spatial dependence

Ns(x) = Ng(0)e~*/ts (6.33)

with the attenuation length
Eg =UYTsg = 0.35 m (634)

So, after propagating 17.6 meters, the number of K% is depleted by a factor
e 1TO/035 14107 (6.35)
therefore there are no Ko at the end of the beamline. For K the attenuation length is
I, = vy, ~ 200 m (6.36)

which is an order of magnitude longer than the beamline. These numbers show that the observed
1/500 branching ratio of two pion decays cannot be explained by a residual fraction of K% present
at the end of the bcamlincﬂ O

2Here we remark that C'P violation was so unexpected that while the measurement result themselves were not
questioned as the experiment itself was considered accurate and professionally done, alternative explanations were
sought for the experimental results for quite some time. An important confirmation for the interpretation of the
experimental results as C'P violation came from the observation of quantum interference between the 2-pion decays
of K% and K9, using the fact that K2 can be regenerated from K9 by scattering on a material (Cronin and Fitch
used beryllium for this purpose). Such interference can also be used to measure the tiny difference between the
masses of K& and K7, resulting in a mass difference 1071 times smaller than the masses themselves. The interested
reader is invited to consult e.g. M.S. Sozzi: Discrete Symmetries and CP Violation: From Experiment to Theory,
Oxford University press, 2008, pp. 244-249.
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There is also a way to see C'P violation directly in the decays of the K meson by comparing
the probabilities for the decays

Yy ey =
K —» {’”_ e T (6.37)
T+ et 1,

C'P symmetry transforms an end state with an electron into one with a positron and vice versa;
it also changes the signs of momenta, but after summing up the end states the total probabilities
of the two decays should be the same if C'P holds. However, the experimental result (measured in
1999) is that the decay to the positronic state is more frequent by an amount of 3.3 x 1072, This
tiny difference, however, has a huge implication: matter and antimatter are really different, since
they are distinguished e.g. by K decays!

By now, C'P violation was observed in the decays of other mesons as well; a more detailed
discussion of the mechanism of C'P violation can be found in Section m For the original
discovery of C'P violation, Cronin and Fitch received the Nobel prize in 1980.

6.4 CPT, matter and antimatter

There is another important discrete symmetry corresponding to the direction of time, which is
called time reversal and denoted by T'. It is represented by an operator 7 on the Hilbert space
which acts on particle states as follows:

TIPn)e = Gu(=1)""7| = Pin) o (6.38)

where (,, is a phase factor, s is the spin of the particle, and ¢ denotes its projection on some
chosen direction in which we label the spin states in our basis of the Hilbert space. Part of the
above formula is obvious since time reversal changes the signs of both the momentum and angular
momentum (therefore also of the spin), while the factor (—1)* can be obtained by considering
constraints resulting from representation of spatial rotations on the state.

An interesting property of the operator 7 is that while it keeps the scalar product invariant
(as any symmetry should), it is not a proper linear operator. Indeed, let us suppose that the
Hamiltonian is time reversal invariant, i.e. it commutes with 7. Then if 7 were a linear operator
it would map the time evolution operator onto itself:

TeHtT-1 _ il (6.39)

which is not correct since it should change the sign of t. However Wigner’s theorem (cf. Thm.
3.1) allows for symmetries represented by anti-unitary operators satisfying

T(al®)) + BT3)) = " T| W) + BT, (6.40)
In this case
Ti=—iT (6.41)
S0
Te—thT—l — eiﬂt (642)

which is the correct relation. Note that due to anti-linearity of 7 the phase (,, has no physical
meaning, and so there is no “time parity”. This can be seen by redefining the phase of the state
by introducing new one-particle states as

P.n), = MalPin)e (6.43)
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Now
TIE, Y, = NoTIBn)e = NoGo(—1)* 7 = Bin) o = XA (=) = Fim) ., (6.44)
So in the new basis the time reversal phase for the particle species n is
G =M G (6.45)
which can be set to unity by choosing the phase redefinition as

A =Gl (6.46)

(the choice of the sign of the square root does not matter).
It turns out that the following so-called C'PT theorem holds (cf. also Section|10.9):

Theorem 6.2. (CPT) In any local relativistic quantum theory with a self-adjoint Hamiltonian,
CPT is an exact symmetry.

For the notion of locality, which is necessary for consistency between special relativity and
quantum theory, cf. Section The proof of this theorem is quite lengthy and involves a deep
understanding of representation theory of the Poincaré group. Since according to our present state
of knowledge, the fundamental principles involved in the assumptions of the theorem are known
to hold to a very high degree of accuracy, C'PT is expected to be a symmetry of all particle physics
phenomena.

A fundamental consequence of C'PT symmetry is that the mass of a particle is exactly equal
to that of the corresponding antiparticle. This is easy to see from

C;DT|ﬁ 'n')cr = nnfnqn(_ 1),«;—0 |ﬁ~ nc) - (647)

Since CPT commutes with the Hamiltonian, the energies of the states |p, n), and |, n®) _, are equal
for all values of p which implies that the masses of the particle and the anti-particle are equal.
CPT symmetry was tested to a very high accuracy in the neutral kaon system by measuring the
mass difference between particle and anti-particle with the result
My — Mg N
Im K| <1071 (6.48)
mg
It has also been tested by measuring the proton-antiproton mass and charge difference, which has
found no difference to a relative accuracy of a few times 107%. The CERN ASACUSA experiment
measured the antiproton-electron mass ratio

T 1836.1526736(23) (6.49)

me

using antiprotonic helium atoms, and the result agrees with the proton-electron mass ratio which
is known to a similar precision:

T 1836.15267389(17) (6.50)

me

(the numbers of parentheses give the error as the magnitude of one standard deviation in the last
two digits).
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Another interesting consequence is that since C'P is violated, so is T', so the fundamental
physical processes are not time reversal invariant. Note, however, that this has no direct relation
to the irreversibility formulated in the second law of thermodynamics.

Furthermore, C'P violation implies that matter and antimatter are truly different, albeit the
violation is small. The difference between matter and antimatter is related to the cosmological
matter-antimatter asymmetry, which is the observation that our Universe seems to consist ex-
clusively of ordinary matter, with antimatter arising only temporarily in high energy processes.
Although it is in principle possible that the Universe is simply “born that way”, it is more plausible
that the asymmetry is generated in a hypothetical process called baryogenesis in the high energy
environment right after the Big Bang. Andrei Sakharov, renown Soviet physicist (who was a polit-
ical dissident and winner of the Nobel peace prize in 1975) showed that this is possible under three
conditions:

e There must clearly exist baryon number violating processes, otherwise every reaction would
produce equal quantities of matter and antimatter. The Standard Model does allow for such
processes to proceed via a high-energy configuration called the “sphaleron”, and most models
beyond the Standard Model involve explicit baryon number violation.

e Baryogenesis must take place out of thermal equilibrium; it is not that uncommon for pro-
cesses in the early Universe to fall out of equilibrium due to the rapid expansion of the
Universe during early times. This is necessary so that reactions generating baryon number
do not cancel with the reverse processes.

e It is necessary to have C'P wviolation, since the whole process requires an asymmetry between
matter and antimatter.

The discovery of C'P violation indicates that a baryogenesis scenario is indeed possible. Although
C P violation is small, it is the case that the asymmetry which must have existed or been generated
at early times is around a part in one billion, making such a scenario not so far fetched. There
are several proposed mechanisms, but as yet no experimentally validated consensus theory, leaving
baryogenesis a fundamental open problem in today’s physics.
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7 Strong interactions

7.1 Isospin symmetry
7.1.1 Isospin for nucleons

The proton and neutron masses are astonishingly close
my, = 938.28 MeV ~ m,, = 939.57 MeV (7.1)

On this basis Heisenberg proposed that the proton and neutron are actually two states of the
same particle, the nucleon and they are no different under the strong interactions. The small
mass difference can be due to the charge of the proton, reflecting energy stored in its electric field.
However, this would suggest that the proton should be heavier, so there must be some additional
source for the mass difference. In any case, one can consider an SU(2) symmetry that acts on the
flavour labels p and n, similarly to the usual spin components of a spin-1/2 particle. In the flavour

basis pz(é) ﬂ:([l)) (7.2)

By the analogy to the case of the spin, this is called an isospin symmetry, denoted by SU(2);. An
SU(2) transformation is a 2 x 2 unitary matrix U with unit determinant

UUT=UU =14  detU =1 (7.3)
Exercise 7.1. Writing _
U=eT (7.4)
show that
T'=T TrT=0 (7.5)
Solution. o
Ul =eT'e™ =1 (7.6)
ie.
Tt _ T (7.7)
so T = T'. In addition _
detU =dete ™™ =M =1 (7.8)
S0
TrT=0 (7.9)
0

Therefore T is a 2 x 2 traceless Hermitian matrix, and any such matrix depends on three real
parameters, and can be written as a linear combination of the Pauli matrices

3
B oy (01 (0 =i (1 0 .
T—k_lckz 01—(1 0) 0'2—(?: 0) 03—(0 _1) (7.10)
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which satisfy the Lie algebra

O 0] . Tm 4
|: 9 §:| = zckhn? (TJ.J_)
A general group element can be parametrised as
U=e 7 (7.12)

while small transformations (close to the identity) can be written as

Tk

I3

U=1—ic— + O(e) (7.13)

This is in fact a concrete realisation of SU(2) as transformations acting in a two-dimensional
Hilbert space. In an abstract (representation independent) notation, the infinitesimal isospin
transformations are generated by three generators I, k = 1,2, 3 satisfying the algebra

[Ik:- Il] = ick!r'}'afm (714)

The nucleon transforms as an I = 1/2 multiplet, and the two independent states correspond to
Iy =+1/2
p=11/2,+1/2) n=11/2,-1/2) (7.15)

In this basis, the generators are represented by the Pauli matrices

It is assumed that isospin is a symmetry of the strong interactions, described by a hamiltonian H,:

while the total Hamiltonian is

H = H,+ H, (7.18)

with H, containing isospin breaking terms.

7.1.2 Representations of SU(2) symmetry

In order to understand the consequences of the isospin symmetry, it is necessary to learn how an
SU(2) symmetry works. It is convenient to introduce operators

which satisfy the commutation relations
[IS:I:I:] = Zl:_{:t
I, 1] = 2I3 (7.20)

For any multiplet transforming under SU(2) symmetry, one can introduce a basis of I3 eigenstates

I3lm) = m|m) (7.21)

84



Exercise 7.2. Show that
Iijm) = Cx(m)|lm £ 1) (7.22)

with some coefficients Cy(m).

Solution. The eigenvalue corresponding to I, |m) can be computed by acting with I3 and using
the commutation relations

LIm) = (LIy + 1) |m) = (m + 1)1, |m) (7.23)

S0

Iim) = Cy(m)lm + 1) (7.24)

The eigenvalue corresponding to I_|m) can be computed as

LI m)=(I_I;—1_)|m)=(m—1)I_|m) (7.25)
k I_|m) =C_(m)|lm —1) (7.26)
L

According to Wigner’s theorem, continuous symmetries must be represented by unitary trans-
formations, therefore the infinitesimal generators are Hermitian, leading to

Il=r1 Il=1I (7.27)
The latter, in particular, leads to the relation
Cip(m) = (m+ 1| (IeJm)) = ((m +1|1-) [m) = C—(m + 1)° (7.28)

Choosing the relative phases of the states |m) properly, one can ensure that all C'y (m) and therefore
also C_(m) are real and positive.

As a result of the Hermiticity of I3, the vectors |m) are mutually orthogonal and can be
normalised as

(m|m") = e (7.29)
This can be used to determine the C', (m) writing the length squared of I |m) as
(mlI_I,[m) = C', (m)’ (7.30)
on the one hand, and as
(m|I_I|m) = (m| (=23 4+ I.1_) |m) = —2m + C_(m)* = —2m + Cy(m — 1)* (7.31)

so the following recursion relation holds:

Now this must stop at some maximum m, otherwise at some point C(m)? turns negative, which
is impossible. Therefore there must be a maximum for m which we denote as 7, such that

Lil7) =0 (7.33)
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l.e.

C.(j) =0 (7.34)
Starting from this it is easy to compute
Ci(m)*=(j—m)(j+m+1) (7.35)
and so
C_(m)*=(j+m)(j—m+1) (7.36)
On the other hand, the same argument can be repeated for I_, leading to a minimum for m as well.
Using the expression for C'_(m) this corresponds to m = —j. However, the difference between j
and —7 must be an integer, leading to
1 . : . :
je=N 1ie j=0,1/2,1,3/2,... (7.37)

2

In conclusion, SU(2) multiplets are given by

|j.'-?n> : m:_J_J+1*3
I'3|.} m) = mlj Tn’)

Li|jm) = /(G Fm)(G£m+1)]j,m+1) (7.38)

In group theory jargon these are called the irreducible representations of SU(2). They correspond
to 2j + 1 dimensional vector spaces on which an action of the generators and therefore the group
is given, and are irreducible in the sense that there is no proper subspace which is closed under
the group action.

One can also compute the so-called quadratic Casimir

. 1 1
P=LF+L+L=1I;+ slel-+ 511 (7.39)

It is easy to verify that
2. 1,] =0 (7.40)

so, in particular I? can be diagonalised simultaneously with I5. Since it commutes with 1., its
cigenvalue is the same for all |[m) in the same multiplet. Therefore

I*[j,m) = C(j)lj.m) (7.41)

and it can be evaluated by considering m = j

. 1 1 , 9 1 ol : » : .
I*|j,m) = (132 + 5l L+ Ef—h) j.m) = (Jz + 5\/23\/23 + 0) lj.m) = j(j + 1)[j,m) (7.42)

S0

ClH) =40 +1) (7.43)

The value of the quadratic Casimir specifies j and therefore characterises the multiplet uniquely.
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7.1.3 SU(2) Clebsh-Gordan coefficients and a simple application of isospin symmetry

Let us consider now states composed of two particles with isospins j; and j2. The question is what
multiplets of SU(2); occur in this two-particle state? This is answered by the composition rule

1@ =l =Gl @ —Jol +1D - ®j1 + 2 (7.44)

which is known from the quantum theory of angular momentum. To illustrate this, consider the
case j; = 1/2 and j, = 1/2. The basis of the full isospin space is

|++) = [1/2,+1/2) ® [1/2,+1/2)

|+ =) = [1/2,+1/2) ® |[1/2,—-1/2)

|—+) = [1/2,-1/2) ® [1/2,+1/2)
)

= [1/2,-1/2) ® |1/2,-1/2) (7.45)
On these states an SU(2) transformation acts as product
e—ick% @ G_ick% (746)

i.e. both spins must be transformed at the same time. Expanding in ¢

% @ e d Z 1 _ e, ({T; ®1+1® J;) +0(e) (7.47)
S0 generators act as
c;“ ®1+1® % (7.48)

This is valid for the product of any two representations, i.e. the action of the generators I, on a

two-fold product is

where 1 is the unit, i.e. one must act on both components and sum the result. For the product of
n multiplets one gets the following action of the generators

®1®---®1+10L® - @1+--+1®---Q1RQI; (7.50)

where in every term the generator acts on precisely one factor in the product and then these are
summed over.
Applying these results to our case leads to

Ll ++) = +1-[++)
Ll+=) = 0-]|4+-)
Li—+) = 0-[-+)
Li——) = —1:]--) (7.51)

It is clear that this space contains a j = 1 and a 7 = 0 representation, but these must be
disentangled. Tt is easy to do this by taking the top vector | + +) and generating the components
of the triplet by action of I_:

L+1) = [+4)

I_|1,+1) V21,0) = |+ =)+ | —+)
2|1, +1) = 2/1,-1)=2| - ) (7.52)
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Now the singlet can be found as the state orthogonal to |1,0):

0,0)= 3 (14 =) = +) (7.5
The end result is that

I1,+1) = |1/2,+1/2) ®|1/2,+1/2)

1 . o _ 1 . )
[1,0) = E|l/2,+1/2)®|1/2:—1/2)+E|1/2_,—l/2)®|1/2,+1/2)
1, -1) = |1/2,-1/2) ®|1/2,-1/2)

1 . R ] 1 ) A\ o |- ‘ 5,
[0,0) = E|1/2,+1/z>®|1/2,—1/2>—ﬁ|1/2,—1/2>®|1/2_,+1/2) (7.54)

The coefficients appearing in these composition rules are called Clebsh-Gordan coefficients. They
are defined from the expansion

g _ JioJ2 7 E g EE
lj,m) = Z ( my m, m ) 1, m1) @ |j2, ma) (7.55)
1,11

Obviously they satisfy that

g2 7\ P P S
( my m, m ) =0 3¢ A= dels ljn = Jol + 1, G+ Jo}
or m # my + my (7.56)

Note that we have just computed the following non-zero Clebsh-Gordan coefficients
1/2 1/2 1\ 1 /2 1/2 1 _q
/2 1/2 1) -1/2 -1/2 -1 )
/2 12 1) _ 1 /2 1/2 1 _ 1
/2 -1/2 0 ) 2 —1/2 1/2 0 ) 3

/2 1/2 0 _ 1 12 12 0\ 1 r
(1/2 ~1/2 0) V2 (—1/2 1/2 0) =75 (7.57)

Exercise 7.3. Compute the Clebsh-Gordan coefficients for 1 @ 3

Solution. Applying the above procedure leads to the results

13/2,4+3/2) = [1,+1)®|[1/2,+1/2)

13/2,+1/2) = %u,ﬂ)@|1/2,—1/2>+\/§|1,0> @ 1/2,+1/2)

13/2,-1/2) = %u_, 1)@ |1/2,+1/2) + \/§|1,0> @ 11/2,—1/2)

13/2,-3/2) = |1,-1)®]1/2,-1/2)

11/2,4+1/2) = \/§|17+1> @ [1/2,—1/2) — %u,_m @ 11/2,+1/2)

1/2.-1/2) = \/§|1,—1> ©11/2,+1/2) — %u,_o) 2 1/2,-1/2) (7.58)
from which the Clebsh-Gordan coefficients can be read off. O
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7.1.4 Yukawa model and the 7 meson

From the study of nuclei it is known that strong interactions only act at short distances. A
characteristic distance can be taken as the sizclzl of the simplest nucleus, the deuteron which is
about 2 fm, or the helium nucleus, which is about 1.7 fm. A short range interaction cannot be
mediated by a massless particle like the photon, since the potential field satisfies the wave equation

OV (x) = f(a) (7.59)

where f is the source. The static potential of a point source then satisfies the Poisson equation

AV(T) = —6(T) (7.60)
which has the solution 1
V(7) = yPE (7.61)

giving a long-distance interaction. However, one may consider an interaction mediated by a massive
field with the equation

(O+p?) V(z) = f(z) (7.62)
or for the static potential
(A - ,u,Q) V(7)) = —=i(7) (7.63)
which has the solution )
e M
V(#) = .64
@ =T (7.64)
Matching the expected range gives
=L 100 MeV/R (7.65)
=S ™ eV /he .65

Based on this, H. Yukawa predicted a mediating particle with a mass around 100 MeV. The
muon () discovered in 1936 seemed to fit the bill with its mass of 106 MeV; however, it was
observed to penetrate solid material easily, excluding its participation in the strong interactions.
High altitude atmospheric observations found the pion (7) in 1947, which turned out to be a true
strongly interacting particle with a mass of around 140 MeV and spin 0, which is created by cosmic
radiation and decays to the muons observed at the surface of earth. For his prediction, Yukawa
earned the Nobel prize in 1949, while C. Powell was awarded a Nobel prize in 1950 for developing
and applying the technique of particle detection using photographic emulsions which lead to the
discovery of the pion. As the tables in Section show, the pion comes as a triplet composed
of 7%, 7¥ and 7, and so it is natural to guess that it is an isospin triplet with I = 1, the three
states being

at=11,+1) 7’ =1,0) 7 =11,-1) (7.66)

Now the interaction proceeds by pion exchange, which makes sense from the isospin point of view,
since the 1/2 isospin representation of the nucleon can be found in the product of a 1 representation
of a pion with a 1/2 of the nucleon (cf. Exercise .

Since the elementary process consists of pion emission with the nucleon preserved (except for a
possible change of its state between a proton and a neutron), nucleons do not disappear or created

13Here size is taken as the rms charge radius.
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during this interaction. In addition, nucleon number is also preserved during the $ decay. This
leads to the concept of a conserved charge called baryon numbe or baryon charge B: baryons
(like proton and neutron) have baryon charge +1, antibaryons (like antiproton and antineutron)
have baryon charge —1, and mesons (like the pion) have baryon charge zero. Notice that the
electric charge of the hadrons considered so far (nucleon and pions) can be written as

_ B
Q=1I+7 (7.67)

We now consider a simple application of isospin symmetry. Consider the isospin space of the
two-nucleon system, which can be decomposed as

11, +1) = |pp)
1 1
11,0) = E|pn>+ﬁlnp>
I1,—=1) = |nn)
0,0) = — ! (7.68)

7 pn) — ﬂlnm

It is important to note that the above decomposition implies that the deuteron can only be an
isosinglet state, otherwise there would exist a pp and an nn bound state as well.
Next, consider the following three scattering processes:

(a): p+p — d+7"
B):p+n — d+7°
(¢):n4+n — d+7° (7.69)

The strong Hamiltonian preserves the isospin, therefore
(I,I;]H | I'. I;) =0 whenever either I # I' or I3 # I, (7.70)

Now the end state is an isotriplet, so the only component of the initial state contributing to the
process is the isotriplet. Therefore the amplitudes for these processes have the ratio

1
Mg My M. =1: —:1 7.71
f, - (x.1)

Neglecting isospin breaking effects (such as the proton-neutron mass difference) the processes are
otherwise the same, and since transition probabilities are squares of amplitudes, their cross-sections
have the ratio

Opi0p:0.=2:1:2 (7.72)

Process (c) is hard to perform experimentally, but (a) and (b) have been measured, and when
corrections are made for electromagnetic effects, they are indeed found to satisfy the above relation.

We remark that the decomposition studied in exercise can be applied to pion-nucleon
processes; the interested reader can find the calculation in Section 4.3 of D. Griffiths: Introduction
to Elementary Particles, Wiley-VCH, 2008.

YStrictly speaking, so far it would only be “nucleon number”, but by the time the principle was proposed it had
also been observed in processes involving other baryons.
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7.2 Strangeness and hypercharge

With the pion found it seemed that the theory of strong interactions was complete. However, this
did not last long: in December of the same year new strongly interacting particles were found,
and the list of such particles kept extending during the next decade. In addition, many of these
particles were “strange” in the sense that they were only produced together, but they decayed to
the good old nucleons and pions. For example, these new particles, called K mesons and hyperons
were produced in reactions like

7 +pt = Kt4+%
7 +pt = K4 X0
™ +pt = K°+A (7.73)

but never in reactions like

7 4+pt > a4+
S K°+n
7 +pt = 7+ A (7.74)

Since these processes had cross sections typical of strong interaction, it became clear that strong
interaction conserved an additional quantum number called strangeness and denoted by S. To fix
conventions, the strangeness of K+ was chosen to be +1, and the quantum number of all other
particles can be assigned by considering the allowed processes. This resulted in the following tables:

Spin-0 mesons

Particle | Q | S | B | I I3 | Rest mass (MeV) Mean lifetime (s)

T +1] 0 |0 1 1 139.57018 4 0.00035 | (2.6033 + 0.0005) - 10~®

T 1] 0 |0 1 -1 139.57018 4 0.00035 | (2.6033 + 0.0005) - 10~®

0 0] 001 0 | 134.9766 + 0.0006 (8.524+0.18) - 1017

n 0100 O 0 | 547.862 +0.018 (5.02+0.19) - 10~

KT TT (4110 [1/2] +1/2 [ 493.677 £0.016 (12330 £0.0021) - 10°°

K 110 [ 1/2] —1/2 [ 493.677 £0.016 (12330 £0.0021) - 10°°

KO 0 [F110 [1/2]=1/2 [497.614 £ 0.024 (8954 £ 0.004) - 10T (K0)°
i 0 | —1]0 [1/2]+1/2]497.614 £ 0.024 (5.116 & 0.021) - 105 (KY)
n/ 0 0 107] 0 0 957.78 = 0.06 (3.324+0.15) - 10~

*Note: for the neutral kaon, the states with definite lifetime are the S and L combinations of K° and K°.

Spin-1 mesons

pt +1] 0 |0 1 1 | 775.114£0.34 (4.4140.02) - 10~
P~ -1]10]0] 1 -1 | 775114+ 0.34 (4.4140.02) - 10~
o’ 0[0]0]1 0 | 775.26+0.25 (4.45+0.03) - 10~
w 0]JoJo]| o0 0 | 782.65%0.12 (7.754+0.07) - 107 %
K +1 [ +1]0 [1/2]+1/2[891.66 = 0.026 (3.26 £ 0.06) - 10~
K* 1 -1]0[1/2]—-1/2]891.66 % 0.026 (3.26 £ 0.06) - 1023
K0 0 [ +1]0[1/2]—-1/2]895.81£0.19 (1.39+£0.02) - 10~%
K0 0 |-1]10][1/2]+1/2]895.81+0.19 (1.39+£0.02) - 10~%
@ 0] 0[0] O 0 [1019.461 £0.019 (1.544+0.01) - 10~
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Spin-1/2 baryons
Particle | Q | S | B | I I3 | Rest mass (MeV) | Mean lifetime (s)
P +1] 0 [ 1 ]1/2]+1/2|938.272046(21) Stable
n 0] 0 |1 ]1/2]—-1/2]939.565379(21) 880.0 £ 0.9(free n)
AD 0O [-1]17]0 0 [ 1115.683 £0.006 | (2.632+0.020) 10"
»F +1 -1 1] 1 | +1 [1189.37+0.07 (8.018 £0.026) - 10~
>0 0 [-1]1] 1 0 | 1192.642+0.024 | (74£0.7)-10° %P
»- 1111 —1 [ 1197.449 +0.030 | (1.479+0.011) - 10~
=0 0 | —2]1]1/2] 1/2 [1314.86+0.20 (2.90 +0.09) - 1010
= 1] =21 [1/2]-1/2|1321.71 £0.07 (1.639 +0.015) - 10~ *°
Spin-3/2 baryons
AT +2 10 |1 ]3/2]+3/2|1232+2 (5.63 +0.14) - 10~
AT +1 ] 0 [ 1 ]3/2]+1/2|1232+2 (5.63 +0.14) - 10~
AP 00 |1]3/2]-1/2]1232+2 (5.63 £0.14) - 101
A~ —11 0 [ 1]3/2]-3/2]1232+2 (5.63+£0.14) - 101
yrF +1]-1]1] 1 +1 | 1382.8+04 (1.839 +0.0041) - 10~ 23
»*0 0 [-1]1] 1 0 [1383.7+1.0 (1.83 £0.25)- 1072
- 1111 —1 [ 13872405 (1.671 £ 0.089) - 102
=*0 0 | —2|1[1/2|+1/2]1531.80 £0.32 (7.23+0.40) - 10 %
== —1 =21 1/2]-1/2]1535.0£0.6 (6.6E£1.3)-107%
0~ —1]-3[1] 0 0 | 1672.45£0.29 (821 £0.11) - 107X

Note that antibaryons are not listed in these tables; their table can be obtained by simple
charge conjugation (i.e. setting all their charges —1 times the charge of the corresponding baryon,
and leaving their mass and lifetimes the same).

Strong decays of the lightest strange particle are forbidden by conservation of strangeness; there-
fore they decay via weak interaction, e.g.

Kt
K"

AO
3 +
s+

at + 7
,u..”L—i—vJLE
pt+ 7T
pt+ 0
— n+w"

L Ll d

(7.75)

and have notably longer lifetimes than particles for which strong decay channels are allowed, such

as e.g.

the A family of resonances that can decay into nucleons plus pions, or heavier strange

particles which can decay to lighter strange ones plus pions. We remark that the lifetime of X°
is neither typical of weak, nor of strong decays, which is explained by its decay to A"
electromagnetic interactions, which violates isospin conservation, but conserves strangeness, and

is therefore allowed.

Note that the the relation (7.67) can be extended to all the above hadrons as

where

is the so-called hypercharge.

. Y
Q:Is‘f'a
Y=B+S
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7.3 The SU(3) quark model
7.3.1 The SU(3) group

With all these hadrons around, the natural question is whether there is any principle to classify
them. It is natural to identify the following groups:

e 9 spin-0 (scalar) mesons,
e 9 spin-1 (vector) mesons,
e 8 spin-1/2 baryons,

e 10 spin-3/2 baryons.

Is there a symmetry which has exactly these irreducible representations (multiplets)? Note that it
should contain isospin symmetry SU(2); as a subgroup, and it must also have another generator
corresponding to strangeness, or in view of , the hypercharge Y. The hypercharge generator
must also commute with the isospin so that /°, I3 and Y are simultaneously diagonalisable and
can therefore be simultaneously assigned to hadrons as quantum numbers.

The simplest such extension is given by the special unitary group SU(3) composed of 3 x 3
unitary matrices U satisfying det U = 1. Following the same reasoning as for SU(2) in Subsection
the generators of SU(3) are traceless Hermitian 3 x 3 matrices of which there are exactly 8
independent, called the Gell-Mann matrices. They are named after M. Gell-Mann who proposed
the SU(3) classification of hadrons with Y. Neeman, modifying an earlier idea by S. Sakata and
have the form:

010 0 —1 0 1 0 0

M= 100 =7 0 0 A= 0 —1 0
000 0 0 0 0 0 0
00 1 00 —i 000
1 00 i 0 0 010
00 0 1 -1 0 0
0 i 0 3\ o o0 2

They satisfy
TI‘/\k/\,_r = 25“ (779)

By convention, the generators of the fundamental representation are taken as

Ak

. (7.80)

The isospin is identified with the two-dimensional subspace spanned by the first two basis vectors,
so k =1,2,3 correspond to I,k = 1,2,3. The third component is an isospin singlet, since SU(2);
acts only in the first two.

Any SU(3) group element can be written as

Ule) = e "% (7.81)



where €, a = 1,...,8 are real parameters; the identity element corresponds to ¢* = 0.

The generators satisfy the Lie algebra

/\k )\! . ekl /\m -
ML I m 7 89
[2’2] LR (7.:82)

where f}i"““ are the structure constants, which are clearly antisymmetric in their first two indices:

— ‘:ik'm (783)

skl
3

However, even more is true due to the “orthonormal” choice of basis of generators according to
(7.79). To see this, note that the structure constants can be expressed as

kel 5. k 1 m )
3 tir ( |: (2 1 {2 ] (2 ) ( )

Exercise 7.4. Using ll show that

Skir'n. (785)
is totally antisymmetric in all its indices.

Solution. This follows from the cyclic property of the trace:

Tr AlA-g . An =Tr A-g . AHA] (786)
Explicitly
A A A
klm g k I m
— T a
3 zr( 2'2] 2)
. /\k /\1' )\m . /\1' )\k )\m
= =T — 2iTr [ —
3r(22 2)+ zr(22 2)
C (P g (e
2 22
/\m /\k /\.E
L D
zr([2 2 2)
— :;'n.k! (787)

So fkim is invariant under cyclic permutations of indices, and antisymmetric in the last two, from
which it follows that it is totally antisymmetric. ]

Exercise 7.5. Compute fm.

Solution. Due to the complete antisymmetry, it is enough to compute only the case k < [ < m,
which can be performed using (7.84). The non-zero structure constants are

123 _ 4 147 _ 4246 _ 257 _ 345 _ 4156 _ 4367 _ L

3 = 3 Sl =l =l =T = =y

s gors _ V3 (7.88)
3 — J3 - 2 N
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Denoting the abstract generators of SU(3) by 7,, and the defining representation by 3, repres-
entation of the generator T, in 3 is given by the Gell-Mann matrices:
Aa
R3(T,) = 5 a=1,...,8 (7.89)
If U is an element of SU(3), then R3(U) = U* (where the star denotes complex conjugation) forms
a representation:

R3(U1)R3(Uz) = R3(U1U>) (7.90)
and using ll the generators are represented in 3 as
A
Ry(T,) =~ (7.91)

with the upper index 7' denoting matrix transposition.

Another important representation is the adjoint representation (denoted by 8) which is a rep-
resentation of the Lie algebra on itself (as a vector space) given by the transformation of the
generators following from the commutators

adj(T,) X = [T,, X] (7.92)
where X = ¢*T“ is a generic element of the Lie algebra with ¢* € C. For group elements U this
representation is given by

z — UzU' (7.93)
where
Aa
T = (’“7 (7.94)

is the matrix representing the Lie algebra element X in the defining representation 3.

Exercise 7.6. Show that adj is really a representation of the Lie algebra i.e.
[adi(T.), adi(T})] = adj (T2, T3]) = if“adj(T.) (7.95)

and compute the matrix of the generator in the adjoint representation in the basis 7.
Hint: use Jacobi’s identity

A, [B,C|]+ [B,[C, Al + [C,[A,B]] =0 (7.96)

Solution. Putting A =T,, B =T, and C' = X gives

(T, [Ty, X|] + [Ty, [X, T.]] + [ X, [To, T3] = 0 (7.97)
which can be rewritten as
[Ta, [Ty, X]] = [Tb, [To, X]] = [[Ta, Tb], X] (7.98)
i.c. exactly
[adj(T,), adj(T})] (X) = adj ([To, T3]) (X) (7.99)
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for every X. Using

(T, Ty] = if*T. (7.100)
and linearity of adj gives
[adj(T.), adj(T3)] = i f**adj(T:) (7.101)
Now writing X = ¢’T}, one obtains
adj(T,) X = [T, T = if™ctT, = T, (7.102)

i.e. 4 =if®™’ sothe matrix representation of the adjoint generator corresponding to T}, is given
by the Lie algebra structure constants:

adj(T,)ap = i f*" (7.103)

O

7.3.2 Representation theory of SU(3)
From Subsection [7.3.1] recall that one must fit

e 9 spin-0 (scalar) mesons,
e 9 spin-1 (vector) mesons,
e 8 spin-1/2 baryons,
e 10 spin-3/2 baryons

into multiplets of the proposed symmetry. Indeed, the adjoint octet 8 can fit the spin-1/2 baryons,
while mesons can fit into a singlet 1 plus an octet 8. The details of how this work is described
the next Subsection, where we show that the quantum numbers do fit these assignments, and that
several properties of these particles can be explained using the SU(3) symmetry, and the way it is
brokerm In order to make this more precise, we must familiarise ourselves with the representation
theory of SU(3).
The defining representation 3 corresponds to a complex 3 component object ¢; transforming
under U € SU(3) as
4 = Uijq (7.104)

One can then define tensors transforming as

-é;..,in = br'il,?'l s {I-‘:njn']}l---jn (7105)
which is just the representation
3R---®3 (7.106)
f
n factors

151t is clear that it cannot be an exact symmetry, since the members of proposed multiplets have different masses
and isospin is broken anyway.
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However, such a representation is reducible. For example, a second order tensor can be decomposed
into its symmetric and antisymmetric part

Tii = Tujy + Tij
1
Ty = 5 (T + Tii)

1

Tiij) = B} (Tij — i) (7.107)

cach transforming separately under SU(3). These cannot be decomposed further, and the sym-
metric part is just a new representation 6 (it has six independent components). The antisymmetric
part is three dimensional, and now we show that it is just 3. Remember that det U = 1, so

€ijk Ui Ujj Uiy = €ijris (7.108)

S0

€Uy Unie = (U™ wi€ajo (7.109)
Unitarity implies that U~! = U' leading to

€ijkUjj Uk = Up€iryrie (7.110)

Consider now the tensor 7};;) transforming in the antisymmetric part of 3@ 3. This is in one-to-one
correspondence with a new ¢ defined as

Gi = €ijiTjn)

which transforms as
€ijiTik) = €Uy Unne Tijn) = Ugp€arjoi T (7.111)
under 3:
4, = Ujw (7.112)

showing that the antisymmetric part of 3 ® 3 is indeed identical to 3.

Exercise 7.7. Show for SU(2) the representation 2 obtained as the complex conjugate of 2 is
equivalent to 2, with a change of basis (where 2 denotes the defining, i.e. j = 1/2 representation

of SU(2)).
Solution. For SU(2) the relation det U = 41 can be written as
(”DT”:{)T”: = C'ﬁl"j’ (7113)

which implies that
€iUjir = €y (UT") ;= Ulieury (7.114)
which can also be written in matrix form as ¢/ = U*e or in a more suggestive way as
U =eUe™* (7.115)
So if v; (¢ = 1,2) is an SU(2) doublet, then

sz' = €Uy (7116)
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transforms as an anti-doublet. Therefore the antidoublet v and the doublet v are related by the
linear transformation (i.e. by a change of basis)

T_Jl = Va2 '52 = —11 (7117)
This shows that there is no “antispin™ the spin of a particle and of an anti-particle is the same
sort of quantum number, transforming the same way under rotations. O
Therefore
33=306 (7.118)
Similarly
33=3D6 (7.119)

where 6 is the complex conjugate of representation 6, identical to the symmetric part of 3 @ 3.
One can also decompose 3 @ 3 by introducing a V tensor transforming as

Vz; — Uii’Uf}"V'ﬁ" 3? (7']‘20)
which can be written in matrix form as
V- UVU =UvU! (7.121)
Therefore
is a singlet, while the rest
~ 1 R
Vij =Vii — 3 (TtV) di; (7.123)

is an eight-dimensional representation, which can be shown to be equivalent to 8.

Exercise 7.8. Show that the traceless part of 3 ® 3 is just the adjoint representation 8.
Hint: write down the transformation under an infinitesimal group element

1
U—k! = 5k! — 'i(a§ ()\“)k! (7124)

Solution. T;; transforms as

! * Y : a]' : (11 * ¢
Vﬁ} — Vﬁ} = {)T.‘"F{)T}},Vt!;} = |:()n.r — 1€ § ()\Q)ii;] |:5}}f + 1€ E ()\Q)E?‘l Vi";’ (7.125)

Keeping only terms up to first order in €

, (1 (I
Wiz = Vij—Vij=—ie (5 Aa)ii Virs = 5 (Na)jz Vz‘i’)

(L 1 1 ¢
= — 1€ (5 ()\Q)ii; V.‘:;j - V"}‘i (AQ)E;}) (7.126)
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where we used that A}; = A;; due to Hermiticity. In matrix form, the infinitesimal transformation
can be written as

oY = —ie” [/\?,V] (7.127)
Decomposing
-1

it is clear that the trace part drops from the transformation, while on the traceless part V the
generators A,/2 are represented according to the adjoint representation (7.92). [

As a more complicated example let us consider 3 x 3 x 3. That is a tensor of the form
Wijk (7.129)
Now there are the following possible irreducible components:

e Antisymmetric in all indices:

1
Wiijk) = 6 Wik + Wiki + Wiij — Wiie — Wi — Wik;) (7.130)

Since the indices can take only three values for SU(3), this is proportional to the Levi-Civita
symbol
Wiij) = Whe€iji (7.131)

and due to det U = 1, W} is an invariant. So this is a singlet component 1.

e Symmetric in all indices
1
Wik = 6 (Wijk + Wiki + Whij + Wik + Wi + W) (7.132)

This tensor has 10 components; it is easy to count it since the number of independent
components is given by the number of ways one can choose values for the three indices i, j, k
from the set of three possibilities 1,2, 3 with repetitions.

e Antisymmetric in i and j: that makes it a nine component object since (3 @ 3)antisym @ 3

carl |l

3®3 = 1+ 8. The singlet here can be easily constructed since the basis of (3 ® 3)antisym =
is
Wage — Whage = W)
Wik — Wiz = W)
Wigk = Woie = W) (7.133)
and the singlet in 3®3 is _ _
W+ W+ Wi = 6w, (7.134)

so this was already included above as the fully antisymmetric part. The really independent
components are the traceless part of W), which we denote as W) and is a representation
8.
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Now it is possible to construct two more such combinations, taking it antisymmetric either
in the first and third, or the second and third index, giving
2 _ _ (3) _ _
Wi = Was — Wake Wy, = Whas — Wi
2 3
W = Wa = Wis W = Wiat — Waas
2 3 ‘
W = Wie = W W = Wias — Wian (7.135)

Just as for W the trace part of W2?) is W, while the traceless parts W23) transform as
8.

This seems to give
3030310808810 (7.136)
But something is wrong: the total dimension on the left-hand side is 27, while on the right-hand

side it is 35. It is easy to guess that one of the octets is probably not independent, and indeed this
is the case:

W —WE LW = 6y (7.137)
which can be easily verified by hand. So
W —WE LW = (7.138)

and there are only two independent octets. Therefore the end result is
3R3®3=108E&83d10 (7.139)

An easier way to get this is to consider

333=3R3+3%6 (7.140)

Now
33=1®8 (7.141)

while
36=32(3® 3)sy.,,l.,,l (7.142)

obviously contains 10 which is (3 ® 3 ® 3)m, and the rest is just a copy of 8, obtained from 7
after eliminating 7} above. So 3 ® 6 = 8 & 10.

The above tensor method can be used to decompose any product representation, and even to
find the Clebsh-Gordan coefficients; it can also be extended to SU(N) with an arbitrary N. There
are some systematic combinatorial methods to compute the decompositions of tensors using the
method of Young tableaux, but we do not go into the details here.

7.3.3 The eightfold way: meson multiplets

OK, so we have the multiplets 1, 8 and 10 that can potentially accommodate the observed hadrons,
but how do they fit in there? The answer is Gell-Mann’s “eightfold way”; the name itself is a
reference to the Buddhist path to enlightenment, while at the same time eight is the number of
independent symmetries encompassed by SU(3).
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Let us first consider the meson nonets, which can be fit into 3®3 = 1@8. Taking the generators

Tw,a=1,...8 of SU(3), we can make the following identifications for isospin and hypercharge:
Isy = Tj
Y = alg (7.143)

where ais a normalisation to be determined, while the total isospin is embedded into SU(3) as
P=T+T;+1T; (7.144)

The generators I3 and Y in the representations 3 and 3 can be written as

1 1 1 0 0 1 1 -1 0 0
0O 0 0 0 0 0
o N -1 0 0 o N 1 0 0
Re(Y)=2x=—| 0 -1 0 Rs(V)=—2xs=—-—_[ 01 0 |(7.145)
20 23\ g o 2 2 2v3\ g 0 -2

So the quantum number assignments for these representations are

3 3
i1 L [ Y ||i] L |V
12 [ [T]-172] =
212 =555 | 2|12 | 57
310 [ % 3] 0 [—-%

The nonet is a tensor V;; of which the traceless part f).ﬁ-; is the octet. The pions must fit as
an isospin triplet, so they must be the product of the two isospin doublets i = 1,2 and j = 1, 2.
Based on the value of I3 we can see that 7 can only be the component 12 and 7~ can only be
12. These states have Y = 0 which is also fulfilled. On the other hand K* and K are an isospin
doublet which can be assigned as 13 and 23. Since K has strangeness +1 and baryon number 0,

we have
fa! a ﬁa
23 V3 2

S0 a = —2/\/5. Now the table can be extended with further details as

Y(KY)=1= (7.146)

3 3
] L (YT T Qi L [Y]TT]Q
1] 1/2 % 1/2 gl []-1/2 —% 1/2 —lg
21 -1/2] g |12 -3 [[2[+1/2] -3 [1/2] ¢
3] 0 [=3] 0 |[—=3[3] 0 1 0] 3

where we used Q = I3 +Y/2, and also put in I denoting the total isospin of the multiplet the given
component belongs to.
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Now 7 is a little more complicated to obtain. Note that the |1) and |2) components form an
isospin doublet, so in SU(2) notations

1) = [1/2,+1/2)
2) = [1/2,-1/2)
3) = 0,0) (7.147)

But by the rules of conjugation of isospin doublet (cf. Exercise[7.7) we obtain

) = [1/2,-1/2)

2) = —[1/2,41/2)
3) = 10,0 (7.148)
So the pion triplet can be assigned as
[m") = [12)
m7) = [21)
1 _ _
%) = 7 (I11) — [22)) (7.149)
The isospin singlet state in the 8 is given by
1 _ _ _
) = 75 (111) +122) - 2133) (7.150)

where the first two terms and the last one are both isospin singlets, and the relative coefficients
are chosen so that the trace vanishes as required for the component 8. The kaon isospin doublets
can be identified with

[KT)=[13)  |K%) =23)
K% =|32) |K~) =31) (7.151)
(we omitted the — sign in |R’O) as the overall phase of a state has no physical meaning. Finally,
the SU(3) singlet 1 is
1 _ _ _
M) = —= (|11) + |22) + |33 7.152
[70) 7 (111) + [22) +[33)) (7.152)

The physical states  and 7’ are eventually combinations of 7y and 7y due to SU(3) breaking,
although their mixing is small, so 7 is almost exclusively ng, while 1’ is 7.

Exercise 7.9. Determine the assignments of the vector meson nonet following the above reasoning.

Solution. The end result is

P =112 [p) =[12) |p“>:%(|ﬂ>—|2ﬁ>)

[K*) = |31) (7.153)



The isosinglet part of the octet and the SU(3) singlet is
) = == (1T) + [22) — 2133))
Lt = _ —
i V6
1 - _ _
wo) = —=(|11) +[22) + |33 7.154
|wo) 7 (111) +122) +133)) (7.154)

which mix to form the state |w) and |¢). More on this mixing can be found in Subsectionm O

The assignment of the scalar and vector mesons can be represented on a two-dimensional plane
with axes I3 and Y, leading to the diagrams (note that Y = B + S = S):

L@ =
L]
':l+
Y
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*0

A

The colour codes are: green/red/blue denote isospin singlet/doublet/triplet states, while the
shape codes are: circles for the SU(3) octet (8) states and boxes for SU(3) singlet (1) states.

7.3.4 The eightfold way: baryon multiplets and the GMO mass formula

To fit the baryons one can consider 3 ® 3 ® 3 = 1@ 8 ¢ 8 @ 10; the spin-1/2 hadrons can fit into
an 8, while the spin-3/2 can be fitted into 10. To get the correct baryon number, we must assign

baryon number B = 1/3 to 3 and B = —1/3 to 3, which allows us to extend the table with B and
strangeness S =Y — B:

3 3

i L [ Y] T|QI[B]|S|:|] L [Y|]T][Q]B]IS
vy g (12250 1] -1/2]—3]1/2]-2][-3]0
2 —1/2] 2 |12 3]s 0| 2]+1/2]—35]1/2] 3 [|—-53]0
3] 0 =310 |—z]3|-1[3] O o] 3 -3]1

Recall that starting with the 3 ® 3 ® 3 tensor Wijk, the octet is the traceless part of (3 ®
3)(11:.?‘,153;-”1 ® 3= g ® 3=1 + 87 where (3 ® 3)(11:.?‘,'.5.5'3;'m ® 3is
Wagk — Wiz, = WY
23k 32k Tk
Wik — Wiz = W)

Wiz — Waip = W:Ei) (7.155)
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Considering the known quantum numbers of the baryon octet, this leads to the assignmcnt.

1
lp) = W’ilj

7 f (J121) -

In) = 7W§;):7(|122)—|212>)

Y ¥ 18]
=) = WWQJ f(wn) 131))

|211))

-\ _ (1)
=) = fwu fuszz) 22))

=) = 3 (wﬁ) - ng)) = L (1231) — 321) — [312) + [132))
1 | 1

o = L (0 i o) - L
A% = 2\/§(WH + Wy - 2n)) e

=0 = WW;) f(|313)—|133>)
=) = —wi”z—(|3z3)—|233>)

VZE T

which leads to the diagram (note that Y = B+ S =5+ 1):

+1/2 +1 I3

@
.
1
—
L

(1231) — |321) + |312) — |132) — 2|123) + 2|213))

(7.156)

The colour codes are the same as for the mesons: green/red/blue denote isospin singlet /doublet /triplet

states. Since all states are in 8, there is no need to distinguish SU(3) multiplets.

16

taken into account; we return to this issue in Subsectionl@
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For the spin-3/2 hadrons, one considers 10 =

quantum numbers leads to

At =
A% =

A% =
A7) =
) =

59) =

X)) =

=)

=) -
Q™) =

|111)

(|112> +[121) + [211))
= ([122) + [212) + 1221))
)

= ([113) +[131) + [311))

S-Sl

2:

™o
]

5~

(|1zs> 1312) +

Bl

(|zzs> +[232) + [322))

= (1133) +[313) + [331))

55l

(|233) + |323) + [332))

Sl

1333)

1231) +

(303®3)

1213) +

SYrnam

and following the known

132) + |321))

(7.157)

which can be summarised in the diagram (note that Y = B+ S5 =5 +1):

A

A AO At ATt
O O +q O O
> 30 i
— o ——— ¢ ———0——>
-3/2 -1 -1/2 +1/2 +1  +3/2 3
-1 1
—*- =*0
-2 .
Q
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The colour codes are: green/red/blue/yellow denote isospin singlet /doublet /triplet /quadruplet
states. Since all states are in 10, there is no need to distinguish SU(3) multiplets.

In fact, the hadron €2~ was not known when Gell-Mann proposed the eightfold way; however,
it’s existence follows from SU(3) symmetry since the multiplet must be complete. It was predicted
in 1962 by Gell-Mann and independently, also by Y. Ne’eman. Its mass can be estimated observing
the regular mass differences in the decuplet.

In case of an unbroken SU(3) symmetry, all masses would be equal. However, the observed
masses depend on the hypercharge, corresponding to SU(3) symmetry breaking, and also slightly
on I3 which signals isospin symmetry breaking. Neglecting the latter for a moment, the strong
interaction Hamiltonian can be written as

where Hgy sy is SU(3) symmetric, whileH,, breaks SU(3) leaving the isospin invariant. Looking
at the Gell-Mann matrices it is clear that the eighth component of the octet transforms
represented by Ag in the right way, i.e. leaving SU(2); invariant while breaking SU(3). So we can
propose that

Hy,. = hY (7.159)

where the hypercharge generator Y carries the flavour labels and h acts on all other (momentum,
spin etc.) degrees of freedom. This leads to the following prediction for the decuplet masses:

m=a+bY (7.160)

The isospin averaged of the decuplet are

Ma++ + Mat + Mao + ma-

Y=1 : ma= 1 ~~ 1232 MeV
Y=0 : myg. = M m?“ +mee- ~ 1384.5 MeV
Y =1 : me — # ~ 15334 MoV (7.161)
which can be fitted with
a = 1383.3 b= —150.7 (7.162)
This leads to the prediction
mq = a — 2b ~ 1685 MeV (7.163)

More detailed considerations even predicted the expected decay products. The hadron 2~ was
indeed discovered in 1964, and Gell-Mann was awarded a Nobel Prize in physics in 1969 for
his contributions and discoveries concerning the classification of elementary particles and their
interactions.

The masses of the baryon octet do not follow the above simple rule. However this may be
because second order corrections of SU(3) breaking interactions may be relevant as well, leading
to operators quadratic in the symmetry generators. The two quadratic operators consistent with
the pattern of symmetry breaking are the squared isospin 2= I? + 12 + I3 and Y?, leading to an
improved mass formula

m=a +bVY +I(I+1)+dY? (7.164)

However, for the decuplet all states satisfy the relation

I=1+Y/2 (7.165)
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so (7.164) can be rewritten as

; 1
m=a +2c + (b’ + gc’) Y + (Zc’ + d') Y*? (7.166)

To keep the equation consistent with the linear mass splitting of the decuplet, we require

1

d = —Zlc’ (7.167)
i.e. the mass formula is V2
m=d +0Y +/¢ (I(I +1)— I) (7.168)
In fact, it can be shown using a little more group theory that the combination of the generators
YZ
I(I+1)— T (7.169)

is the only quadratic one transforming as the 8th component with an octet, so it can be singled
out by demanding that the symmetry breaking has this property. For the octet we have

1 : .
I=5.v=1 mN:wx%&QMCV
I=0,Y=0 : ma=1116 MeV
T=1.V =0 : mp=o" m; TR 11931 MeV
]_ | _— =0
I=5.Y=-1: ms= % ~ 1318.3 MeV (7.170)

On the other hand, the formula predicts that

!

I i c
my = a +b + 3
my = da
my = da +2¢
I ! (J
mz = a —b+ 5 (7.171)

which leads to the famous Gell-Mann-Okubo mass relation

my +ms = M (7.172)

which is satisfied with an accuracy of 0.6%. One can also determine the best fits of the parameters
to be
a'=1111.6 MeV b = —189.7 MeV ¢ = 40.0 MeV (7.173)

These parameters fit the octet well, but for the decuplet they would give

a = d + 2 =1111.55 MeV
b= ¥+ gc’ — 129.65 MeV (7.174)
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The discrepancy with (|7.162) shows that the SU(3) symmetric part a is very different for the octet
and the decuplet. This can be solved, however, by noting that the octet has spin s = 1/2, while the
decuplet has s = 3/2. Accounting for spin dependence leads to the Giirsey-Radicati mass formula

2
m:A—i—BS(S—i—l)-i—CY-i—D(I(I—i—l)—%) (7.175)

Exercise 7.10. Determine parameters A, B, C, D by numerical fit and check the accuracy of
)

Solution. Fitting this formula to the combined octet plus decuplet masses (|7.1617.170) gives
A =1066.7T MeV B =66.8 MeV C = —195.0 MeV D = 33.0 MeV (7.176)

which compares to the measured masses as follows:

‘ Masses (MeV) ‘ my ‘ ma ‘ my ‘ ms ‘ ma ‘ My ‘ Mz ‘ ma ‘
Experiment | 938.9 | 1115.7 | 1193.1 | 1318.3 | 1232 | 1384.5 | 1533.4 | 1672.5
GR formula | 938.4 | 1116.8 | 1182.9 | 1328.3 | 1237.9 | 1383.3 | 1528.7 | 1674.1

Deviation (%) | 0.05 0.1 0.9 0.8 0.5 0.09 0.3 0.1

so the formula is valid within 1% accuracy. O

The mass formula (7.175) can be derived by considering the combined flavour-spin symmetry
SU(6). The success in describing the hadron spectrum using the flavour symmetry and its pattern
of breaking provided a strong evidence for Gell-Mann’s eightfold way.

7.3.5 The meson mass spectrum
The GMO relation can also be tested for the meson spectrum. Naively, one would expect

Im, + mx

2my = 5 (7.177)
Using
S 493.677 —;— 497.614 ~ 195.6 MV
m, =~ 547.9 MeV
2-139.5701 134.9766
m, = 39-57018 + 1349766 45 ) Mev (7.178)

l.%

leads to a 100 MeV, or about 10% discrepancy between the left and right hand sides. However,
the relation holds much better for the squared masses:

2 2
3m” +mz

2my, = 5 (7.179)
which is true within about 6%. Construed as a prediction for the mass of 7
4m?2, — m2 :
m, = \/I\f (7.180)
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an substituting the values known for myg and m, gives m, =~ 567 MeV, which is quite good.
More advanced field theoretic modelling of the spin-0 mesons shows that the correct relation is
indeed between the squared masses. Indeed, as shown later in Section the Lagrangian (and
therefore also the Hamiltonian) for boson fields depend on mass quadratically, while for fermions
the dependence is linear, explaining the difference between the meson and baryon mass formulas.
However, the GMO relation seems to break down for the spin-1 meson octet. Naively, one
would expect
3m2 = 4m3. — mf, (7.181)
Using my« = 890 MeV and m, = 770 MeV, this would predict m,, = 926.5 MeV, but experiment-
ally m,, = 783 MeV. This discrepancy can be understood in terms of a mizing between the octet
and singlet mesons. Namely, the predicted mass mg = 926.5 MeV corresponds to a state wg with
Y = 0 and I3 = 0. On the other hand, there is also an SU(3) singlet state wy with Y = 0 and
I3 = 0 and a mass mg. The assumed SU(3) breaking preserves Y = 0 and I3 = 0 while it allows
the singlet and octet to mix. The mass squared matrix is assumed to be the form

22
mg J .
This matrix can be diagonalised using a two-dimensional rotation to give the physical meson states
w and ¢:
22 2
mg p ([ mg, 0 ‘
R( pu? mé ) i = ( 0 m3 ) (7.183)
with . -
cosfl —sin
= ( sinf  cosf ) (7.184)
so the physical states are
lw) = cosblws) — sinfb|wp)
|p) = sinf|ws) + cos Blwp) (7.185)

Exercise 7.11. Compute the mixing angle € using the mass my = 1020 MeV.

Solution. We can compute

BT m2 0 R — cosf sind m? 0 cosf) —sind
0 mfh S —sinf cos# 0 m sinf  cos#d

mZ, cos®f +m? sin?@  (m,, —my) cosfsin6
(my, —mg) cosfsinf m? sin® 6 + m? cos* 6

- (mg ”Z) (7.186)

2
By

leads to
mZ, cos” § +m3sin* 6 = m3 (7.187)

which gives

(7.188)
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7.3.6 Quark model

We saw that mesons can be classified by the product 3 ® 3 =1 @ 8 and baryons by 3@ 3 ® 3 =
16 8 @ 8@ 10 (antibaryons correspond to 3 ® 3 ® 3 = 1® 8 ¢ 8 & 10). It is natural to ask
whether there are elementary building blocks corresponding to the triplet representation 3, with
there antiparticles in 3. Such particles were introduced in 1964 by Murray Gell-Mann who called
them quarks after the following passage from James Joyce’s Finnegan's wake:

Three quarks for Muster Mark!
Sure he hasn’t got much of a bark
And sure any he has it’s all beside the mark.

and also by George Zweig who called these constituents aces. The three constituents of the triplet
are called up, down and strange; up (u) and down (d) got their name by being the two components
of an isospin triplet, while strange (s) is an isospin singlet which carries the quantum number
strangeness. The table at the beginning of Subsection can be rewritten as follows:

3 3
| L |Y | T |Q|B|S|q| L [Y]TI]Q]B]S
u| 1/2 2] 27310 Jal-1/2]-3]12]-2]-%]0
d|-1/2] 3 [12]-:|3] 0 [|d]+1/2]-3]1/2] 3 |[-3]0
s 0 -2 0 [—3]3]-1]s 0 2 0 3 | -3 |1

Interestingly, these particles have fractional charges; such fundamental objects have never been
observed in Nature. Indeed, no one has ever found a free quark, which is explained by quantum
chromodynamics as explained later in Subsection for the time being we must take this as
just an observed fact. To be consistent with the observed spins of the hadrons, quarks must carry
spin 1/2 and are therefore fermions according to the spin-statistics theorem (cf. Section .
Since they transform into each other under the SU(3) symmetry, the three quarks are considered
to be essentially three different states of the same object (similarly to proton and neutron being
two states of nucleon according to isospin); the labels u, d and s are called flavours. Since SU(3)
is broken, the mass of the s quark is expected to be different from that of u and d:

Mg > My 4 (7.189)

In fact, isospin is also broken, although it is a much better symmetry than SU(3); this seems
to imply that m, # my, but care must be taken to disentangle the effects of electromagnetic
interaction which also contributes to isospin breaking effects such as e.g. the proton-neutron mass
difference. Given that, as discussed in Subsection the electromagnetic contribution would
make the proton (with quark content uud) heavier, while in reality it is the neutron (udd) which
has greater mass, we expect that my; > m,, with the difference being of an order of a few MeV,
which is the characteristic magnitude for mass differences between members of the same isospin
multiplet (cf. the hadron tables in Subsection . On the other hand, looking at the decuplet
splittings s is expected to be about 130 — 140 MeV heavier then either u or d which is true for the
so-called constituent masses (cf. Table in Subscct.ion. The actual picture is somewhat
more complicated due to strong interactions, and is discussed in some details in Subsectionm

The wave functions of the hadrons therefore correspond to bound states. The mesons are
quark-antiquark bound states and their wave functions have the form

[t [ 05 S 55 ety ()0, (52) (7.190)

f!f 1,02
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where F describes the flavour SU(3) structure and S the spin structure. In their ground states,
the spatial wave function 1) must carry zero orbital momentum and therefore their total spins
can be either 0 or 1. For the spin-0 octet, one obtains the following states (with the spatial part

omitted)
[K)
|K0)
[K7)
|R0)
")

[7™)

5 (|tr5)) — |uy5y))
(Idr5,) = |dy31))
(larsy) — |uyst))

(Idrsy) = |dyst))

2

5 (lurdy) = fuyds))

(lurdy) — |uydy))

2

) =

aruy) — [ayur) — |dvdy) + |dydy))

) = —= (lwrw) +|didy) = 2[5s1) — |ayur) — |dydr) + 2|5,51)) (7.191)

B S SIS IR BB

5

while the spin-0 singlet is

’ 1 — 7 = — 7 - ¢
') = 75 (layuy) + |drdy) + [848,) = laug) — |dydy) — |51s7)) (7.192)

These states are nothing else than the flavour combinations constructed in Subsection [7.3.3] with
the flavour assignments 1 = u, 2 = d, 3 = s, combined with a singlet spin wave function

1
V2
For the vector meson octet the spin part must be chosen to be the spin—1 triplet with components
1
V2

and the interested reader is invited to write down the full wave functions. Here we only consider
the following components

(114 = [41) (7.193)

|1 Gt +14m) 1) (7.194)

(|aw) + |dd) — 2

5s))

lwe) = 7 (|au) + |dd) + |5s)) (7.195)

where both spatial and spin components are suppressed. Recall that the physical states correspond
to

|wg) =

»—‘%‘»—‘
(o

lw) = cosblwg) — sinb|wp)
|p) = sinf|ws) + cos Blwp) (7.196)
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due to octet-singlet mixing. Now it is interesting to note that for the special case

1 2
0sl = — ~ (.5 sinf) = ¢/ = ~ 0.816 7.1
cos 7 0.577 sin \/; 0.816 (7.197)
one obtains
W) = % () + |dd))
6) = |s3) (7.198)

so that w is purely made up of non-strange quarks, while ¢ contains only strange quarks. The
mixing angle sinf ~ 0.76 computed in Exercise is indeed close to this so-called mazrimal
mixing, so ¢ is dominated by strange quark content, which explains some of its properties, such as
decay ratios as shown in Subsection

For the baryon decuplet, the total spin is 3/2, which corresponds to a totally symmetric spin
wave function which has the following 4 independent states:

1
1 (1) + 1)
L aun i) 1w (7.199)

V3

The flavour wave-function is also completely symmetric and has 10 components. Since only
these 4 x 10 = 40 states are found in Nature, the spatial wave function must also be completely
symmetric, otherwise there would be more states corresponding to its orientation. Now this s
a problem since the quarks are fermions obeying Pauli principle, therefore the total state must be
antisymmetric. As discussed later in Scct.ion this is resolved via introducing the colour degree
of freedom, allowing the construction of quantum chromodynamics, which gives the fundamental
description of strong interactions.

The wave-function for the baryon octet is more complicated; the interested reader is referred to
Section 5.6 of the book D. Griffiths: Introduction to Elementary Particles. Here we only note that
the baryon wave function constructed from the quark model gives a good description of magnetic
momenta of the baryon octet, and the construction also explains while there is only a single baryon
octet despite having two copies of 8 in the product 3 ® 3 ® This construction can also be
described using an SU(6) symmetry incorporating both spin and flavour indices, as sketched below.

SU(6) is obtained by extending flavour symmetry SU(3) to include the two (1 and |) spin
components; it has SU(3) fiavour X SU(2)epin @s a subgroup. Quarks transform as 6 which can be
decomposed under SU(3) x SU(2) as (3_._ é), while antiquarks are 6 = (3? é) Now the mesons can
be decomposed as

606= (8,00 ® (81) @ (1.0) @ (1.1 (7.200)

spin—0 octet spin—1 octet spin—0 singlet spin—1 singlet
In terms of tensors, 6 ® 6 can be written as

*'n"ffo'fcr* (7201)

1"This is related to the fact that the baryon octet wave function is also fully symmetric in the spatial part, in the
combined flavour and spin part, and fully antisymmetric in the colour indices.
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where fo is the quark multiplet index in 6, labelled by flavour f = 1,2,3 and spin o =1, |, and
similarly fo’ stands for the antiquark 6. The number of states is given by

36=8-1+8-3+1-1+1-3 (7.202)

The low-lying hadrons can be classified by the 56-dimensional three-index symmetric tensor of
SU(6)

3 1
56 = (6 @ 6 @ 6)81‘;7.].&7”6“.‘.6 = (10 5) EB (8, 5) (7.203)

baryon decuplet  baryon octet

The three-index totally symmetrical tensor B o, fy0,.f505) (With the bracket denoting symmetrisa-
tion over the fo composite indices) of SU(6) has

+3—1
((’ " 3 ) — 56 (7.204)

independent elements. The decuplet component is the one which is separately symmetric in the
flavour indices (10) and in the three spins (spin-3/2) and can be written as

(I)(.f:l .f2.ﬁs)z(010203) (7.205)

giving 10 -4 states, while the rest can be ordered into a single baryon SU(3) octet 8 with spin-1/2;
giving 8 - 2 states. The index structure of the octet part also follows from this description. Here
we only remark that this decomposition uniquely determines the flavour and spin wave functions
of both the decuplet and octet baryons.

The SU(6) symmetry breaking pattern corresponds to an operator which is a singlet under
SU(2)spin (spin symmetry corresponds to spatial rotations, which are unbroken), and transforms
as the eighth component of an octet under SU(3) fiapour. This pattern of symmetry breaking leads
to the Giirsey-Radicati mass formula . For a more detailed discussion of SU(6) cf. Sections
8.11-13 of W. Greiner and B. Miiller: Quantum Mechanics — Symmetries.

7.3.7 Experimental evidence for quarks

Since the quark model is so successful in describing the hadrons, the natural question is whether
there is any evidence for the existence of quarks. Despite the fact that no free quark has ever been
observed, the answer is yes! The idea is essentially the same as the Rutherford experiment that led
to the discovery of the atomic nucleus where atomic structure was probed with o particles. In the
experiments performed in 1968 at the Stanford Linear Accelerator Center (SLAC), electrons were
used to probe protons and neutrons in atomic nuclei; later similar experiments were performed
with muons and neutrinos.
Let us consider first elastic scattering of an electron on a proton:

e +p—re +p (7.206)

with four-momenta p; and p, for the incoming, and p/| and p), for the outgoing electron/proton,
respectively. We can consider the collision in the laboratory system where the initial proton is at
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rest. Relativistic dispersion relations together with conservation of energy and momentum imposes
the following constraints:

pi = m* py=(M.0.0,0)
prtp2 = phtph
pE = m? pf=M? (7.207)

where m/M are the electron/proton masses The outgoing momenta have eight components, and
there are six relations they satisfy. The free variables are the angles characterising the direction
of the outgoing electron, but the scattering can only depend on the deflection angle, i.e. the angle
between p1 and p). It is convenient to introduce the 4-momentum transferred from the electron to
the proton

q=p1—p (7.208)
and define the two Lorentz-invariant parameters
QP=—g v=P1 (7.209)
M
In the lab system
M(E, — E;
v = % =E, - E, (7.210)

is just the energy transferred to the proton, which is always positive so v > 0. It is also easy to
compute that in the lab system

=, —p)t=(E,—M)? -2 = (B, —M)?* - EZ+M?*=2M(M —E)) <0  (7.211)

so (% is always positive, too. Let us introduce the Bjorken variable

0?2
e zﬂffy (7:212)
Exercise 7.12. Show that for an elastic scattering x = 1.
Solution. Using energy-momentum conservation
p1— Py +p2 =P (7.213)
and taking the Lorentz square of this equation gives
¢ +p5+2q-py =1y (7.214)
ie
—Q*+ M* + 2Mv = M? (7.215)
(]

So an elastic scattering is just parametrised by the value of (Q*, from which the deflection angle
can be expressed in any system of reference with some effort.
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Exercise 7.13. Find the expression of the deflection angle in the laboratory system using Q? and
the initial electron energy Fj.

Solution. Taking the square of ¢
—Q* = (p1—p))?=2m*—2p, - p| =2m?* —2E,E] + 2|p)||p}| cos &
= 2m? —2E,(E, —v) + 21/ E? —m2\/(E, — )2 — m2cos (7.216)

from which cos@ can be expressed with E; and Q? by eliminating v using « = 1. O

As a result, the differential cross section of elastic scattering is only a function of ()2

0~ F(QY (7.217)

For scattering on a point-like proton the theoretical result is

dO' OZ 9 9 C\')Z - 9 -
A 4p?sin' ¢ (COS PRPIVERS 5) (7.218)

where the first term is the same as in Rutherford’s formula and the second one accounts for proton
recoil. However, the proton is an extended particle with a “shape”, which is accounted for by
form factors F; and F, which can only be functions of the single Lorentz invariant Q?, giving the
expression

d{)’ O_;z Er QZ ]')2 9
— - . z 7.21
A 1EZsin' 2 E, {(E npe’ ) cos* 5+ gaqa (Fi+ F2) sin z} (7.:219)

and satisfying

where the first relation corresponds to the unit charge of the proton, while the second gives its
anomalous magnetic moment.
In an inelastic scattering the end state contains other hadrons as well

e+p—re+X (7.221)

where X denotes a state composed of hadrons. Since it must have baryon number 1, the invariant
mass

My =px px=).pi (7.222)

ieX

must be larger than that of a proton which is the lightest baryon:

My > M (7.223)

Exercise 7.14. Show that for an inelastic scattering = < 1.
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Solution. Using energy-momentum conservation

p1— Pi + P2 = px (7.224)
and taking the Lorentz square of this equation gives
@ +ps+2q-py =px = My (7.225)
ie
—Q* + M* + 2Mv = M} (7.226)
leading to
Q* < 2Mv (7.227)
0

The scattering cross-section, and therefore the form factors become dependent on = which takes
values between 0 and 1, so

do o?

0 0
0= m {Hg(u Q?) cos® 5 + 2W1 (v, Q%) sin® 2} (7.228)

In the measurement performed at SLAC, it was observed that for high enough Q? (typically above
a few GeV?, called the deep inelastic regime) the functions

Fi= MW, (1,Q%)  Fy=uvWy(v,Q?) (7.229)

only depend on z, which is called the Bjorken scaling.
Due to Bjorken scaling, the cross-section in the deep inelastic regime can be rewritten as

do a?
dQ  AF}sin'

0 2 50 ..
{I/Fl( ) cos? 5T UFQ( ) sin 2} (7.230)

which can be interpreted as follows. The electron scatters off spin-1/2 constituents of the proton
with a four-momentum % and an invariant mass mf, = k? for which

Q° . my

:]_ ..2 ! 2:0:> =
2mypv L Smpl g TN

(7.231)

so x qwes the fraction of the proton’s 4—momentum carried by the given constituenﬁ The Q?
independence implies that these constituents are point-like (have no form factor); they are called
partons and further analysis identified them with constituent quarkﬂ In the deep inelastic regime,
the scattering of the electron off a hadron can be illustrated as

I8More precisely this is valid in the so-called infinite-momentum frame, where the proton is boosted to essentially
the speed of light so that its relativistic factor v > 1; in such a frame, the parton on which the electron scatters
carries energy-momentum kf = xzP* where P“ is the full energy-momentum of the proton. The whole picture
of the proton composed of free partons is valid in the infinite-momentum frame, which is very different from the
laboratory frame in which the proton is at rest. Fortunately, the scattering cross-section when expressed in terms
of invariant variables such as v and x is itself inv: 1r1rmt so conclusions drawn from the free parton picture are valid
in all frames. Also note that the invariant mass mp has nothing to do with the physical quark mass; in an infinite
momentum frame all masses are eventually negligible.

91n fact, measurements showed that the scaling is violated by a logarithmic dependence on @2, which was later
explained by interactions between the partons described by quantum chromodynamics. It was also found that
around half of the momentum of the proton is carried by gluons, so they must also be included among the partons,
despite not participating in the hard scattering itself.
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In the above picture, time flows from left to right and the nucleon is drawn as a compound of
three so-called wvalence quarks (uud for the proton and udd for the neutron), although the actual
parton on which the initial scattering of the lepton happens may be a so-called sea parton (cf.
Subsection. The initial energy-momentum transfer is ¢ and corresponds to a hard scattering
meaning that Q> = —¢? is large with respect to typical strong interactions scales; the type of
interaction (electromagnetic/weak) symbolised by the wavy line depends on the nature of the
leptonic probe [. The hadronic system X is created after the initial hard scattering in a process
called hadronisation that involves soft (low momentum transfer) physics; cf. also Subsection m

For their pioneering investigations at SLAC concerning deep inelastic scattering of electrons on
protons and bound neutrons which confirmed and extended the quark model of hadrons, physicists
J.I. Friedman, H.W. Kendall and R.E. Taylor received the Nobel Prize in Physics in 1990.

Later experiments carried out with muons confirmed the SLAC results, and scattering with
neutrinos measured the structure of the proton and the neutron via weak interactions; today, we
have a quite precise picture of the structure of these hadrons as seen by deep inelastic scattering
probes. Indeed, precision measurements of the so-called structure function provide vital input data
to modelling proton-proton collisions performed at the Large Hadron Collider.

7.3.8 Quark masses

The masses of the quarks cannot be determined from deep inelastic scattering as they turn out
to be much smaller than the energies involved. In addition, due to absence of free quarks, the
quark masses depend on the precise definition used. In the sense of mass parameters occurring
in the QCD Lagrangian discussed later in Scctionthcy can be determined by analysing the
breakdown of flavour symmetries. The result for the strange quark mass comes from the size of
SU(3) breaking and the present best value is

mg = 95+ 5 MeV (7.232)

The v and d quark masses are much smaller, and their determination involves the proton-neutron
mass difference, where one must also separate the contribution of the electromagnetic interaction.
The present values are

m, = 2.34+0.7+0.5 MeV
mqg = 4.8+0.540.3 MeV (7.233)

where the first uncertainty is statistical, while the second is systematic.

It is clear that the above quark masses cannot account for the hadron masses, since they are too
small. Therefore inside the hadrons the light quarks u, d, s are highly relativistic objects which have
energies of order of hundreds of MeV. As a result, hadrons cannot be described by ordinary quantum
mechanics; they are very dynamic objects in which quarks, anti-quarks and gluons continuously
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created and annihilated. When considering the proton as wud, the two us and the d are called
valence quarks; they account for all quantum numbers of the proton, but the inside of the particle
is filled with a very dynamaic relativistic quantum “mess”, consisting of quark-antiquark pairs and
gluons, called sea partons as they originate from the quantum vacuum “sea”. This is in contrast
with atomic physics, where atomic structure can be described well by non-relativistic quantum
mechanics. As discussed in Subsection the simpler nature of atomic physics is due to the
small value of the characteristic strength of electromagnetic interaction given by the fine structure
constant « & 1/137. In strong interactions, however, the characteristic coupling strength is much
larger and becomes very strong at low energies (the energy scales corresponding to the bound states
i.e. the hadrons); cf. Subsection

On the other hand, the successful description of the magnetic moment of baryons (mentioned
in Subsection ' allows one to derive so-called constituent masses for these valence quarks,
with the result?”

My ~ 338 MeV my ~ 322 MeV mes ~ 510 MeV (7.234)

These can be interpreted as the full mass of the valence quarks acquired from the interacting
medium inside the hadron. However, they also depend on the model they are derived from as a
comparison with the values quoted later in Table shows.

The different values of the quark masses obtained from symmetry breaking and from the con-
stituent picture show that the strong interaction confining the quarks into the tight internal space
of hadrons contributes a huge additional energy of several 100 MeV per quark to the mass of
hadrons; this order of magnitude is consistent with the characteristic scale of quantum chromody-
namics (QCD) discussed in Subsection 12.3.3| Indeed, the latest QCD calculations reproduce the
spectrum of hadrons very well (cf. Fig[12.4), confirming the picture of hadrons as bound state of
quarks and gluons. '

20For more details cf. Section 8.13 of W. Greiner and B. Miiller: Quantum Mechanics — Symmetries.
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8 Lagrangian field theory

8.1 Locality and fields

In a relativistic theory, there can be no causal relation between events that are space-like separated.
To show that, let us take two space-time events A and B, with the four-vector

LT,"u = (C(t_;; —tg)?fjl—fg) (81)
separating them space-like, i.e.
ahr, =Pty —tp)® — (Fa— Tp)* <0 (8.2)

Note that therefore

ta—tp| (8.3)

so that any causal connection between space-like separated events is equivalent to superluminal
signalling. To simplify calculations, we take the z axis parallel to ¥4, — ¥ so that

|.’f"‘,1 —f;_;| > C

a# = (cAt, Az, 0,0) (8.4)

with Az > 0. Let us suppose At > 0 as well, meaning that event A is later than B in reference
system K.
In an inertial system K’ moving with velocity v in the z direction:

— 2 .
:At vAz/c Ayl — Az — vAt (8.5)

V1—v?%/c? V1—v?2/c2

v >t/ (%) (8.6)

but this velocity is itself less than ¢ since

At

Now At’ < 0 is possible provided

Az

So the causal ordering of space-like events depends on the reference system. Since physics is as-
sumed to be relativistically invariant, there cannot be physical influence between space-like separated
events. There even exists a system in which At = 0 i.e. the two events are simultaneous.

This is called the

Principle of locality FEwvents having space-like separation cannot have causal connections.

Note also that the same reasoning shows that the temporal order of time-like and light-like
separated events is absolute. As a result, there cannot exist physical effects that propagate faster
than light, i.e. there is no superluminal signalling.

This forces us to consider physical observable to be indexed by position and time, i.e. the
fundamental objects must be fields ®,(t,¥) since it is necessary to keep a record of their causal
relations. In quantum theory the observables are operators on a Hilbert space, therefore one is led
to the introduction of operator valued fields ®,(t, ) to describe the observables in a relativistic
quantum theory. However, two observables are only independent when the operators commute, so
locality can be formulated as
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Principle of locality (also called micro-causality) Observable fields must commute at space-
like separated space-time points:

D, (z), Qﬁ)ar(x’)} =0 whenever (z—2')?<0 (8.8)

This principle is the basis of relativistic quantum field theory which is the basic theoretical frame-
work underlying elementary particle physics, but also plays an important role in the description
of quantum many-body systems that occur in condensed matter and statistical mechanics. More
generally, quantum field theory is the paradigm that forms the basis of the theory of quantum
many-body systems, including non-relativistic ones.

Here and in Scctionwc review the necessary background in classical field theory; the basic
concepts of quantum field theory are introduced in Section

8.2 Action and Euler-Lagrange equations

The simplest way to specify field theory dynamics is via an action princip]@ a properly formulated
action ensures relativistic invariance and causality. Let us first recall the action for a mechanical
system:

to

s= [ La.a.0a (5.9
t1

where L is the Lagrange function. We assume that the action only depends on the generalised

coordinates ¢; and their first derivatives ¢;, so demanding 6S = 0 under a variation

ai(t) — q(t) +0q(t)
Sait) =0 Sai(ts) =0 (5.10)

leading to the Lagrange equation of motion
—— 5. =V (8.11)

which is second order in derivatives.
In field theory, locality dictates that the Lagrange function is integral of a Lagrangian density

L
L= / &L (8.12)

so the action is of the form

S:/ddm[. (8.13)

21'We note that there are other ways to formulate relativistic quantum field theories. These include: the so-called
axiomatic field theory based on the Wightmann axioms, the algebraic quantum field theory based on the theory of
C* algebras, and other types of axiomatic approaches such as the one used in conformal field theory. In addition, it
is also possible to formulate a relativistic theory of particle interaction based on the scattering matrix, the so-called
bootstrap approach which can be carried to full success in the case of so-called integrable quantum field theories.
However, all of these approaches incorporate insights from, and also (partially) build upon, the Lagrangian approach
discussed here.
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To obtain a Lorentz invariant dynamics, the action S and therefore also £ must be Lorentz invariant
so £ must depend on the first spatial derivatives as well:

S = / d'L(Dy,0,0,) (8.14)

where we also imposed that the system is translation invariant so £ does not depend explicitly on
x. The variation of the action can be evaluated as

5S = / A 2L(Dy + 0By, 0, P, + 0,00,) — / d*vL(D,,0,D,)

(0L o .
/d (aqaﬁqoﬂ—7a(aﬁ¢a)8ﬂ()qa

or oL .
= [ (a@ ~ e, ))5@”] ‘20, (9% (8.15)
« E o

Using Gauss’s theorem, the second term can be cast into an integral over the boundary 90 of the
space time domain €2 in which the dynamics is considered

4 ar 3 ar 3T
/Q 420, (5as00a) = fa d S (57255024 ) (8.16)

where dS,, is the normal vector oriented surface element of the boundary 9€2. Now extending 2
to cover the whole Minkowski space-time and assuming

50t ) — om0
(S(I’a(?f,.’l_',") —|#| >0 0 (817)

the surface term can be dropped, resulting in the Euler-Lagrange equations of motion

oL ., oL
a(I)a e ‘}(aﬂq)r_t)

=0 (8.18)

Exercise 8.1. Show that shifting the Lagrangian density by a total divergence
L — L+ 9,Kk" (8.19)
leaves the equations of motion invariant.

Solution. The action is modified according to

/ dizl — / dial + / &3S, K (8.20)
0 0 a0

The second term does not contribute to the variation of action since the field variations d®, vanish
on Jf2 when extending 2 to the whole Minkowski space. O
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8.2.1 The Klein-Gordon action for real and complex scalar fields

Let us consider the Lagrangian density
1 2 :
L= 50,20"® — %@2 (8.21)

with a single real field ®.

Exercise 8.2. Show that the above Lagrangian gives the Klein-Gordon equation as its equation
of motion.

Solution. We can write

1 1 /= 2 2
L=3 @) -3 (vq)) - %@2 (8.22)
. oL oL
¢ _
S —— (I) = D(I) = —r)(I) = ""(I’ - _2‘
d(0, D) D=0 9(0,®) 0% =0 (8.23)
le. or
— = 0"'D 8.24
90,8) (8:24)
We also have o
oL .
55 = ™ ® (8.25)
so the equation of motion is
oL oL 9 :
- =-—-m*® —0,0'P = — P =0 2
TN T B (D +m)e = (8.26)
which is the Klein-Gordon equation in units h = ¢ = 1. [

One can also write the Lagrangian for a complex Klein-Gordon field ® as
L=0,00"P—m*d*® (8.27)

There are two ways to see that this indeed gives the Klein-Gordon equation for ®: the first is to
write

1
\/5(@1 @3) ( )
with ¢y 5 real, which then gives
1. , m? 1. , m? _
L= 50“49918“(,-91 - 7@5% - 50#49920“(,-92 - 7@3 (8.29)

So the real fields ¢, , satisfy the Klein-Gordon equation and so does ©.
The other way is to consider ® and its conjugate ®* as independent variables instead of the
real and the imaginary part of ® and take the variation accordingly:

oL oL .
. L Ty — 2 3
90,®) e 0P md
oL oL . :
_— = H = — 2 ) :
0, oHP 55" m°d (8.30)
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so the equations of motion corresponding to the variations of ® and ®* are

60 : —(O+mA)d* =0
§O* - —(O+m*)d =0 (8.31)

This is true in general: for a complex field one can use the variational principle in terms of the
field and its complex conjugate instead of decomposing it into a real and an imaginary part.

8.2.2 The Dirac action
The Lagrangian which gives the Dirac equation is
L= (iv"d, —m) (8.32)

Since )
U =iy’ (8.33)

variation with respect to U* can be substituted by variation with respect to .

Exercise 8.3. Compute the Euler-Lagrange equations from the Dirac Lagrangian.

Solution. We can write

oL oL :
— = — = ("9, —m) ¥ 8.34
a((t)”@) f}kIJ (EF} H ﬂ?) ( )
so the equation of motion from the variation of W is the Dirac equation itself
(iv"0, —m) ¥ =0 (8.35)
On the other hand 5 oc
‘ D dadY. (8.36)

= W~H =
20,0) T ow

so the equation of motion from the variation of ¥ gives the conjugate Dirac equation
: T - T T . _,u,<f_ N ¢
i,V +m¥ =V ("0, +m) =0 (8.37)

again in units h =1 =c. ]

8.3 Symmetries and Noether’s theorem

An important fact in Lagrangian dynamics is that symmetries lead to conserved quantities, ac-
cording to a theorem by Emmy Noether, a German Jewish mathematician who made outstanding
contributions to abstract algebra and theoretical physics. The theorem is true both in mechanics
and field theory; here we formulate and prove the field theoretic version.

Theorem. (Noether’s theorem for field theory) Let us suppose that there evists a one-parameter
family of transformations T (¢) which forms a group

T(e))T(e3) = Tler + €) (8.38)
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under which the fields transform as

Q(T)TC;Q) o) + €A, (2) + O(?) (8.39)

where we assumed that the transformation is infinitesimal i.e. can be expanded to first order in
the parameter €. Let us also assume the transformations preserve the action, i.e. the Lagrangian
density 1s changed by a total derivative

L— L+ €d, K"+ O(e?) (8.40)

T(e)

In this case there exists a current with the explicit form

oL
= —n—AP, — ¥ 8.41
7T 900,9.) (8.41)
which satisfies the continuity equation
Ot =0 (8.42)

and its conservation follows from the equations of motion.
Proof. The proof of the above statement follows from examining
L(Po(z) + €AD(7), 0,Pa(7) + €0, AP, (2)) = L(Pa(2), 0, Pu()) + €D, KH + O(€%) (8.43)

which can be rewritten as

oL oL

—AD, 0, AP, = . 44
aq)ﬂ C + a(a#qa)( a_;_JC (8 )
Using the Leibniz rule
oL oL oL
L AD, Ad, | —0,—————AD 45
30, @y) P = O (a(a ) ) TG N (8.45)
Substituting this into the previous formula and using the Euler-Lagrange equations
o oL
TR S (8.46)
leads to or
. —_ A fu
O (0(0 3 )AQ ) =0,K (8.47)
which is just
dug" =0 with j" = oc — AP, — K" (8.48)
. 9(0,9.)

For the above theorem it follows that the quantity

Q) = [ a2 (8.49)

is conserved: i0
— =0 8.50
o (8.50)
It is important to note that conservation of Q(t) is a consequence of the dynamics corresponding to
the equations of motions. Such conserved quantities are called Noether charges. We now proceed

to demonstrate the power of this theorem by considering the most important conservation laws.
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8.3.1 Energy-momentum tensor

Let us consider translation invariance in both space and time. The transformation T, (¢) is
! — 2" + ea (8.51)

where a* is a constant 4-vector that gives the direction of the translation and e is the trans-
formation’s parameter which is taken to be infinitesimal. Under translations all fields transform
as

P! (z) = Dpx — €a”) = @, (z) — €a”0, Dy (z) + O(€%) (8.52)
S0
Ad, = —a"0,P, (8.53)
In particular
AL = —a"0,L (8.54)

since L is a field itself; therefore

K = —a'L (8.55)

As a result

oL

g = — u‘};(I’a L= — yTﬂy 5
j 0(6?#@)“)& 0,0, +a"'L a (8.56)

where the quantity
oL
.Tlmz — _y(I)a - _r
7&?((3#@&)0 n"' L (8.57)

satisfies

9, T" =0 (8.58)

What is the interpretation of the conserved quantities
P = fd%Tn” (8.59)

corresponding to translation invariance? These form a 4-vector with the temporal component

0 __ 3 00 __ 3 a'c —

This resembles very much the expression

oL .
f?_(juq'é —L (8.61)

which gives the total energy in Lagrangian mechanics. Indeed one can think of a field as a collection
of canonical coordinates one for each space time points

Gsall) = a(t, ) (8.62)

The canonical momenta are then

oL

zalt) =1, (t,7) = —
p.{,_.ct() a( ?iI') 0(0@@’0‘)

(8.63)
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and the canonical energy expression can be written as

— e — — 3 L 1)) _f 3 — /
H=> piafsa—L= (Z/d ma(a{]%)ania d :rﬁ) =P, (8.64)

o
The expression

oc )
H = (m@n‘pu - »C) (860)

is called the Hamailtonian density. From special relativity we then know that the other components
P = / d*211,0,®, (8.66)

form the three-momentum.

Due to the continuity equations, the components

i oL
T° = —— 900, 8.67
I(0iP) ( )

form the energy current density 3—?Jecto while the components 7% give the current density of
the three momentum components j = 1,2,3 when considered as 3-vectors in 7.

In general, the energy-momentum tensor is not uniquely defined, since £ can be changed by
a complete 4 divergence without altering the dynamics of the system. The most general possible

redefinition has the form
TH — TH 4 9, BM (8.68)

where B is a rank three tensor that is antisymmetric in its first two indices
B — _ B (8.69)

This keeps the physical content of the energy-momentum intact. First of all, the new tensor is still
conserved
(’)'u (T#w + aABApu) — aluT_uu + é}ﬂa/\B/\,uu _ é}ﬂ.Tp.[) -0 (870)

where we used that the second partial derivative is symmetric under interchanging the order of
derivatives.

Exercise 8.4. Show that the redefined energy-momentum tensor gives the same conserved energy
and momentum.

Solution. We can write
pPY = / dPaT" = / &Pz (T + 0,B)
— f &z (T + 0,B™) (8.71)
since B = (. Applying Gauss’s theorem

/ d*29, B = # d* f;B"" (8.72)

V oV

22T the case of electrodynamics, this is the Poynting vector.
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and assuming that all fields satisfy the asymptotic property

and also that the densities such as B formed from the fields decay sufficiently fast, in the infinite
volume limit the surface integral term is 0. Therefore

P” = P" (8.74)

(For a finite system, the correct assumption is that the system is closed so that all fluxes through
the boundary vanish.) O

As a result, the above redefinition leaves the conserved quantities invariant, which is in fact the
physical content of the energy-momentum tensor. This shows that the energy-momentum tensor is
not defined uniquely. In some cases, one prefers a different energy-momentum than the canonical
one. For example in general relativity the Einstein equation reads

1 :
R”y - EQJLU/R - -"‘I‘.-I_;Ly (8-75)
Now the geometric tensors on the left hand side (the metric tensor g,,, and the Ricci tensor R,,,) are
symmetric, so the energy-momentum tensor must also be chosen symmetric. This is not guaranteed
by the canonical expression
oL :
™= ——x"oi0"®, — "L 8.76
(0, D.) ” (8.76)
for an arbitrary choice of the Lagrangian density £. The above freedom can be used to introduce
a symmetric T that can serve as a source for the gravitational field described as the curvature of
space-time; the appropriate choice for the Einstein equation is the so-called Belinfante-Rosenfeld

energy-momentum tensor.

Exercise 8.5. Compute the energy-momentum tensor for a scalar field governed by the Lagrangian

L= %@tbé)ﬂ@ — V(D) (8.77)
Solution.
& = J'd (8.78)
0(0,9) a '
SO
= 9L geg e — raira — g ( Lo,0000 — V(@) (8.79)
0(0,9) ' 2 H
]

Exercise 8.6. Compute the energy-momentum tensor for a Dirac field governed by the Lagrangian

L=T(id—m)T (8.80)
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Solution.

oL = oL .
T = At =0 8.81
ao,w) " 9(0,7) (8.81)
0 IL
a - _ .
™ = YU — L= WA — g (U (i — m) W .82
0(8,}1’)8 L = 1WAy n* (VU (i —m) ¥) (8.82)
and using the equations of motion one can eliminate the second term to give
TH = iU~y" 9" (8.83)
(]

The above result for the Dirac field is not the most convenient one. The resulting energy-
momentum tensor is not symmetric and not even real!l The reason for the latter is that L is
not real to start with, as shown by the following calculation

# —
o= [V ("9 —m) ] = ! (—iﬂ’” 0 — m) w
— —
= (—?ﬁ}-‘”}*"f}-“ 0, — m) AT = pial (—-i-‘}r” 0, — m) v
_ — L
g (—z’ﬁ - m) U (8.84)
However, the difference £ — L* is a total derivative:
_ S _
L—Lr =i (VAU + U FV) =9, (iUyV) (8.85)
so one can introduce an equivalent real Lagrangian by

= é (L+ )= (9w - TFT) —miy (8.86)

Exercise 8.7. Compute the energy-momentum tensor for a Dirac field governed by the Lagrangian

L'

Solution.

o i o i g

g Oy 87
00,0 2 3o 2 (8:87)
50

0L OL
56,0° T e

Note the position of the ¥ factor in the second term which is dictated by the fact that it is a row
spinor, while

— gL (8.88)

oL
0(0,%)
is a column spinor, so the summation over the spinor indices implies the order of the product when
written in matrix notation. This leads to

(8.89)

) — —
T = L5 (-5 ) g (8.90)
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The second term can again be eliminated using the equations of motions

=
@ —m)T=0 O (-zta - m) —0 (8.91)
leaving
yny E T, pay o p i T ﬁ__,u.<_)‘p c
T Z‘If('}(') ) ) = SU T (8.92)
O

The above expression for the energy-momentum tensor is still not symmetric, but at least it is
real.
8.3.2 Angular momentum conservation

In mechanics, angular momentum conservation is a consequence of rotational invariance. In re-
lativistic field theory, rotations are part of the Lorentz group, so one must consider an arbitrary
Lorentz transformation. Under a Lorentz transformation

= Ax (8.93)

the fields transforms as

@, (2) = S(A) 25(A ) (8.94)

where S(A) describes the Lorentz property of the quantity corresponding to the field itself. This
is analogous to electrodynamics where a spatial rotation O also rotates the electric and magnetic
fields which are 3-vectors:

E'(¥)=OEO™'%) B'(%) = 0B(O'%) (8.95)
For example if our field is a covariant tensor of rank r then it transforms as

Dy (1) = AL APy, (A7) (8.96)

M1
For integer spin fields, the S(A) form a representation of the Lorentz group
S(ﬂtj)S(Az) = S(A]flz) (897)

In the case of the Dirac field S is the spinor transformation matrix introduced earlier

o(z) = S(A)gWe(A™ ) (8.98)

where £, £ are the bispinor indices, and in this case
S(A1)S(Ag) = £5(A1A2) (8.99)

as discussed in Subsection [5.4.1]
To derive the Noether current corresponding to Lorentz transformation, consider an infinites-
imal transformation of the form

A =6 + ewh (8.100)

L L
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where

Wy = —Wep (8101)
and € is the small parameter. Then
(ﬂ_l)’: = —ewh = (_f\_l:r:)“ = ot — ewha” (8.102)
and one can also write ,
. . 7 , ]
SN =1- 5 W (T") 7+ O(w?) (8.103)
where the J* = —J"* are the infinitesimal generators of the Lorentz transformation acting on

the field. For a Klein-Gordon field J** = 0, while for a Dirac field they are

1
JILH'} — 50#” (8'104)
As a result
00 (z) = —ew' "0, (z) — %cww (") ®4(x)
= €A, D,(x) (8.105)
where 1
Aw(I’a(-T) = _§w,¢zu |:(:Iya,u. - :r,u.ay) (I)(x(m) + 7 (J“V)f (I)j(y):| (8106)
The Lagrangian density itself is a Lorentz scalar field, so it transforms according to
i 1
0L(x) = — 5 W (270" — 210") L(x) = €D\ )}
1
with ]C\i = _ﬁw,up (mun)\.h _ m#tn/\u) L (8107)

Exercise 8.8. Compute the Noether current .J} according to the above transformations.

Solution.
J) = r’)‘(gffba)é‘“@“ - KA
= o |y [0~ 20 ala) + (T (0] — (0 ) €
— —%ww [(-T“T’\” — TV 4 ?% (T") (I)_g(I)] (8.108)
where T"" is the canonical energy momentum tensor. ]

One can introduce the following rank-3 tensor

0L
'}r/\,._uu _ ,U-T/\j'.i o “_L(T/\p ( pwy 3 P,
o = @) i (e

= —Jivn (8.109)
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which is interpreted as the covariant angular momentum 4-current. To see that, compute the
corresponding conserved quantities

M = / e (8.110)

They consist of two parts. The contribution
dem (m”TO“ - m“TO”) (8.111)

is the orbital angular momentum tensor. Indeed it is clear that its spatial parts give the usual
orbital angular momentum by the formula

L, = fd:%:r (.’I‘ZTOS . IS'TUZ)
L, = fd% (;;;3]‘01 _ :Cle)
Ly = fd% (:1:1'_1"02 B :I,Z.T(Jl) (8112

l.e.

€Ik, = fds:r (xiTnj - m-an"') L, = c,;l;,-k/d‘q’:r:ro”k (8.113)
since T% is the density of the k component of the 3 momentum. The second term

oL

Avp
S = o)

(T") 2 ®s(x) (8.114)

is then obviously the internal contribution to the angular momentum, which is the quantity usually
called spin.

Exercise 8.9. Compute the tensor J»* for a free Dirac field starting from
1 (= o _
L= (W@ - np{ﬂ'xp) — M (8.115)

Solution. The internal Lorenz transformation of the spinors is

U (1 — iwwgw) R (1 n %w#ugw> (8.116)

from which :
jyu — 50__;_“; (8117)
and
1 ;
DY =~ |00 =20 W(a) + 50" W)
_ 1 _ p
A = g @0 - 20) 8(0) — J0a)o] (8.118)
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Using
or i or i
:—\D M 7_:__,\_4”'\1; '11
20,9) 2 20,0 2] (8.119)

we obtain 1
TU = (T = TV 4 10 (8.120)

O

Let us consider the spin angular momentum density for the Dirac field. The spin part of J%* is

1 i
ZKDT?O {+°, 0"”‘} v (8.121)

0

However, v commutes with

ik — 5[,-},.71,-},"~] (8.122)

and for both the Dirac and Weyl representations we have

a

O""jk — (,ﬂdzl EI — ( a1 ) (8123)
o
with o7, [ = 1,2, 3 denoting the usual Pauli matrices. So we obtain
J R
5\1’ YU (8.124)
which is indeed the result we expect.

8.3.3 The Belinfante-Rosenfeld energy momentum tensor

We know that

J/\,,u.u _ (mr/T/\;z - I;;.T,\y) + S,\_uu

. oL
ApY - vy 8 ‘
SH = f-m (T")a Ps(x) (8.125)
satisfies
OJM =0 (8.126)

by virtue of Noether’s theorem. More explicitly
T — TH 4 9,SM =0 (8.127)

where we used the continuity equation for the energy-momentum tensor. Therefore the antisym-
metric part of the stress-energy tensor is given by the divergence of the spin part S*¥.
The Belinfante-Rosenfeld energy momentum tensor is defined by

(:_)_uu _ -T,mz_f_a/\B/\py

1
B/\;_w — (_S/\;.w o S',L.L/\u + Svu,u,/\) (8128)

2
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Since
BMY — _ prM (8.129)

O is as good an energy-momentum tensor as 7. In addition, it is also symmetric

1 . . .
OM _ QVr — TTH _vn + 58,\ (_S/\,Lu/ o S,u.,\p + Su,u./\ + S/\V_u + Sy,\_u - Syv;\)
| using SM = —§ ¥

= T TV — 95 =) (8.130)

As mentioned before, the Belinfante-Rosenfeld energy-momentum tensor can be shown to be the
appropriate one to use in the Einstein equation.
For the Dirac field a somewhat lengthy computation gives

1 G RN
O = 3 (T £ T") = 109" 00 + 10" 5 (8.131)

8.3.4 Other conserved charges

An important class of Noether charges correspond to so-called internal transformations which do
not include any space-time part, and under which £ is invariant. An example is the U(1) symmetry

O(x) — e “P(x) (8.132)
in the complex Klein-Gordon model
L= (%EI'*(?”(I) — m2P*P (8.133)
For an infinitesimal transformation
0P = —ied 0" = +1ed” (8.134)
SO
AP = —id AD* = +4P* (8.135)
Now the Noether current is
oL oL
H = —— AP+ ——— AP
7 20,8) " 30,0
= i (P0"D — O'D™) (8.136)

Note that this is exactly the current found in Subsectionm

Exercise 8.10. Compute the U(1) current for a free Dirac field

L= % (W@ - @‘E@) — MU (8.137)

Solution. The transformations are

U(z) = e “U(x) (8.138)
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and for an infinitesimal transformation we have

OV = —iel 6U = +iel (8.139)
S0 B B
AV = — ¥ AV = ¥ (8.140)
The current is
oL _ oL i - - 1
= AV AV ————— = U (=) U [ —— | AT
J s Y T A ) T T ( 2) 7
= UM (8.141)
which is the same as in Section [5.5] O

Note that in the presence of Majorana mass terms the Dirac U(1) current is not conserved,

since they explicitly break the symmetry according to (5.249]5.250).

More generally one can consider a non-Abelian Lie group G acting as a symmetry. Suppose
that the action of a group element is represented by some unitary matrices R(g):

Do) — R(9)S B () (8.142)

Let us also suppose that the transformations are parametrised by some €¢* with @ = 1,...,dim G,
and the transformation corresponding to ¢* = ( is the identity. Then one can expand the repres-
entation as

R(g)f =67 =i e(t")2 + O(e) (8.143)

where t* are the generators in the given representation, which are Hermitian matrices and satisfy
the Lie algebra
[t 1] = ifete (8.144)

where f2 are structure constants of the Lie group. Then we have

0B, = —i Y e(t") [}y (8.145)

(a3

so under an infinitesimal transformation by generator t*
AP, = —i(t") ] g (8.146)

Noether’s theorem then gives the following conserved currents

" oc . ..
GOr = 90,0, )z(t 12D, (8.147)
nE o

Note that the charges can be written as

Q" (t) = /d%j“‘-“ = —z’fd"“mHﬂ(t_._f)(t“)f%(t,f) (8.148)
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and they are conserved
4Q (1)
dt
Note these charges can also be defined when the symmetry is only approximate, as was the case for
the isospin and the SU(3) symmetries of the strong interactions. In that case
4Q"(t)

— 70 (8.150)

=0 (8.149)

but as long as symmetry breaking is small, the system can be studied first by ignoring it and then
taking the symmetry breaking into account as a correction. Even if the symmetry is broken, the
transformation properties of the symmetry breaking Hamiltonian lead to non-trivial predictions
concerning physical quantities. This is exactly the idea used for the quark model in Section @
and is frequently applied in other contexts as well.

Exercise 8.11. Suppose we have a Lagrangian with N fermions

N

1 Ty _a(— T 1
'C = 52 (\IJ glpr_t - @ glpr_t) - Z:ﬂllp ‘I’a (8151)

a=1
which is invariant under SU(N) transformations
5] L. T c
Vo = U0y 0= (U)W (8.152)
Derive the Noether currents.
Solution. The SU(N) transformations can be parametrised as
U = exp (—iet?) (8.153)

a . . r .
where t* = ’\7 are N x N traceless Hermitian matrices; there are exactly N2 — 1 independent such

matrices conventionally normalised as

Tr A*A° = 207 (8.154)
Then B B _
AT, = —i(t") U, AT =i0(t)f (8.155)
resulting in the currents
. aﬁ T3 (;},C 'E = . A .= A ?
= =AY, + AV ——— = U (=) (") [, U)o —= ) v,
7T 0. 00,07 ~ 2" 1 (T A (=5 )T
T (t) ] (8.156)
O

More generally, the Dirac Lagrangian can be written as

N

i T _(x<_ T3 o
£ = 5 Z (‘If 'glpr_t - @ tglpr_t) - Z: @ Tn{j’ x (8157)

a=1
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where m is now a mass matrix. One can find the transformations under which it is invariant
UlmU =m (8.158)
Such unitary transformations form, in general, a subgroup G of the unitary group U(N), with
generators t*, @ = 1,...,dimG. That leads to currents of the same form as above, but only for
the generators that are eventually included in G.
Similar considerations can be made for scalar theories of the form

L= 0,09, — o (M?) ®, (8.159)

The construction of the Noether currents for this case is left as an exercise for the reader.
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9 Electromagnetic field

9.1 Relativistic electrodynamics

To start with, we first recall the formalism of relativistic electromagnetism in vacuum and the
description of point-like charges in an external electromagnetic field, switching back to the familiar
SI units for the time being.

9.1.1 Electromagnetic field in relativistic form

Let us consider Maxwell’s equation in vacuum

5 o . 10E
V x B 1o TS
V-E = p/€o
.. dB
E = - —
V x BT
V-B =0 (9.1)

Note that as used in standard vector calculus, the three-dimensional nabla is the vector
= g o0 0
V= ( —) = (Oh, 02, 03) (9.2)

dxl’ 0x2’ 03

which looks counter-intuitive at first, since the canonical form of all three-vectors such as 7 and
p corresponds to upper indices. It is important to keep this in mind, otherwise one could commit
sign mistakes due to

0; = =0 (9.3)
So the usual 3-vector operations take the following form:
grad ® =V® : (grad ®)' = 9,®
div E=VE : div E = ),E’
rot E=VXxE : (rot E) = 0 EF (9.4)

With these preliminaries, the last two Maxwell equations can be solved by introducing the poten-
tials ® and A:

B=VxA | E:—Vcﬁ—a (9.5)
which can be joined to form the four-potential
A = (A A)
with AY = %(I) (9.6)

(again, a three-vector like A has upper indices when used as the spatial component of a four-vector
quantity). Let us introduce the field strength tensor

Fr— grAY — v A¥ (9.7)
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which is antisymmetric i.e. F* = —F"" with the independent components

PO~ A1 00— 000~ g - 100 104
cOdxi ¢ Ot

= E'/Jc
ij i Ad P xi ; : Al QA!
Fi = 94— A = —g A 4o A= 0 L OX
‘ oxt  Oxd
= —l‘,’”kBk (9‘8)
Note the following properties
Fﬁ'g = —Fm = Fm F” = F” = —Fﬁ (99)

It is important to keep in mind that the four-potential is not entirely physical. The following
transformation

A, — A, + 0N (9.10)
leaves all the field strengths invariant. This is called a gauge transformation, and the freedom in
choosing the four-potential is called the gauge freedom. Due to the gauge freedom only quantities
invariant under the gauge transformations can have any physical meaning.

Note that E and B despite being three-vectors, are not part of a 4-vector. Therefore the position
of their indices is more of a useful convention, since their Lorentz transformation properties are
inherited from the F* tensol®]

Introducing the four-current density

7" = (pe,J) (9.11)
Maxwell’s equations can be written in the following form
Fr = orA” — 9" A"
O F" = poj” (9.12)

which implies that Mazwell’s equations are relativistically invariant provided A" and j* transform
as four-vectors (and, as a consequence of the first relation, F*” is a (2,0)-tensor).

Exercise 9.1. Show that

0, F" = poj” (9.13)
Solution. Computing explicitly the four-divergence of the field strength tensor
w  OFM '
O F" = prT (9.14)
as
. 0 i0 le =
0, F*" = OF :FV-E
= jpocp
. 1 OF! oOB* 1OE" (o 5\
FMo= QF" + 9 F"' = —— — —€eppmr = — - ( B)
O QE" + 2ot oy ? Ot Vv x
= poj! (9.15)
establishes our claim. L

23Gimilar consideration holds for the generators J/ and K7 as parts of the J* tensor
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Exercise 9.2. Show that the other two Maxwell-equations can be written as the vanishing of the
curl of the field tensor

xup"F =0 (9.16)

where €y, is the four-dimensional Levi-Civita defined by full antisymmetry in its indices and the
normalisation

€oro3 = —€ 0 =41 (9.17)

In analogy with 3 dimensions, this allows for the field tensor to be written using a vector-potential

as F'Hv = grAY — g¥ A+,

Solution. The A = 0 case can be computed using

€oijk = €ijk (9.18)
so the equation is _
0 - Cﬂ}u}paxlFUp - _l‘.’”k(ﬂua‘Bi (9.19)
Using
€ijk€ikl = 204 (9.20)
one gets
V-B=0 (9.21)

For A =i # 0 we obtain three terms

(3"F"F’ = CigljkaOF'}k -+ C.ﬁ-jnkaj Fnk + c.;j;l.gf}? Fkn

1 1_. 1
= —C-ejkgat(—Cjkth) + €ijk(—0;) (—;EA) — €ijk(—0;) (+;Ek)

0= (-éluup

2 i = 5 )¢
::E@£+(VX@) (9.22)
which gives
. . 0B N
VX E= 5 (9.23)
O

9.1.2 Relativistic particle in an external electromagnetic field

The equation of motion of the relativistic particle can be written as

ApH
(i_ = qF"u, (9.24)
where
dxt .
Py — — - —"?c )
U dr " (ln’ z(t)
1
with v = (9.25)

1— Z(t)2/c2

is the four-velocity. It is clear that the equation must have this form for the following reasons:
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1. p* is a four-vector, while 7 is the Lorentz-invariant proper time. So the derivative

dp" )
o (9.26)

is a four-vector, and it is the covariant extension of the force.

2. The electromagnetic force is proportional to the charge ¢, and is linear in the field strength
and the velocity. The only four-vector quantity with these properties is

qF*"" u, (9.27)

So the only issue is whether we got all the factors right. This is the task of the following two
exercises.

Exercise 9.3. Show that
— =q(E + v x B) (9.28)

Solution. O

Writing out the spatial components

dd% =q (F"'ng + F"julj) =q (Fio?.x.n — qu-j?.x.-j) =q (EE%C + cz-‘.jkqu--vj) (9.29)
and using
dr = dt/~y (9.30)
we obtain o
{:’; —q (E + (7 x B’)*‘) (9.31)

Exercise 9.4. Show that the temporal component is just the conservation of energy.

Solution. Computing

dp® . . 1 .
@ _ qF"u; = —qF"u' = —q (——E‘) ~yu'* (9.32)
dr c
leads to 10
ap 49z - .
— =-F-0 9.33
dt c ( )
Recalling that ¢p” is the kinetic energy of the particle, the above equation is just the conservation
of energy with the usual expression for the power exerted by the electromagnetic field. ]

One can also write an action principle for the relativistic particle in an external electromagnetic
field in the following way. In the non-relativistic limit in a static electric field, the Lagrangian is

1 .
L= i-m:fg —q® (9.34)
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The proper relativistic generalisation is then

L=1/1—2(t)?/c? (—me® — qu" A, (t, Z(t))) (9.35)

so that the action

S = f dtL = f dr (—mc* — qut'A,(t, %(t)))
= —mc? f dr — g f dat A, (z) (9.36)

is Lorentz invariant. In the last line the second integral is taken along the world-line.

Exercise 9.5. Show that the above action gives the correct equations of motion.

Solution. Substituting the expressions of

= ! ((‘ f’(t)) (9.37)

v F)2/e

AF = (%qx_ﬂ‘) (9.38)

and

we obtaln

L= —mcg\/l — 2/ — q@(t,T) + qaI A’ (9.39)
For the canonical momentum we obtain
L 3 :
= a_ = _mr -+ qu (940)

od* 1 — 22/

The Euler-Lagrange equation can be written as

d OL  OL
e A1
dt ozt Ozt (9-41)
with
)L o
¢ - = —qa.ﬁ-(I)+q:f:"’0iA-7
oxt
d OL d mi' A L
4oL _ A ¥ )90 oA (9.42)
or more explicitly
d mi’ Al ” i Ad
dt —_—| - _qa'}t — qO;A"T — q0;® + qi’ 0, A
) \/ 1—a2/c? ‘
DA . _ ;
= q (— 5 (l-(I)) + qv’ (0 A7 — 9;A")
using: 9; A7 — 9;A" = c,;;,-kBk and — ‘AT — 0,0 = E!
' ' ot
— g (E + 7 x B’) (9.43)
O
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Note that in an external electromagnetic field the mechanical and the canonical momentum do
not coincide: indeed

p=7—qA (9.44)

H = mi'— L

= L +mc*\/1 — 22/ + q®
\/1—2%/c?

N2
= (’\/(T_i" - qA) +m2c? + qP (9.45)

This can be written in an even more appealing form using that H = ¢p° is the energy, so

N2
p! — gAY = \/(f." - qA) + m?2c? (9.46)

which shows introducing an external electromagnetic field is equivalent to the rule called minimal
substitution:

pt' — p' — g A* (9.47)
which was already used in Section

Exercise 9.6. Show that the above action is gauge invariant due to the fact that a gauge trans-
formation

A, — A, + 0N (9.48)
changes the Lagrangian by a total derivative.

Solution. A gauge transformation of the form
Ay — A+ 04A (9.49)

leaves to the following change in the action

. dx* dA dA
y = — e N = — _— = - e {
AS = [drq o A q[d’r o q[dt o (9.50)

This is the integral of a total derivative, and the Lagrangian itself changes by a total derivative

dA

AL = —¢™2
Tar

(9.51)

and so a gauge transformation does not affect the equations of motions. This could also be seen
from their dependence on F*” only. O
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9.2 Action and energy-momentum tensor

Here we switch to units with ¢g = ¢ = h = 1. Besides the usual conventions this also entails jiop = 1,
and is equivalent to using a particular unit for the electric charge in which the elementary charge

18 a dimensionless number
e = Vira (9.52)

with a denoting the fine structure constant.
The Mazwell equations can be derived from an action principle with the Lagrangian:

1
L= FuF" — A, (9.53)

Indeed let us compute the Euler-Lagrange equations corresponding to A,:

C _i(a#A,, CO,A) (A — 97 A — jrA, (9.54)
We obtain or o0
T _Fwv ¢ — gV EE
oA oA j (9.55)
so the equations of motion are
0
9,2k oL _ o Fm 4 =0 (9.56)

"9(0,A,)  0A,

which is identical to the equation derived previously.
The action for the free electromagnetic field is

1
L=—gFwk™ (9.57)

Exercise 9.7. Compute the canonical energy-momentum tensor of the free electromagnetic field.

Solution.
oL
.T'u,u — OUA . 'L“}»C
a0, An "
1
= —F*MOA, + Z-n‘“’Fp,\F"A (9.58)

O

Note that the above energy-momentum tensor is neither symmetric nor invariant under the gauge
transformations

A, = A, + 9,A (9.59)

This can be resolved by introducing the modification

QMY = TH | al\B/\,u.y (960)
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with

B)\pu _ F/\,U.Au (961)
which results in the symmetric energy-momentum tensor
(__),u.y _ F,L.I’./\FV 1 uv Fp/\ 9
- = At ZL?? pA (9-6 )
where we used the field equation
ONFM =0 (9.63)

9.3 Gauge invariance and minimal coupling

As discussed in Scction electromagnetic interaction can be added to the Dirac equation
(iv"0y —m) ¥(xz) =0 (9.64)

using the principle of minimal subtraction

P = pt—qA” (9.65)
which leads to
7" (i, — qAu()) — m] () = 0 (9.66)
or, using Dirac’s notation
(id —gA—m)¥ =0 (9.67)

Now note that the U(1) symmetry of the Dirac field can be extended to a local (i.e. space-time
dependent) transformation of the form

U(x) — e D) (9.68)
provided the vector potential transforms as

Au(x) = Ay(z) + 0,A(x) (9.69)

Exercise 9.8. Show that the above transformation leaves the dynamics of the Dirac field invariant.

Solution.

(7" (10 = 4 (Au() + 0uA(2))) — m] 742U (z)
e NI [ (10, + g0 () — q (Au(x) + 0uA(x))) — m] ()
e~ (31 (1), — qA,(x)) — m] U(z) (9.70)

O

Switching to the level of the action, it can be shown that the electromagnetic interaction can be
introduced by demanding that the global (i.e. position independent) U(1) symmetry is extended
to a local one. Taking the free fermion Lagrangian

L =T(id —m)¥ (9.71)
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one can study its property under

U(z) — e Py () (9.72)

The transformation of £ is

L — (i — m)¥ 4 qUy" T, A (9.73)
Note that the change in the action is proportional to the Noether current
j* = qUy" (9.74)

Therefore introducing the electromagnetic field coupled to this current gives a gauge invariant
Lagrangian

= 1 v
Lopp = Y(id—m)¥ — ZLF””F# - j"A,
- 1
= V(i —gA—m)¥ — ZEH,F”” (9.75)
As the notation suggests, this is the Lagrangian that defines the simplest form of quantum elec-
trodynamics (QQED) that describes the dynamics of electrons and positrons coupled to the electro-

magnetic fields. Adding other particles (muon, tau, quarks) necessitates the coupling of the fields
describing them to the electromagnetic field.

Exercise 9.9. Compute the (classical) equations of motions for quantum electrodynamics.
Solution. Variation with respect to the different fields leads to the equations
U (i —qgA—m)¥ =0
_ —
o0 : U(—ig —gA—m)=0

0A : O, F" = —j" (9.76)
with )
75 =qUY (9.77)
(]
The derivative operator
D, =0, +1iqA, (9.78)

has the particular properties that it is covariant under gauge transformations

e M (9, +iq (A, () + 0,A (7)) e M) = 9, —igd, A(x) + iq (A, (x) + 0 A(x)) = 0, + igA,(x)
(9.79)

With this notation, the Lagrangian can be written as
- 1
Logp = V(i —m)¥ — ZF,WF““ (9.80)

This observation leads to a simple way of coupling fields to electromagnetism. For example, for a
scalar field with the Lagrangian

L=09,2*0"® — m*d*P (9.81)
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of charge ¢, the derivative can be substituted with the covariant one to obtain the Lagrangian of
scalar quantum electrodynamics

1 .
Lsoep = —ZEWF”” +(D,®)" (D"®) — m*®*®
1 .
= g FwF" + 0@ D — m*P D — j*A, + A, A DD (9.82)

where the Noether current is

J* = iq (DD — DI DT) (9.83)

In this case, besides the current-potential coupling there is also a term quadratic in the potential;
its presence is necessary to ensure gauge invariance.

Exercise 9.10. Compute the (classical) equations of motions for scalar quantum electrodynamics
and show that they are gauge invariant.

Solution. The derivatives of the Lagrangian can be computed as follows

% = —m2®* + g2 A, ArD* + iqA, 0" ®* OL . — ghdp* — ig A" O*

. (0, )
% = —m2®d + 3244#14% —iqgA, 0" D WE“ = O'D + ig AP D (9.84)
oA, — —J0 2 AMPTD sy = 1

The equations of motions are

Cocor o,

Ongo.@) o~ L(DuD"—m) 8 =0

o o o

g, ~ ad — L(DuD" = m?) @] =0
oL oc

0, — = —0,F" + " —24° A" D" P = .85
(’O(SpA[,) oA, o, +J q )" ¢ 0 (9.85)

The first two equations are obviously gauge invariant. For the last one, the transformation of the
current

7 = 7Y+ 2¢°0" AP D (9.86)
under the transformation .
O(x) — e PO P () (9.87)

is cancelled by the transformation of the other term under

A¥(z) = A¥(z) + 0"A(x) (9.88)
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10 Elements of quantum field theory

The quantum dynamics of fields is described by quantum field theory, which is a vast subject.
Here we only review some very basic elements that give a good intuitive picture that is sufficient
for the present course.

10.1 Canonical quantisation of free fields

A field is called free if its FEuler-Lagrange equations are linear. This happens when the correspond-
ing Lagrangian density contains terms that are at most quadratic in field variables. An example is

the real Klein-Gordon field: )

1 ,
L= 50,20"® — %@2 (10.1)

which satisfies

(0 +m?)(z) = 0 (10.2)

Since this is a linear partial differential equation, it can be decoupled into an infinite number of
harmonic oscillators using a Fourier transformation

- f %égmei‘?f (10.3)

o7 (t) = B _g(t) (10.4)

where due to reality of the field

Then the equations of motion are

Be(t) + wlbel) =0 wp = /R4 m? (10.5)

and the Lagrangian takes the form

fd’*«nc f(qu 1( f)‘ —wu‘@ f)‘) (10.6)

which is just a family of coupled harmonic oscillators.
One introducing the canonical momentum field

oL

H = ‘ = (i) T 10.7
0= 550 = ¥ (10.7
its Fourier transform can be written as
Pk -
(¢, 7 t ik-Z
( ?T) (2 ) k( )
I (t) = (1) (10.8)

Writing
L= / (d ;; 3 (Pe(t)D_(t) — wPbe()®_g(1)) (109)
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it is obvious that the momentum conjugate to é,; is ﬁﬁ_g So the Klein-Gordon field can be
quantised by promoting the classical variables to operators and requiring the canonical commuta-
tion relations

Be(t), dp()] = 0= [M(0), T ()]
Bp(t), Tp(t)] = i(2m)*0 @+ R) (10.10)
which can be written in position space as

[@(t, %), ®(t, 7)) = 0=[(tT), (t,7)]
@(t, %), O(t. 2] = i0®(zF— ) (10.11)

Exercise 10.1. Prove (10.11}).

Solution. We only show the computation for the non-zero commutator, the others can be evaluated
in a similar way:

[@(t,7), (¢, 7)) = f (;i";qp" f (‘i]‘)qe‘ {‘fﬁ;(t)_-.l:[;:f(t)}

33]\: - .33.]\:’ T =t - b b
— [ a sz-:;:[ a sz - ?(2?T)‘3()('3)(k + L!)

(27)3 (2m)3"
dsk M- -
— -i[(2 )qe“k'(*_”’):fié(‘q}(f—f) (10.12)
o):
O

Using reality and the equations of motion one can express
9..13/2 1 TN —iwzt T T\ it
(2m)" " —— (a(k)e ™" + a' (—k)e"k

M(t) = ®p(t) = —@(2@3?2\/? ((L(E)e—iwzi - a.T(—E)eiwsﬂ) (10.13)

K
7l
—

o 8
—

and so

la(k),a(K")] = 0= [al(k),a!(k")
la(k),al(¥)] = 69k —K) (10.14)

are just a set of harmonic oscillator step operators.

Exercise 10.2. Prove (10.14).
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Solution. One can express

- 1 wr = o= Fiwgt
alk) = ) (\/EQ)E(@ + ml‘[;(?ﬁ)) e

- 1 Wy ~ T~ i )
al(k) = (%)3/2( %Q’_E(t)—?ﬂ_g(t))e gt (10.15)

Wi

and use the relations (10.10). O

So the final expansion for a real Klein-Gordon field is

Pkl T U
O, 7) = [ —— (a(k)e—wszﬂﬂw + aT(k)e““’E‘_"k‘x) (10.16)

(2m)3/2 | f2wg

where in the second term we changed the integration variable k£ to —k. The energy and momentum
can be expressed as

H = [ df*k%w,;(aT(E)a(E)+a(x2)a*f(;?))
Po= [ g (ol Balh) + olfyal () (10.17)

and satisfy

[H, ()] wial (@) [H.a(@)] = —wqa(q)
[Pial (@] = ad'(@  [Pya(@)] = ~¢a() (10.18)

Exercise 10.3. Compute (10.17) and (10.18).

Solution. Substitute the Fourier expansion (10.16) into
1
H = [d3m§ (I(2)I(z) + 0;®(x)0; P () + m*®(z)®(x))

P, = [d:‘:rl_[(fr)&@(m) (10.19)
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and compute the spatial integral. For example
0 f d*k f a3k 1

B (2m)3/2 | (2m)3/2 2, /2w 2w;,
(g = - ) (alfye et -

a_’r(g)e-ewﬁz—df-f) (Q(Ef)e—iwg;t+ig’-f _ aT(E{)eiwg;t—'iE’-:E)

+m? (a(g)e—iu};t—}—iﬁ:vi’ + aT(E)eiwgt_éE-:E) (a(gr)e—iwpt+u}”,i-‘ + aT(Eﬁ)eiwgt—iEh:E) ]
/ d*k / a3k 1
B (2m)3/2 | (2m)3/22

2wi2wiy
[ (s

. E Er +m ) (Q(E)a(f: )e—iwgt_.éw};,t + G'..T(E)GT(E’)GM?-{_WP:) 5(?)(;}' + E)

. E . Er o ﬂ’lz) (G(E)G.T(E!)B_iwﬁt—'—iwﬁ’t + aT(E)a(Ef)eint—th) 5(3)(E o E{)]
recalling that w; = \/EZ + m?

]_ — — — —
= fd‘?kiw,; (a.T(k)a(k) + a(k)aT(L))

(10.20)
For the commutators, an example is

@) = [ @k (o @lol).f @)+ lalF

),al(@)a! ()
- /df“kw,;a(s)(f}'— g)a’ (k) = wza'(q)

(10.21)
all the others can be computed similarly. L
Note that one can rewrite
]. —,
H= / Phwgal (K)a(k) + 5 / d* kw6 (0) (10.22)
The last term looks strange, but in fact it has a quite simple meaning. Note that
— d:]_"r o
83 (k) = / otk 10.2:
#)= [ e (10.23)
S0 v
5@ (0) = 10.24
0) = (10.24)
where V' is the volume of the system. Therefore
1 - d*k 1
= | &@kwps®(0) = /——- : 10.25
5 [ s =v g (10.25)



which is nothing else than the total ground state enerqy of the system, with the integral

&k ‘
1% f PO (10.26)

resulting from the summation over the momenta, which are discrete in finite volume, replaced by
integral over the density of states. This term can eventually be dropped, as the Hamiltonian is only
defined up to a consta.m‘ifl so the Hamiltonian can be redefined as

H= f d*kwzal (K)a(k) (10.27)

This is essentially a rewriting of the Hamiltonian by placing all creation operators in front, which
is called normal ordering. Note that canonical quantisation does not uniquely define the Hamilto-
nian, since operators do not commute, so in addition to the classical form of the Hamiltonian,
at the quantum level the ordering must also be specified. Normal ordering is simply a recipe to
define an unambiguous ordering at the quantum level. Note that for the momentum the ground
state contribution vanishes (and the corresponding ordering ambiguity does not exist), since the
integrand is odd under k— —Fk.

So far we considered a real Klein-Gordon field. For a complex field, the only difference is that

= ’k 1 N o —iwptHikE |t (T piwpt—ik-E
(I)(t._.ir) —_ fwﬁ (a(k)(:' k + b (k)(:' k )

AN d’k 1 Pe iwpttikd | o piwgt—ik-Z ¢
ol(t,7) — f T ERyo (b(k) HRE | ot () et —ik ) (10.28)
and the conjugate momenta are
I(t,7) =o' (t,7) (¢, 7) = dl(¢, 7) (10.29)
Exercise 10.4. Show that
[a(k),a(k)] = 0= [a!(F),al ()]
la(k),al ()] = 6@ (k- &)
[b(k). b(K)] = 0= [b1(K), bT(K")]
[b(k), b1 (k)] = 0@ (k — k) (10.30)

while mixed commutators between a and b modes vanish.

Solution. Express the mode operators using from inverse Fourier transforms of ®, ®f, I and II
and use the canonical commutation relations

[@(t, %), I(t, 7)) = 63 (F - )

[@1(t,2), ' (t,7)] = 6™ (¥ -7 (10.31)
(plus all the other combinations such as [®, ®] , [®,1I7] , [®, ®] etc. that give zero) to compute
the commutators between the modes. 0

24The only exception is when coupling the system to gravity, since Einstein’s equation couples the space-time
metric to the full energy-momentum tensor. In that case, a constant ground state energy term in the Hamiltonian
would correspond to vacuum energy density, which is the so-called cosmological constant. However, even in that
case the remarks on the ambiguity due to ordering still applies, meaning that quantum field theory alone cannot
predict the value of cosmological constant.



The Hamiltonian is
H = f &z (H(:r)‘i'(:r) + I (2) @' (z) — z:)
— f &z (HT (. D)II(t, T) + VO (¢, 7) - VB(L, T) + m2DF (¢, 7)D(1, F))
— f df“k% (aT(E)a(E) + a(k)al (k) + b (k)b(k) + b(E)bT(E)) (10.32)

or, after normal ordering
H = f & o (al (F)a(R) + b1 (F)b(F) (10.33)

Similarly

P = /&”x (19, + 1110, ®)

_ [ Pk (aT(E)a(E) +bT(E)b(£§)) (10.34)

Exercise 10.5. Compute (10.33) and (10.34).
Solution. Substitute the Fourier expansion (10.32) into

H= f Bz (HT(t, P)I(t, T) + VO (t,7) - VO(t, F) + m?d (, 7)D(t, F)) (10.35)

and
P = / Pk, (ol (Bya(F) + b (B)p(F)) (10.36)
and compute the spatial integral as in Exercise O

10.2 Free particles

The ground state of a quantum field system is called the vacuum. For free fields, it is the state
annihilated by all the downward step operators:

a(k)|0) = 0 (10.37)
The excited states are
ky, .. k) =al(ky)...al (k,)|0) (10.38)

These states span a Hilbert space called the Fock space and are eigenstates of energy and mo-
mentum:

Hiky, .. k) = > wplky, ... k)
i=1

ﬁ|El:“‘1ETL> = Zlezl,;,J (1039)
i=1




Exercise 10.6. Derive (10.39).

Solution. For example, using that

H|0) =0 (10.40)

one obtains

Hlky, ... k) = [Hd(k)...d'(E))0) = [H,a'(k)]...al (k)]0) + - +al (k) ... [H, d'(k,)][0)

T

= wal(F)...a'(E)|0) + - +al(F) .. .wp al (ka)]0) =) wp [ka, ..., Fa)(10.41)

i=1

Similar computation gives the momentum eigenvalue. O

Exercise 10.7. Assuming (0|0) = 1, compute the scalar product of the Fock states (10.38).

Solution. First of all, the scalar product vanishes when the number of particles in the two states
are different:

<@l?""ii|Elu'--1E1rz> =0 n #m (1042)
due to .
a(k)|0) =0 or, by conjugation (0|a’(¢q) =0 (10.43)
For n =m =1 we get
(glk) = (0la(q)a’ (k)[0) = (0[[a(q), a’(k)]|0) = 6 (k — @) (10.44)

Forn=m=2

(1. 2lkr. k2) = (Ola(q1)a(gz)al (k1)a' (k2)[0)
= (0l[a(q)a(gz), a' (k1 )a’ (k2)]|0)

= 6@ (k1 — 31)6D (k2 — @) + 0¥ (kr — 3)0) (k2 — G1) (10.45)
For the general case
<91: R Q'nlkl-.- s kn) = Z (S(Q)(k‘l - (j":r(l)) R 5(?)(;‘% - (j;r(n)) (1046)
wePerm(n)
L]
where the sum runs over all permutations 7 of the numbers 1,..., n.
The physical interpretation of the state is |El, .. .,Eﬂ) that it describes a sttuation with n

particles of definite momenta (and therefore energies). Note that these states are not normalisable

since the particles can be found uniformly over all space (plane waves); however, just as in ordinary
quantum mechanics, one can form wave packets to obtain normalisable states. The operators af(k)

—

and a(k) create and destroy a particle, and are called creation/annihilation operators.

154



For the complex Klein-Gordon field there are two sets of particle states: the a-particles and
the b-particles. Note that a complex field has a conserved U(1) charge which can be computed

@ = [dwi(@iae - sas)
= fd3k (GT(?)a(E) - bf(ﬁz)b(;‘?)) (after normal ordering) (10.47)

so a-particles have charge +1, while b-particles have charge —1:

[Q,a"(fi)] = +al(k) [Q,a(r‘?)]:—a(j?)
[Q.b'(k)] = —bl(k) [Q,b(k)] = +b(k) (10.48)

Since charge conjugation acts as

(CP)(x) = £ () (10.49)

it takes a-particles into b-particles and vice versa; they are anti-particles of each other.

In a more complicated case, such as e.g. Dirac or electromagnetic fields the formalism is a
bit more involved, but the main outline is the same. Every (physica.@ Fourier mode of the field
corresponds to a given particle state that can be empty or filled in with some number of particles.

For fermionic fields, antisymmetry of the wave function requires that the creation/annihilation
operators must anticommute, so the field must be quantised with anticommutators taking the place
of the commutators in . This enforces the Pauli exclusion principle: there can only
be at most one particle corresponding to any given mode of a fermionic field. In all cases, real
fields describe particles that are their own anti-particles, while complex fields describe particles
together with their anti-particles:

e the electromagnetic field is real, so a photon is its own anti-particle and has no non-trivial con-
served charges (apart from space-time related conserved quantities such as energy-momentum
and angular momentum four-tensor);

e a Dirac field describes a spin 1/2 fermion and its anti-particle;

e a Majorana field (see Subsection [5.10) describes a spin 1/2 fermion which is its own anti-
particle, and there exists a choice of basis (Majorana representation) in which the field is
real. Majorana fermions can carry no non-trivial conserved charges since real fields can have
no U(1) transformation.

Remark 10.8. For later use we remark that similarly to the complex Klein-Gordon field, the Dirac
field W contains particle annihilation and anti-particle creation operators, while the conjugate field
U (or equivalently ¥ = U'A°) contains particle creation and anti-particle annihilation operators.
For the electromagnetic field A, contains both the photon creation and annihilation operators,
similarly to a real Klein-Gordon field.

Note that the above formalism solves the issue of positive definite conserved probabilities, since
the probability is defined by the scalar product on the Fock space which is positive definite; the

25For the electromagnetic field, only the modes with transverse polarisation are physical due to gauge invariance.
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U(1) Noether currents are related to conserved charges rather than probability densities. Quantum
field theory also gets rid of the problem of the Dirac sea since all states have energies strictly above
the Fock vacuum, and this solution works both for bosonic and fermionic systems without recourse
to the Pauli principle to fill in the negative energy modes.

For any consistent relativistic quantum field theory, locality, relativistic invariance and Her-
miticity of the Hamiltonian implies the following two theorems:

Theorem 10.9. (CPT) The full dynamics is invariant under the combined application of charge
conjugation, parity and time reversal.

Theorem 10.10. (Spin-statistics) Particles with integer spin satisfy commutation relations and
therefore obey Bose-FEinstein statistics (bosons), while particles with half-integer spin satisfy anti-
commutation relations and therefore obey Fermi-Dirac statistics (fermions). In terms of more
familiar quantum mechanics, the state (wave function) is symmetric under the exchange of two
bosons, while it changes sign under the exchange of two fermions (leading to the Pauli exclusion
principle).

The behaviour under the exchange of a boson and fermion is a matter of conventions; the
usual choice is that bosons and fermions commute, leading to the state being invariant under the
exchange of a boson with a fermion.

Quantum field theory thus solves the issue of combining quantum theory and special relativity
into a consistent theory; however, this comes at the price that a quantum field always describes a
many-particle system and no consistent closed one-particle formulation exists in gcnera

10.3 Dyson series and Feynman diagrams

Turning now to interactions, note that by definition an interacting field theory has non-linear
equations of motion, which corresponds to a Lagrangian containing terms higher than quadratic
order in the fields. For example, consider the Lagrangian

1 1 1
L= 50,2"® — §m2‘I>2 - E’\‘Dd (10.50)

for a real scalar field ®, which leads to the equation of motion

A

(O+m?*)® = —EQ)S (10.51)
The Hamiltonian corresponding to this model is
L/ . > . 1
H= fd%i (H2 + (V)2 + ?n.2®2) —|—/\fd3x5¢'4 (10.52)
H, v

26The only known exception (apart from free fields) is the class of so-called integrable quantum field theories
which conserve all particle numbers and so their Hilbert space can be split into subspaces with definite number of
particles which are consistent relativistic interacting few-body systems. Such theories only exist in 1+ 1 space-time
dimensions.



where Hy is the quadratic (free) part and V' contains interactions, while A is a so-called coupling
constant. The most straightforward way to treat the dynamics of a quantum field theory is to use
time-dependent perturbation theory and expand in the coupling constant. The formalism is very
general and applies to all Lagrangian field theories; the free part Hy is quantised in the canonical
way, and the theory is treated in the interaction (Dirac) picture, where operators evolve by the free
part Hy and states evolve by the interacting part A\V. As a result, the Hamiltonian can be rewritten
in terms of the free field creation and annihilation operators by substituting the expansion
for @, leading to a model of infinitely many non-linearly coupled oscillators. From there on, one
can proceed using standard quantum mechanical perturbation theory; however, there exists a much
more efficient treatment using a so-called Dyson series.

In the interaction picture, the interacting part (as well as all physical operators) is itself time-

dependent _ _
V(t) = ety (0)e ot (10.53)

and the state of the system evolves according to
0
i W () = V(D) ¥(0) (10.54)

which can be solved by successive iterations given the initial state |¥(t)) at time 5. Rewriting
the Schrédinger equation in an integral form

(1)) = T(ty) — i\ f drV ()0 (7)) (10.55)

to

successive iteration starting from |W(ty)) gives the series

() = (1 . fA/ ATV (1) + (—i)) / dﬂ/ draV (1)V (72)
+(—iA) / dﬂ/ d'rz/ drsV (1) V(1) V(73) + )|‘If(tn)> (10.56)
Introducing the time-ordered product
TV (t) ... V()] = Vtaw) -Vt (10.57)
where the permutation 7 is a reordering of the times according to
te) > - > b (10.58)

one can rewrite

w(t) = { d1

_ Texp{—z’/\ ft iV (r )}|\11(t0)) (10.59)

dTn V(Tl V(Tn)]} |LIJ(fU)>

where the last expression is just a short-hand for the series expansion using its structural similarity
to an exponential expansion (it would exactly be an exponential in the absence of time-ordering).
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Introducing a convenient basis on the Hilbert space, corresponding to the eigenbasis of the free
Hamiltonian Hy:

Hy|n) = E,|n) (10.60)

which are supposed to be orthonormal, and expanding the evolving state in this basis

|‘I’(t)> = Z Cn (ﬂ|ﬂ> (10'61)

T

the time evolution can be written as

en(t) =Y Unm(t. to)cm(to) (10.62)

Ty
with

U (£.10) = (n| T exp {—-;:)\ ft ’ dTV(T)} im) (10.63)

These are the transition amplitudes for processes starting from a free state |m) and ending with a
free state |n), induced by the interaction.

For example, in a scattering process one assumes that the incoming state in the asymptotic
past and the outgoing state in the asymptotic future consists of very far separated particles, so
that they are essentially free. The mathematical object describing a scattering is the so-called
scattering or S matriz

S‘nm = Unm(oo; _OC) (1064)

from which the probabilities of scattering processes can be calculated. Instead of going into the
details we show that the Dyson series allows a very appealing interpretation. Namely, we can
consider inserting full sets of states as follows

t i il
Upm (t:t0) = Opm — -z'.)\/ dr(n|V(7)|m) + (—i)\)Qf d:rl/ dry Z<?1|V(T1)|T‘>(T‘|V(T2)|m) + ..
to ty to r
(10.65)

What is the meaning of these terms? The term, first order in A describes that the initial state |m)
exists up to time 7 when it just happens to transition into the final state |n); since 7 can be any
instant between t; and ¢, , it has to be integrated over. The second term is a two-step process,
which happens via an intermediate state |r): |m) transitions to |r) at time 75 and later at 7, |r)
transitions into the final state |n). It is necessary now to integrate over the times 7y 5 and also to
sum over the possible intermediate states |r). Now we know that V' is itself the spatial integral of
an interaction density V(x), so in fact we have

t
U—nm(t:tf}) = (S'n.m _?)\f ded%T<n|V(T, (F)l?n>
to
i T1
+(—z'/\)2/ drlfd3x1f dTgfds.TQ Z(nW(ﬁ;,:1_:'1)|?'><?‘|V(T2_._:1_:'2)|m)
ty to "

+.. (10.66)

so in fact the integrals are over space-time points (events) where/when the interactions eventually
happen. By our choice of basis, the states |n), [m), |r) etc. are simply free particles propagating
in space-time, so one can draw a diagram corresponding to the history embodied by each term
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in this expansion, which is called a Feynman diagram. A Feynman diagram is in fact a way to
encode a particular integral term contributing to the Dyson expansion. The possible histories are
constrained by selection rules stating which are the states for which the interaction matrix elements
do not vanish; these selection rules are in fact surprising simple to read out from the Lagrangian.
The only computational task left is to perform the state summations and the integrals, for which
powerful techniques exist. Instead of going into technical details, we give a few examples of particle
processes and corresponding Feynman diagrams.

10.3.1 Interacting real scalar field

Let us now consider the theory

1 1. 1.
'CS(:H..EL[T = 58#(:{)8#@ — §m2(I)2 — a/\q}i (10-67)

The interaction is given by the operator

= E,\qfl (10.68)

Using the expansion (10.16)), the interaction contains terms consisting of 4 annihilation operators
aaaa, terms of form a'aaa, a'a'aa, a'a’a’a and a'a’a’al. Considering a matrix element (n|V|m),
these correspond to the following processing happening between |m) and |n) at some space-time
point:

e aaaa: 4 particles annihilating from |m), rest continuing to |n);

e alaaa: 3 particles in |m) fusing into one particle in |n);

e a'a’aa: 2 particles in |m) scattering into two particles in |n);

e a'a’a’a: one particle in |m) splitting into three particles in |n); and
e a'a’a’al: four particles created and propagating into |n).

Since at any step, energy (and also momentum) must be conserved, the aaaa and a'a’a’al terms
can never contribute, as energy conservation cannot be ensured. In any case, the histories that must
be drawn are those of free bosonic particles propagating and interacting at four-legged vertices.
For example, up to second order in A two particles scattering into two particles have the following
Feynman diagrams where time runs from bottom to top:

» = + + 3 similar

O(\) 0()\2 o)



10.3.2 Quantum electrodynamics

Let us now consider the simplest version of quantum electrodynamics
- 1
'CQED = @(?ﬁ — qA’— ﬂ’l)‘l’ — ZF‘L‘L”FW} (1069)

where A* is the electromagnetic field, while ¥ is a Dirac field describing electrons and positrons.
The interaction vertex is

V(z) = —e¥(z)y"¥(z)A,(r) (10.70)
where we put ¢ = —e, with e = 1.6...107%C denoting the elementary charge. Now the field A is
real and so contains both creation and annihilation operators for photons, so that at a given vertex
one can either have a photon annihilated or created. Since W is complex, it contains an electron
annihilation and a positron creation operator, while ¥ = ¥~ contains an electron creation and a
positron annihilation operator. The vertex is usually drawn in the following way:

v

v

The two fermionic legs are distinguished by arrows, which also help properly drawing the diagram
since they can only be joined preserving orientation to ensure a mon-zero value via the proper
ordering of creation and annihilation operators. According to rema.rkin Subsection the
leg ¥ corresponds either to creating a positron or destroying an electron, while the leg ¥ can do
just the opposite; the leg A can either create or destroy a photon.

For example, a Compton scattering

e +y—e +7y (10.71)

is given to O(e?) by the following two diagrams:

The amplitude of electron-positron annihilation
e +et s y+7y (10.72)

to O(e?) is given by
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where the line with orientation running backwards in time corresponds to a positron, which can
easily be ascertained by looking at the mode contents of W and V.
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11 Weak interactions revisited

We already covered the basics of weak interactions in Section@ however, there is much more to
learn in order to understand our current picture of them.

11.1 Lepton number conservation

Consider the following weak interaction processes:

n — pt+e +v
pte — n+v
,ui — et v+v

 G— ,u,i + v

All of these involve one or more neutrinos, albeit all known conservation laws (energy, momentum,
electric charge, baryon number) would allow for them to proceed without them (they do break
some other conservation laws, such an isospin, though). However, their neutrinoless versions are
never observed and it is natural to suppose that there is some conserved charge that forbids them.
This is called leptonic number L and by convention e~ and g~ have L = +1. In that case, one
must assign L = 1 to the neutrino, which allows to designate the particle appearing in the neutron
[-decay as an antineutrino, leading to

n — pte +v
pt+e — n+4v

,ui — U+

- ,u,++v

e e

However, it is still a question why we do not observe the process
,u,i —s et 4+ v

but only a decay with two neutrinos involved? This leads to the idea that the two neutrinos are
necessary because they are not the same, and there is a separate electronic and muonic number to
be conserved. The neutrino related to the electron is called the electron neutrino and denoted as
Ve, while the one corresponding to the muon is the muon neutrino and is denoted as v,. Now we
have the complete version of these processes

n — pte +v,
p+e — n+i,
o — e +r.tvy
,u,+ — et + v, + Ve
t— ,u,+ + vy
S/ Uty

This leads to the following assignment of lepton numbers:
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e |1 0 1
v, | 1 0 1
w01 1
ve | 0] 1 1

with a separate conservation for the electronic lepton number L. and the muonic one L.

11.1.1 The Cowan-Reines neutrino experiment

The existence of the neutrino was proposed by Pauli in 1930, but it took more than twenty years
until direct evidence was found by C.L. Cowan and F. Reines in 1956. They used the reaction

vo+p—mn+e’ 11.1
I

The cross section for this reaction can be computed using the lifetime of the neutron. Denoting
the weak interaction Hamiltonian by Hyy, the decay amplitude of the neutron computed to first
order in perturbation theory involves the matrix element

(pe—ﬂc|HW|n> (11'2)

which can be estimated from the lifetime of the neutron. The scattering Il mmvolves the matrix
element
(-n.e+ |HW |pr;r:> (1 13)

which is related to (11.2) by the so-called crossing symmetry, which is generally valid in quantum
field theory. Crossing symmetry relates the amplitudes of two processes which differ from each
other by transferring a particle of momentum p' from the initial state to its antiparticle in the final
state with momentum —p} in the case at hand it states that

(p(Pr)e” (P2)Pe(D3) | HwIn(Ph)) = (p(D1)Pe(Ps)| Hw|n(pr)e" (—p2))
= (n(F1)e" (—5)| Hwlp(5:)7e () (11.4)
Detailed calculation predicts that the cross section of reaction (11.1) is
o ~6-10""cm? (11.5)

This is an extremely small value; for example, typical nuclear cross sections are of the order of

1 barn = 10~ % em?.

Exercise 11.1. Compute the typical length travelled by an electron antineutrino without inter-
action in lead from the cross section (11.5).

Solution. Lead has atomic number 82, a density of 11.34 g/cm® and an atomic weight of 207.2 g/mol,
leading to a proton density

82-11.34 1 1
= 610" — =27-10"—
207.2 ’ cm? cm?
so the typical free path is
1 .
A\, = — =6.2-10"%cm = 6.5 light years
on

This result shows that neutrinos can pass through ordinary materials with astonishing ease! O
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To have a sufficiently strong signal, one needs a very potent neutrino source to compensate
for the small interaction probability. Fortunately, the plutonium breeding reactors used for the
development and building of nuclear weapons provided just such a source. In a fission process the
reaction

n +%% U — neutron rich elements + 2.5 n + 200 MeV (11.6)

is followed by [-decays generating about 6 v per fission, which have an average energy of 3 MeV
each. The neutrino intensity is given by

Prca.(_'tor .
N,=6 X ——— 11.7
v = 06X 550 Mev (11.7)
and using
1 MeV
1 MW = 11.8
1.6-1079 s (11.8)

every MW of reactor power corresponds to a flux of about 1.9-10'7%/s. A preliminary experiment
built at the Hanford Site already achieved a tentative identification of neutrinos in 1953. The
follow-up experiment was built 11 meters from reactor P at the Savannah River Site, where the
neutrino flux density was of the order of 10! /cm?/s.

Exercise 11.2. What is the neutrino flux density of a Paks reactor (1375 MW gross power) d = 11
meters away, assuming a spherical distribution of neutrino flux?

Solution. The full neutrino intensity is

1
N, =26-10"= (11.9)
S
so the flux is N )
o, =—"=17-1 13 11.1
' A d? 710 s - cm? ( 0)
O

Since the reaction cross section is so small, much care had to be taken to exclude the cosmic
ray background and so the experiment was built in shielded place 12 meters underground. The
detector was made of two water tanks, with a total volume of 200 litres, and the idea of the
detection was that the positrons created in the process would annihilate to two v photons which
could be subsequently detected by scintillation counters.

Exercise 11.3. Estimate the number of events expected with 200 litres of water as a detector and
a neutrino flux density of @, = 10" /cm?/s.

Solution. With just a single proton as a target, the expected event rate would be

.1
o®,=6-10"%= (11.11)
5
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However, 200 kg of water contains

200 kg 1
— 2 .6-10®— .10 = 6.7 - 10*® protons 11.12
0.018 kg/mol mol P ( )
leading to an event rate of around 145 neutrino events per hour. Note that this is a crude estimate,
and the actual number of detected events is expected to be substantially lower due to several factors
affecting detection efficiency. O

However, the experiment was not conclusive enough, so another detection method was added by
dissolving 40 kg of cadmium salt (CdCly) in the water, which is a highly efficient neutron absorber
via the process

n+ '%Cd — '"Cd — '9Cd + 4 (11.13)

The delay between the ~ rays from the positron and from the neutron absorption was computed
to be within 5 ps; in this way, signals from stray positrons could be excluded with coincidence
measurements since their simultaneous double ~-rays were not followed by the neutron absorption
signal v rays within five microseconds. Months of data collection resulted in a detection rate of
three neutrinos per hour. To demonstrate that these were indeed neutrino events from the reactor,
they shut down the reactor and the signal went away. From the detection rate, they computed a
measured cross section of

Oeap = 6.3 - 10* ¢m? (11.14)

which was in a very good agreement with expectations. Their results were published in Science in
the issue of 20th July 1956. For his work on neutrino physics, F. Reines shared the Nobel Prize in
1995 with M.L. Perl, who discovered the 7 lepton (C. Cowan died in 1974).

It is interesting to note that the antineutrinos from nuclear reactors never trigger the reaction

5’(:+T?L7‘f¥)+e_ (]_].].5)

which is energetically favourable compared to (11.1); it can only proceed when the incoming
particle is v,., which is not generated in the reactor. In fact, this was the observation that led to
the idea of lepton number conservation proposed in 1952 independently by E. Konopinski and H.

Mahmoud (US), J. Zeldovich (USSR) and G. Marx (Hungary).

11.1.2 Discovering the muon neutrino

As noted above, the two neutrinos produced in muon decay must be of two different types, otherwise
there is no explanation for the absence of the decay u* — e* + . To establish this conclusively,
a new experimental technique was used to create a neutrino beam, building on ideas proposed
independently by B. Pontecorvo (Dubna, USSR) and M. Schwartz (Columbia, USA). M. Schwartz
joined forces with L. Lederman and J. Steinberger to build a neutrino beam of sufficiently high
intensity. They used the 15 GeV proton beam produced by the Alternating Gradient Synchrotron
(AGS) at Brookhaven which was directed into a beryllium target, producing large numbers of
pions (and other particles). The pions decay as

™ — oy v (11.16)

Since the original protons’ large momentum is conserved, the end result is a beam consisting of
pions, muons and neutrinos, some of the original protons and other particles produced in the
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collision, moving in the direction of the original proton beam. To select the neutrinos, they
applied a shielding wall of steel 13.5 meters thick, constructed of armour plates of a recently
decommissioned battleship (USS Missouri). It was estimated that after this, only about 1 in every
10%* pions survived, with similar attenuation rates for all other particles except the neutrinos (some
muons passed through as well, due to their high penetration ability in matter).

To detect the neutrinos, they built a 10-ton spark chamber consisting of ninety one-inch thick
aluminium plates, with the gaps between the plates filled with gas. The neutrinos streaming
through the chamber were expected to occasionally produce a positron or a muon by hitting a
proton in an aluminium nucleus, and the resulting charged particle would create a spark track due
to the high voltages applied to the plates. After several months of beam time and using 3.48 - 107
original beam protons, 113 candidate events were found; of these 51 events were identified as
coming from the neutrino beam, the rest originating in various other processes (low-energy muons
directly from the AGS beam, background neutrons and cosmic rays).

The tracks originating from these events were all due to muons, shown by the fact that they
passed directly through the Al plates, which is very different from the behaviour of electrons. So
the neutrinos making up the beam only created muons by the processes

Vp+n — @ +p
v,+p — p+n (11.17)

and therefore were of a different species than the electron neutrinos generated in beta decays. For
the discovery of the muon neutrino, Schwartz, Lederman and Steinberger were awarded the Nobel
Prize in 1988.

11.2 Charged current interactions

The first theory proposed to describe -decay was Fermi’s “tentativo”. It describes a point-like
interaction between the neutron, proton, electron and neutrino described by the appropriate Dirac
fields. It is customary to use a notation in which the Dirac field ¥, of the neutron is denoted
simply by n, and similarly for the other particles. In modern notations Fermi’s interaction can be
written aﬂ

Lr = Gp(py'n)(éyuve) + h.c. (11.18)

with h.c. denoting the Hermitian conjugate term, and G’ is a coupling constant. This corresponds
to a point-like interaction between the particles, and describes processes such as

n — pt+e +1,
p — n+et + v,
Vetn — p+e
Vet+tp — n+e’ (11.19)

The dimension of G can be computed as follows. The Dirac action

f d'z Vg (11.20)

2TTo follow the arguments of this Section, it is important to recall the properties of the Dirac matrices derived in
subsections 5.0 and To understand the transitions corresponding to the different interaction terms, consult
also Remark m in Subsection @
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is dimensionless. Since z has dimension ¢V ! and therefore @ has dimension of ¢V, we obtain
(U] = eV?/2 (11.21)
Since
[ d'zLp (11.22)
is a term in the action, it is similarly dimensionless, leading to
[Gp] = eV (11.23)

Fermi’s Lagrangian does not contain parity violation: both the left and the right handed neutrinos
participate with equal weight. Writing

Ve = VeL + VeRr
Vel = L=% v,
el 9 [
]_ .
Vep = + f}F’r/c (11.24)
2
and similarly for the electron, one gets
E(pr‘r: = éLF};;LV(:L + équVeH (1125)
Exercise 11.4. Show that from ]
145 ;
it follows that 1=~
\T’H,,L =0 T (11.27)
Solution. E.g. starting from
1+~ _
Ty — *;}5@ (11.28)
we get
- 1+~ 1—7 -1 —
Similarly for Wy. O

The left-handedness of the neutrino can be enforced by modifying the leptonic term to

1
éf}fu-ur: — éf}fﬂch = 561’,&(1 - 75)”{: (1130)
which also enforces that only the left-handed electron participates, since
Yu(1 =75) = (1 +75) % (11.31)

So we are lead to the Lagrangian
Gp

E‘:
2

(07" (1 — ays)n)(evu(l — 5)ve) + hec. (11.32)
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where the coupling constant was slightly redefined, and also allow a 75 term for the hadronic
terms, although its value is not fixed directly by any principle. For a free neutron the measured
value is a = 1.25, although its effective value is changed by the nuclear environment, reflecting the
fact that the nucleon is a composite object. For the coupling constant, fitting its value from the
neutron lifetime gives

=1
Gpr107"— (11.33)
m2
where m,, is the proton mass.
The decay of the muon
wo—=e +v,+ (11.34)

can be similarly described by a four-fermion interaction
G.U'- — fat = l 1 T
ﬁ(m (1 =75)1)(@7a(l = ¥5)ve) + hec. (11.35)

where due to the fact that the muon is just like a heavier version of the electron, the form of
the interaction term was chosen to match that of the electron. Comparing the prediction of this
Lagrangian (with some electromagnetic corrections included) with the experimentally observed
muon decay time leads to the value

G, = 1.1663787(6) - 10~° (11.36)

GeV?
Using m,, ~ 938 MeV it is easy to check that Gx and G, are eventually approximately equal.
Indeed, this was the observation that eventually led to the idea that these processes were essentially
different manifestations of a universal weak interactions, which takes the form
Loc = Gr (JETTO* + hee)) (11.37)
V2
where
}’g = @Vall — ¥5)Ve + [17a(l — 75)v, + hadronic part (11.38)

is a so-called charged current since it describes processes where the electric charge is changed by
a unit: e.g. e turns into a v, while p turns into n, or = turns into v, while a pair of e~ and
v, are created. In contrast, the electromagnetic current which enters the interaction with the

clectromagnetic field (cf. Subsection |10.3.2)
JEM — Evne + fiyap + hadronic part (11.39)

is neutral due to the force being mediated by a particle (the photon) which carries no charge.

Exercise 11.5. Show that it follows that
(a1 = 75)v0)" = Tuya(l — 35)p (11.40)

so the term (11.35)) describing the muon decay really occurs in (11.37).
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Solution.

, ;
(a1 =) = (1M07a( = 25)v) = v (1 = vs)7iou
= vl(1 = 15)%0%kt = v30(L + 75)Yak
= D,uf}’r_t(]- - '75);”4 (1141)

O

Since the nucleon is a composite object, we expect that the current can be written in a simpler
form in terms of elementary quarks:

J:‘: = Yol = ¥5)Ve + V0l — v5)v, + (ffya(l — Ys5)u (11.42)

This current corresponds to A@) = —1 while its conjugate contains AQ) = +1 terms; all terms in
the interaction (11.37) therefore preserve the conservation of electric charge. Using this current,

(11.37) contains e.g. the term

G T - o — 1 i
7; (@7 (1 = )ve) (@ya(l = 5)d) (11.43)
responsible for the process

d—u+e +1, (11.44)
which is the quark level process behind the neutron S-decay, or the conjugate term

Gr . : o
E(m* (1= 75)e) (dva(l = 75)u) (11.45)

resulting in e.g.
u+ v, —rd+et (11.46)

which is the quark level process behind the reaction
Ve+p—n+e’ (11.47)

used in the Cowan-Reines reactor neutrino detection experiment.

Exercise 11.6. Write down the interaction terms that are responsible for the processes

v,+p — n+ut
Vp+n — pH+pu (11.48)

Solution. The quark level process for the first one is
w+v, — d+pt (11.49)
and the interaction term behind that is the muonic analogue of ll

G _
7‘% (77" (1 = 75) 1) (dra(l = 75)u) (11.50)
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while the second process corresponds to
d+vy —u+p (11.51)

and is generated by the Hermitian conjugate of (11.50

G‘ PPl - ¢
ZE (17 (1 = 75)13) (@7a(1 = 75)d) (11.52)

V2

11.3 FCNC, the GIM mechanism and the discovery of charm
11.3.1 The Cabibbo angle

The current (11.42) does not contain the strange quark and therefore cannot explain the weak
decays of strange particles. These require transitions between u and s, i.e., an inclusion of a term
of the form

5Ya(l —75)u (11.53)

The proper way to do that was found out by N. Cabibbo in 1963. He started from the following
observations:

e Universality of weak interactions: transitions u <— d, e <— v, and p <— v, all had
similar amplitudes.

e Transitions with change in strangeness AS = 1 had amplitudes equal to about 25% of those

with AS = (.

Adding considerations based on Gell-Mann’s eightfold way, Cabibbo proposed a mizing between
AS =0 and AS = 1 charged currents, while keeping the universality of the weak coupling. It is
easier to describe his idea in terms of quarks: it is equivalent to the statement that in the charged

current (11.42)), d must be replaced with
dg = dcosf + ssind (11.54)

leading to the following expression:

'}rc(t-' = Bﬁfu(l - 1’:5)1}6 + :aﬁfu(]- — TS)VQ + gﬂf}fr_t(]- - {75)'“-
= Eﬁfu(l - TS)VG + :aﬁf(x(]- - F}’S)V,u + cos 907{7&(1 - {7‘5)“' + sin 9@'}*&(1 - F};ﬁ)u (1155)

Note that the Cabibbo rotation ((11.54)) is an SU(3) transformation in flavour space, which keeps
universality of the weak coupling. Its content is that the mass eigenstates of quarks u,d, s differ
from the weak interaction eigenstates u, dg. s¢ by a flavour rotation. Another way of viewing this
transformation is that both the strong and weak interaction break SU(3) flavour symmetry, but
there is a mismatch in the symmetry breaking direction in the three-dimensional flavour space
which is given by the Cabibbo rotation: neglecting isospin breaking, the strong interaction breaks
SU(3) with m, > m, = my, i.e. the direction of s, while according to , the combination

sg = —dsinf + scosf (11.56)

170



does not couple to weak interactions at all, while u and dy couple with the universal strength G,
so the weak interactions breaks flavour symmetry in the sy direction.

The value of the Cabibbo angle € can be obtained from the ratio between AS = 0 and AS =1
transition amplitudes:

1
tanf ~ g 0~ 14° (11.57)

and so

cos =~ 0.97 sin # = (.24 (11.58)
Therefore the term (11.35) responsible for muon decay is unchanged, but (11.43) is replaced by

Gr

—cos B (ev*(1 — v5)v.) (uvy, (1 — ~5)d 11.59
7 (@ (1 = ys)ve) (@ra(1 — 75)d) (11.59)
so the Fermi constant Gg measured from (-decay is expected to be slightly smaller than the value
G, measured from the muon lifetime

G =Grcosl = 097Gr < G, = Gp (11.60)

Indeed, measurements of G from the S-decay of 'O were consistent with this prediction and so
the charged current modified by the Cabibbo rotation (11.55) seemed consistent with available
observations.

11.3.2 FCNC and the discovery of charm

The mixing between the d and s quarks, however, introduced a new problem: flavour changing
neutral currents (FCNC). For example, such a decay would be

K} - pt +p (11.61)

This decay mode is in fact known and has a branching ratio (6.84 +0.11) - 107, so it happens
about seven times in every billion decays. Since K} is a combination of K’ = §d and K" = sd,
such a decay would, for example, follow from an interaction like

Gp
V2

The currents in the product are neutral, since the outgoing lepton/quark has the same charge
as the incoming one, but the quark current changes flavour, hence the name. As discussed later
in Subsection weak neutral current interactions do exist, but they preserve flavour. At
this stage, however, the weak Lagrangian only involves charged currents, so at first order of
perturbation theory there are no neutral current interactions.

However, flavour changing neutral currents occur at second order of perturbation theory. For
example, the clccaygcts a contribution from including the interaction terms

(7" (1 = 5)p) (dra(1l = 75)s) + hec. (11.62)

G ) — -
L cost (A (1 = 75)vu) (yal(l — 75)d)

V2

Gr . _ _ ‘
ZE sinp (T (1 = v5) 1) (57a(l — 95)u) (11.63)

V2
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The first one allows, among others, the process

d— u+p +v, (11.64)
while the second one allows for

S+u+v, — p’ (11.65)
which can be combined as

S+d—put+p (11.66)

This corresponds to the diagram (with time flowing from bottom to top)

+

u u

d S

The contribution of such diagrams cannot be estimated properly in the four-fermion theory, as they

turn out to depend on the cut-off (cf. the discussion of loop divergences in Subsection [12.3.2). A
proper evaluation is possible once it is taken into account that the weak interactions are mediated

by the W= bosons, which changes the diagram into

u u

d S

The contribution from these second order diagrams turns out to give a branching ratio of order
10~*, which is too high.

In 1970, Glashow, Iliopoulos and Maiani proposed a mechanism (known as the GIM mechanism)
to explain the observed low branching ratio of FCNC decays. By that time, people had already
noticed the asymmetry resulting from d having a partner quark u, while s missing one. The GIM
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mechanism is based on the assumption that the combination sg = —dsinf + scos# enters in the
weak interactions via a coupling to a new quark ¢, and the charge current looks like

JS = Eﬂfa(]- — 75)1}6 + :aﬂfu(]- — F};S)V;a + (gﬂf}fd(l - KY5)'U' + EQ'F}Ia(l - '?(5)0
= Yal(l = 95)Ve + [17a(l — ¥5)vp + cos OBdya (1 — vs5)u + sin 57, (1 — v5)u
+ 08057, (1 — 75)c — sin Bdy, (1 — 75)c (11.67)

Now there are two diagrams

iy u*

(a) (b)
Neglecting any difference between the quark masses m,, and m., the only difference between these
diagrams is between the interaction strengths involved in the vertices:

(a) : Gr cosﬁﬁsinf)

V2 V2

(b) f/‘%(—sin 9)% cos (11.68)
so the two contributions cancel each other! This is the GIM mechanism, which for degenerate
quark masses leads to the complete absence of FCNC processes. It is essentially a destructive
quantum interference: the transition from the state K to pu*p~ can happen along two paths, but
the corresponding amplitudes cancel, analogously to the explanation of dark stripes in a two-slit
experiment.

In reality, the two diagrams are not exactly the same due to the difference between the v and
¢ quark masses. A proper calculation of the amplitude, involving the intermediate vector bosons

iy TT) u*
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leads to a suppression factor given by the quark mass difference as
m? —m?

T (11.69)

Given that My was expected to be of the order of 100 GeV (cf. Scction, the observed value
for the branching could be explained if m,. was of the order of GeV.

The predicted new quark was named charm by Glashow because its introduction solved some
problems with the gauge theory proposed for weak interactions (discussed in Section , making
it “work like a charm” By the summer of 1974 the main expected properties of a ¢¢ meson were
clarified. Besides having a mass of about a few GeV, it’s lifetime was expected to be much longer
than naive estimates from other strongly decaying particles suggested. This is due to the OZI
rule, discussed in Subsection which states that strong decays which can only proceed via
annihilation of heavy quarks are suppressed. In the case of the ¢¢ meson, this suppression was
expected to give a very narrow resonance width of smaller than MeV magnitude, compared to a
naive estimate (not taking into account the OZI rule) of the order of 100 MeV. A narrow resonance
is very hard to find while scanning an energy range; in addition, the prediction was mainly ignored
and the experimental work leading to the discovery was mainly motivated by exploring new energy
regimes.

The discovery of the fourth quark was announced on the 11th November, 1974, ushering in
what became known as the November Revolution due to the subsequent rapid changes in particle
physics. Two groups, one at the Stanford Linear Accelerator Center (SLAC), headed by B. Richter,
and another one at the Brookhaven National Laboratory (BNL) headed by S. Ting, found a new
particle of rest mass of about 3.1 GeV and a mean lifetime of about 7 - 10~2!s (about a thousand
times longer than expected without the OZI rules). They discovered that they had eventually found
the same particle, and announced it simultaneously on the same day. For their ground-breaking
discovery, Richter and Ting shared the Nobel Prize in Physics in 1976.

Richter at first named the particle S P after the SPEAR accelerator used at SLAC, but following
an objection by his co-workers, he chose the Greek letter 1/, which contains the name SP, but in
reverse order. Ting named it J, which is a letter adjacent to K, already used for strange mesons,
but is also the first letter of Ting’s eldest daughter’s name, Jeanne. Because of the simultaneous
discovery, the particle was finally named the J/¢. Due to the large mass of the ¢ quark, a non-
relativistic potential approximation works very well, and the J/¢ is essentially a charmonium
bound state of quantum wave function 15, similarly to the ground state of the positronium, which
is an electron-positron bound stat Richter’s group also found some other charmonium states
such as 7. and v¢'. A few of these particles are summarised in Table

Note the relatively large width of the states ¢)(3770) and (4040). The reason is that they
are heavy enough to decay into charmed D mesons, with the end states being either D° + D or
D"+ D~. Such decays go through creation of a light quark (uu or d(f) pair, and are not suppressed
by the OZI rule. The D mesons have the quark content

Dt =cd D =ead
D’ = cu D =¢cu (11.70)
The mass of the charged ones is 1869 MeV, with 1865 MeV for the neutral ones.

There is a large number of other hadrons containing the charmed quark; for their properties the
interested reader is referred to the latest Review of Particle Physics by the Particle Data Group.

28In fact, a detailed analysis finds an almost perfect correlation between the spectra of charmonium and
positronium (cf. D. Griffiths: Introduction to Elementary Particles, Section 5.4).
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‘ Name | State | Spin ‘ Mass Decay width
The ¢ family

J /1 1S 1 3096.916 + 0.011 MeV | 92.9 4+ 2.8 keV

)’ 25 1 ] 3686.109 £ 0.012 MeV 299 + 8 keV
Y(3770) | 3D 1 3773.15 £ 0.012 MeV | 27.24+ 1.0 MeV

0(d040) | 35 | 1 1039 £ 1 MoV 80 £ 10 MoV

Some other states

Ne 1S 0 2983.6 = 0.7 MeV 32.2 4 0.9 MeV

X0 1P 0 3414.75 + 0.31 MeV 10.5 £ 0.6 MeV
el 1P 1 3510.66 £+ 0.07 MeV | 0.84 £0.04 MeV

Table 11.1: A few members of the charmonium family

11.3.3 The third generation of leptons and quarks

After the discovery of charm, everything seemed perfect: the known fermions could be organised
into two generations of leptons and quarks:

‘ First generation

Second generation ‘

Leptons | Quarks || Leptons | Quarks
Ve u vy c
e d 7 s

All of this made sense: under weak interactions, the leptons come in doublets, and transitions
can happen between a charged lepton and its neutrino in the same doublet. Similarly for quarks,
where the weak doublets are formed by u and dy, and by ¢ and sy. The charge difference in
each of these doublets is exactly the same. In addition, there is the Cabibbo mixing caused
by difference between quark mass and weak eigenstates. For the leptons, no such miring was
expected, since the neutrinos were thought to have zero mass, so the only way to define which one
was which was their transitions to charged leptons; there was no other basis which would have
a different orientation. Indeed, all these symmetries were incorporated in the gauge theories of
strong and weak interactions, discussed in Sections and respectively. A slight discomfort
was expressed on the basis that considering the building blocks of everyday matter around us, the
second generation had no reason to exist; the Nobel laureate Isidor Isaac Rabi famously asked
“Who ordered that?” in reference to the muon.

However, the November Revolution started by the discovery of the charm quark brought new
surprises. In a series of experiments between 1974 and 1977, M.L. Perl and his colleagues at SLAC
SPEAR electron-positron collider ring (the same machine used by B. Richter’s group) found a new
charged lepton, which was named 7 after the starting letter of the Greek words triton (meaning
“third” in English). The original discovery consisted of 64 events of the form

et +e” — e + uT + at least two undetected particles (11.71)

for which they had no explanation from known processes. The need for at least two undetected
particles was found from energy-momentum conservation in the events. The proposed explanation
was the creation of a new lepton pair

et+e — 717 4+77 — eF+pF+4w (11.72)

175



Adding this lepton with its own neutrino, the charged current (11.55) becomes

}’g = @Yol —75)Ve + i17a(l — v5)Vu + TYa(l — 75)vr
+ 08 0d, (1 — 75)u + sin 057, (1 — 75)u
+ €08 057, (1 — ¥5)c — sin Odry, (1 — vs)c (11.73)

and by looking at the terms in the weak Lagrangian (11.37) one obtains the following possible
decays

T — e +UV,+Uv,
T — W V-t
T — dtu+tv, (11.74)

(with the charge conjugate processes for 77). The last one is a hadronic route, and eventually
about 2/3 of 7s decay into various combinations of pions and a tau neutrino. The leptonic decays
explaining the original observation happen about 1/3 of the time, and the branching ratio for
the electronic and muonic routes is essentially the same, which is the consequence of leptonic
unz’vemalitﬂ

The reason why it took so long to identify the particle conclusively is that the energy necessary
for a 777~ pair production is similar to the threshold for D meson production. Work performed
at SPEAR and at DESY at Hamburg, established that the 7 is a spin-1/2 particle with mass
m = 1776.82 4+ 0.16 MeV and a mean lifetime of 2.906(10) - 107** s. For the discovery of 7, Perl
shared the 1995 Nobel Prize in Physics with Reines, who was awarded his share the first direct
detection of the neutrino.

Once the T was found, it was expected to fit in a third generation of leptons and quarks. Indeed,
a new quark b with a mass of about 4.5 GeV was discovered at the Fermilab by the E288 experiment
lead by L.M. Lederman, in experiments similar to those that lead to J/1. This time they found a
new generation of long-lived T (upsilon) mesons also called “bottomonium”, composed of a bottom
and an anti-bottom quark. Similarly to the charm quark, the bottom quark is also a constituent
of numerous hadrons: B mesons containing an u or d besides b, B, mesons built from bottom and
strange, and B, composed of a bottom and a charm quark. Bottom baryons have also been found;
an example is A} which is similar to A” but the s quark is replaced by the b.

The other quark of the third generation, the top was found by the CDF and DO at Fermilab
with a mass of about 173 GeV, which is close to the atomic mass of tungsten, making the top
quark the heaviest fundamental particle known at present. The lifetime of the top quark is so
short that it decays before forming any hadrons, so there are no top mesons or baryons.

Finally, the direct detection of the tau neutrino was achieved by the DONUT (Direct Observa-
tion of NU Tau) experiment run at the Tevatron proton accelerator where they were produced via
decay of charmed mesons. The announcement in July 2000 was based on only 4 events; however
this was far in excess of the expected background (< 0.2 events).

The presently known fundamental fermions are summarised in Table

29Leptonic universality means that the weak couplings of all leptons are the same, so the electronic and muonic
channels only differ because of m,, # m.. However, this difference is very small compared to the mass of the 7, so
the two branching ratio only differ slightly from each other.

176



Leptons Quarks
Generation | Name Mass | Charge | Spin || Name Mass | Constituent | Charge | Spin
mass

Lst Ve <22eV 0 1/2 u 2.3 MeV 336 MeV | +2/3 | 1/2

e 0.511 MeV -1 1/2 d 4.8 MeV 340 MeV | —1/3 | 1/2

ond Yy < 0.17 MeV 0 1/2 c 1.275 GeV 1550 MeV | +2/3 | 1/2

w 105.7 MeV -1 1/2 s 95 MeV 486 MeV | —1/3 | 1/2

vy < 155 MeV 0 1/2 t 173.07 GeV +2/3 | 1/2

3rd T 1711 GeV | —1 | 1/2 || b 118 GeV | 4730 MeV | —1/3 | 1/2

Table 11.2: The three generations of fundamental fermions. The u, d, s quark masses are current
quark masses, while ¢ and b masses are given in the so-called MS scheme. Their masses as
hadronic constituents are different and their approximate values are also given (note that these
values are depend on the phenomenological model used for hadron masses). The top mass is the
value obtained by direct measurements, which is only possible in this case, since the top quark
does not hadronise and therefore does not have a constituent mass either.

11.4 Flavour mixing, C'P violation and neutrino oscillations

11.4.1 The Cabibbo-Kobayashi-Maskawa matrix

With three generations, the charged current takes the form

'}rlf = é?’"tx(l - 1’"5)1/(.‘ + ﬁ?’u(l - ?'S)V” + 71'}'@(1 - '}'5)VT
+dYo (1 = y5)u + F70 (1 — v5)c + by, (1 — 35)t (11.75)
where
d d
s’ = VCJ\’I\J S (1176)
b b
with
Vuda Vus Vb
Voekm = | Ve Ves Ve (11.77)
Via Vis Va

denoting the 3 X 3 unitary matrix introduced by M. Kobayashi and T. Maskawa to extending
the Cabibbo mixing to the case of three quark generations. Note that one could as well transfer
the mixing on the u, ¢, t quarks, the important thing is the relative transformation of the up-type
and down-type quarks with respect to each other. The unitarity of Ug ), ensures that the GIM
mechanism extends to the case with three generations.
Now a 3 x 3 unitary matrix has 9 real parameters which can be seen from the fact that it can
be written as
V=e' (11.78)

with 7" Hermitian and a 3 x 3 real Hermitian matrix has exactly 9 real parameters. Real unitary
matrices are just orthogonal matrices (rotations and reflections), and three-dimensional rotations
have three real parameters, e.g. the Euler angles. So U depends on 3 real angles plus 6 complex
phases. However, the phases of the 6 quark fields can be arbitrarily redefined; this makes 5 possible
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phase redefinition, since an overall flavour independent phase redefinition cancels from the current
J¢. So the physical parameters of Vo are three real angles plus a complex phase.

Exercise 11.7. Count the number of mixing parameters for two generations.

Solution. The mixing matrix is a 2 x 2 unitary matrix, which has 4 real parameters. Two-
dimensional rotations are parametrised by a single angle, so there are three complex phases. How-
ever, with 4 quark fields, there are exactly 4—1 = 3 non-trivial phase redefinitions, therefore all the
phases can be eliminated. The remaining single real angle is the one introduced by Cabibbo. O

The standard parametrisation of the Cabibbo-Kobayashi-Maskawa flavour mixing matrix is

1 0 0 C13 0 813(3_€S C12 512 0
-{/(:'j\’j.f = (} a3 S923 (} . 1 (} —S12 (C12 0 (1179)
(} —S23 (o3 —813(315 (} C13 0 0 1

given in terms of three Euler angles 6,4, 6,3, )3 and a phase 0, with ¢;; = cos#;; and s;; = sin6;;.

Kobayashi and Maskawa noted that the existence of the non-trivial phase 0 leads to C' P violation

in weak interactions. One can understand this simply by writing down the weak Lagrangian :
_Gr (et 1ca :

Ly = 7 (JSTT +hee) (11.80)
and noting that for any process coming from the first term, its time reversal comes from the
Hermitian conjugate one and vice versa. If the coupling constants are complex, these two terms
are different; this is exactly the case if Vogar has a physical complex phase (i.e. one that cannot
be eliminated by field redefinitions). In fact, things are a little more complicated: in simple cases
only the absolute value squared of the couplings appears; to find time reversal T violation it is
necessary to consider processes which can proceed via two paths which involve the phase difference
encoded by 4. In that case, analogously to our discussion of the GIM mechanism (cf. Subsection
, there is an interference between the two contributions, which depends on the sign of 4,
making the probability for the process and its time reversal different. However, all local relativistic
field theories are C'PT invariant, so violating time reversal is the same as C'P wviolation.

The present values for the CKM parameters are

0 = 1.20 £ 0.08 radians (11.81)

The magnitudes of the CKM matrix elements are experimentally determined as

Vidl  |[Vis|  |Vis| 0.97427 + 0.00015  0.22534 4 0.00065  0.00351 129901
Veal Vil Vel | = | 0.22520 £0.00065 0.97344 +0.00016  0.041277 005
Vial  [Visl - [Vl 0.008675:00031 0.0404*5:0005 0999146500007
(11.82)
Unitarity of the V' matrix
Viv =1 (11.83)

ensures two key observed properties of weak interactions:
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1. Weak universality: the weak coupling to all lepton doublets is known to be the same. For
quarks, the total weak coupling strength must be summed up over the mixing channels. The

relations
DVGIP =D [Vil? fori #4 (11.84)
i i

ensures that all quarks couple with the same total strength to the weak interactions. This
sum is normalised to 1 so the total strength of weak interaction of the quarks to agree with
that of the leptons.

2. Suppression of FCNC' the relations

D VaVji=0fori+#j (11.85)
k

result in the cancellation of flavour changing neutral current processes in the limit of equal
quark masses, extending the GIM mechanism to three generations. When taking into account
mass differences, it leads to a suppression mechanism that is an extension of the one discussed
in Subsection

Furthermore, the conclusion from Exercise@is that C'P violation from weak interactions is only
possible with at least three generations of quarks. On this basis, Kobayashi and Maskawa predicted
the existence of a third generations of quarks in 1973, for which they were jointly awarded half
of 2008 Nobel Prize in Physics (the other half going to Y. Nambu for his work on spontaneous
symmetry breaking in subatomic physics). Recalling the discussion in Scct.ion this leads to a
tentative answer to Rabi’s question: not only the muon, but the whole ezistence of three generations
is necessary to explain the observed asymmetry between matter and antimatter from flavour mixing
in weak wnteractions. As discussed in Section supposing that the Universe started with no
primordial matter-antimatter asymmetry, C'P violation is also necessary to explain baryogenesis
and the existence of enough matter left after annihilation with antimatter to create the galaxies,
stars and ultimately life.

11.4.2 CP violation in the neutral kaon system

CP violation was first observed in the neutral kaon system. Neglecting weak interactions, strong
interactions conserve strangeness so the eigenstates of strong interactions are

K’ =ds K" =ds (11.86)
and these states are C'P conjugates of each other
|K") = CP|K") K" = CP|K") (11.87)

In rest frame, the mesons form a two-state system with the Hamiltonian

- *'n"fll 0
H‘( 0 ﬂ.fzz) (11.88)

with CPT symmetry implying that My, = Mas. Weak interactions lead to a mixing between these
states via diagrams such as
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This is a special case of neutral particle oscillations; it also occurs in other systems such as the
mesons BY — B%. Neglecting the decay of the particles for the moment, the Hamiltonian is now of

the form A
M L
H = ( A M ) (11.89)
Let us first neglect C'P violation. Since C'P symmetry flips 1 with 2, it implies the equality of the
12 and 21 matrix elements, leading to
M A _
w3 1150
with A real. The eigenstates are then given by
1 ; _ . 1 . - .
K1) = —= (|K°) + |K%)  |Ky) = —= (|K°) — |K")) (11.91)

V2

which are C'P-even/odd with mass M 4+ A, respectively.

S

Exercise 11.8. Supposing the system starts out in the state |K”), compute the probability of
finding it in state |KY) or |K°) after time .

Solution. Writing the state of the system as

[2(0)) = |K°)

) +

1 1

it evolves as

| _ .
— e MR Y = M (cos(At)|K®) + sin(At)

V2

(1)) = i

V2

The required probabilities are

Ky) +

K%)  (11.93)

1 4 cos 2At _ . 1 — cos 2At
P(K") = cos* At = — P(K") = sin® At = — (11.94)
so the system oscillates between the two states with a frequency corresponding to the energy
difference. This is the phenomenon of Rabi oscillations, which is well-known from quantum mech-

anics. [l

Let us now consider C'P violation in the neutral kaon system. In this case the formalism needs
to be extended, since it is necessary to account for the finite life-time of the kaons. For a single
particle this could be accomplished via introducing a complex mass M — il"/2, which leads to the
time evolution of the wave function amplitude

P(t) = (0)e M-T/2 (11.95)
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i.e. the probability of finding the particle at time ¢ is
WO =9 (0) e (11.96)

showing that I" gives the decay rate, with average lifetime 7 = 1/T". For a two-state system the
same idea results in the effective non-Hermitian®’| Hamiltonian

H= ( o e ) - ( L ) (11.97)
i‘rﬁrlz ﬂ-fzz 2 F12 ]_—‘22
which is just a way of writing a general complex matrix in terms of a Hermitian and anti-Hermitian
parts. C'PT symmetry implies M;; = My and I'y; = T'yy (mass of particle and antiparticle are
equal to each other).
Again, neglecting C'P violation leads to M5, = M7, and 'y = I'}, so the eigenstates are the
CP-even/odd states K, and K, with different masses and decay rates, which explains the existence

of K E and KE

The true KE and Kg , however, are different from K; and K> due to C'P violation:

Exercise 11.9. Writing the eigenvalues of H as
My, = My — i+ (AM - LAT
2 2
My = My — %FM . (AM - %AF) (11.98)

compute AM and AT'. Show that the eigenvectors are of the form

IKL) = plK) —q|K)
|K2) p|K) + q|K) (11.99)

with |p|> + |¢|*> = 1 and compute p/q.

Remark 1: for the notation L/S to match the long/short-lived kaon, one should choose the la-
bels of the eigenvectors for which p/q is close to 1 (as opposed to being close to —1).

Remark 2: note that the eigenvectors are no more orthogonal, which is due to the non-Hermiticity
of H (i.e. particle decay).

Solution.

Amg - = 4 ﬁ.’flg|2 — |T12|2
AmAF = 4 RC (ftflgl—“rz)

2 '
p M}, —il'}, /2
— = = 11.1
( ) ﬂ’flg - 2T12/2 ( 00)

O

30The violation of Hermiticity corresponds to the fact that probability is not conserved in the two-state subspace,
since the system decays into other physical states.
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can be rewritten as

1
K)Y = ——— (|Ky) + €| K,
|KL) NiEAE (IK2) + €| K1)
1
K% = ———— (|K}) + €| K,)) (11.101)
NGERTE
with -
b T° (11.102)
q 1—e¢

So due to the mixing, K} is not purely the C'P-odd Ks, but contains a small admixture of the
C P-even state K. The state Ky decays to 3 pions, while K; decays to two pions; here we assume
that any direct C'P violation effect (see below) in these decays can be neglected. Since the decay
of K'Y to two pions only happens rarely, € is expected to be small. The measured value is

le| = (2.228 £ 0.011) - 107° (11.103)

This is a case of indirect C'P violation, when the C'P violating mixing is observed via the (otherwise
C'P preserving) decays.
As discussed in Subsection [6.3.2] there is also evidence for direct C'P violation in the decays

7t +e +
K — ' 11.104
L {’}T_ +et + v, ( )

Direct C'P violation is when the decay rate of a particle state |P) to some final products |f) is
not the same as the rate from the C'P conjugate state |P) = CP|P) to the C'P conjugate final

products |f) = CP|f), i.e. the magnitudes of the corresponding amplitudes are different:

AP — )l # AP — f)] (11.105)

11.4.3 Neutrino oscillations

The assumption that neutrinos have exactly zero mass excludes a mixing matrix for leptons, since
it can be viewed as a neutrino mizing matriz. But with no other way to define neutrino species
than weak interactions, there is no way of introducing a mixing between them.

However, experiments in the late 1960s challenged the picture of massless neutrinos. The Sun,
being a thermonuclear reactor, is a source of electron neutrinos, with the net fusion process being

4p + 2¢~ — 3He + 2, + 26.73 MeV (11.106)

The flux of these neutrinos was first measured by R. Davis’s and J.N. Bahcall’s Homestake Exper-
iment, which found only about a third of the number expected on the basis of the standard solar
model (which Bahcall himself helped to develop). Later experiments repeated this finding, which
became known as the solar neutrino problem. Early attempts to explain the discrepancy focused
on modifications of models of the Sun; however, later advances in helioseismology and neutrino
measurement techniques excluded all such modifications.

The resolution came with the proposal of neutrino masses, which then allowed for neutrino
flavour mizings, resulting in neutrinos changing their species in flight. This phenomenon is known
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as neutrino oscillation; the original idea came from B. Pontecorvo in 1957 based on analogy with
neutral kaon mixing.

The first evidence for neutrino oscillations came in 1999 from the Super-Kamiokande collabor-
ation headed by T. Kajita, which observed that for muon neutrinos that are produced in the upper
atmosphere by cosmic rays, fewer come from the direction through the Earth than from directly
above the detector. This was interpreted as a conversion of muon neutrinos into tau neutrinos (the
latter were not detected directly). Direct evidence for the solar neutrino oscillations was produced
by A. McDonald’s team at the Sudbury Neutrino Observatory in Canada in 2001. They detected
all types of neutrinos from the Sun, and were able to distinguish electron neutrinos from the other
two (muon and tau neutrinos were not distinguished). The total neutrino flux agreed well with
the prediction of solar models, but only about 35% of them were electron neutrinos, demonstrat-
ing that neutrino oscillation solves the solar neutrino problem. For the confirmation of neutrino
oscillation and showing that it resolves the solar neutrino problem, T. Kajita and A. McDonald
shared the 2015 Nobel Prize in Physics. Presently, the details of neutrino oscillation are actively
investigated, using also reactor sources and neutrino beams from accelerators.

For simplicity, let us illustrate neutrino oscillations with two species. Let the two flavours be
v, and v, which are related to mass eigenstates vy and v, with masses m; and m, by the analogue
of the Cabibbo mixing;:

lve) = cosf|vy) + sinf|vy)
lv,) = —sinf|vy) + cosfl) (11.107)

The quantum state of the neutrino can be written as

(W) = i(t)|v1) + a(t)|v2)

= Ye(t)|ve) + Vu(t)|vy) (11.108)
with
Pi(t) = Ye(t)cost —p,(t)sind
Po(t) = the(t)sind + 1, (t) cosd (11.109)

Now supposing that the neutrino has a given momentum £k, states |v;5) have definite energies

E; = \/k?+ m? so their time evolution is given by

Uy(t) = ;(0)e ! (11.110)

Exercise 11.10. Supposing the system starts out in the state |v.), compute the probability of
finding it in state |v,) after time t.

Solution. Writing the initial state of the system as
1(0) = cos @ Y2(0) = sin b (11.111)

it evolves as B _
[T (1)) = e 1 cos Bly) + e 2 sin 1) (11.112)
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The probability amplitude is given by are

(V[ ¥(t)) = —e ' sinf cos 6 + e 72" sin 6 cos § (11.113)
S0 )
E, - E
Pv. = v,) = [sin 26 sin (%) t] (11.114)
So v, converts to v, and then back again, with an amplitude determined by the mixing angle 6,
while the frequency is given by the energy difference. O

Exercise 11.11. Assuming that the particles have very small mass (i.e. can be treated as ultra-
relativistic) find the period T' of oscillation.

Solution. The energies can be written as

Ej=\/K2+m?=k+ m; + (11.115)
J ' i 2 '
50 2 2 2 2
my — M- my — M-
E, — Fy,~ 1L 2 1 2 11.116
Lo 2%k 2o ( )

where E is just the energy neglecting the small difference between E; and E,. So the probability
can be written as

m2 — m2 2
P(v. = v,) = |sin20sin MMy (11.117)
4F
i.e. the period is
ATE
T=_ """ (11.118)
0
In particular, after travelling the oscillation length
T
L=~ (11.119)
2
or, restoring h and ¢
2rhE
L = (11.120)

~ m3—m)

the conversion probability hits the maximum value sin?(26) and at 2L it is back to the original
value. The distance travelled by neutrinos in an experiment is called the baseline and is an
important parameter since its relation to the oscillation lengths characterizing the different neutrino
conversions determines the parameters to which the experiment is sensitive.

With three flavours, neutrino mixing is described by the Pontecorvo—Maki—Nakagawa—Sakata
(PMNS) matriz, which is analogous to the CKM quark flavour mixing matrix. We denote the
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PMNS matrix by Upyns; it can be parametrised the same way as Vo in [11.79] The present
values of the parameters are

015°] = 8.6610755  d[°] = 30075, (11.121)

and the matrix elements themselves as determined from experiments are

Ui Us U 0.82£0.01 0.54%0.02 0.15%0.03
Un Up Us | = 035+£006 0.70+0.06 0.62+0.06 (11.122)
Un Us Uss 0.44+0.06 0.45+0.06 0.77 +0.06

Indices e, ;¢ and v refer to the weak eigenstates, while 1, 2 and 3 label the mass eigenstates. The
ambiguity in fy3 arises from the fact that at present the neutrino masses are not known. The only
thing that can be determined are the mass differences

Im3 —m3| = (840.6) 107" eV?
|m3 —mi| = (2.440.6) 107 eV? (11.123)

Even the order of the masses is not known. By convention m; is taken to be the smaller of m; and
my, but then ms could either be much above (which is called normal hierarchy) or much below the
two others (inverted hierarchy). Tt turns out that the angle 6,3 is the one that is strongly sensitive
to the nature of the mass hierarchy. Note also that the best fit value for the C' P violating angle is
consistent with zero, since 0 and 360 degrees are the same.

We note that transitions between neutrino species violate the separate conservation of lepton
numbers L., L, and L., leaving only L = L. + L, + L. This leads to processes like

pE— e+ (11.124)

which has not been observed yet (cf. Section .

Another interesting possibility is that neutrino could be a Majorana particle, which would
imply there is simply no conserved lepton number. In that case, v. and v, are really just left /right
handed components of the same Majorana fermion. The reason why they are different is that weak
interactions couple the left-handed helicity neutrino to the (left-handed) electron, while the right-
handed one couples to the (right-handed) positron. This makes possible a curious process called
neutrinoless double 8 decay. Usual double S-decay has already been observed in several isotopes
such as e.g. ¥Ca, when two S-decays happen just simultaneously. Neutrinoless double 3-decay
would turn 2 neutrons directly into 2 protons and 2 electrons without any neutrinos which would
annihilate inside the diagram, which is possible if the neutrino is its own antiparticle. Presently,
numerous experiments are searching for such a process.

The unitarity of Upynvs 1s also an interesting issue: if it is violated, that would mean the
existence of a so-called sterile neutrino. It is called sterile as it cannot participate in the weak
interactions (and as a neutrino, neither in the electromagnetic nor the strong one), otherwise it
would contradict the observed Z boson decay width. Cosmological constraints using the measured
primordial abundances of nuclei “He and 2H limit the number of light particle species according to

N, = 3.1410 22 at 68% c.l. (11.125)
while limits from structure formation result in

N, = 4.347058 at 68% c.l. (11.126)
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but there is still room for a sterile neutrino.

Concerning neutrino mass, not much is known except for the two mass differences and upper
experimental limits. Cosmology also limits the masses of the neutrinos, with the sum of the masses
expected to be at most about a quarter of an eV. Lepton number conservation only allows for the
usual m;7;v; Dirac mass terms in the Lagrangian; in terms of left /right handed components, these
can be written as

mp (ELVH + [IDHVL) (11127)

Written as an interaction vertex, this leads to processes such as

Vi VR Vi Vr

Mp Mp

so a Dirac mass term couples the two helicities, as discussed in Section However, if lepton
number conservation is broken, there could also be so-called Majorana mass terms, with the form

according to Eq. (5.243|
1 _ . 1 — :
—my, (VEVL + ?LV};) + —mp (u};,_vR + FLu},‘a) (11.128)

2 2

with ¢ denoting charge conjugation as defined in Scction There are now two possibilities:

1. The neutrino may be a Majorana fermion identical to its anti-particle, in which case the
right-handed field v does not exist, and the only mass term is

1 — :
—my, (VEVL - EUL)

2

—icx

Under a phase transformation v — e~*v the two term acquires factors e¥2¢, i.e. they violate

lepton number conservation by +2.

2. The neutrino may be a full Dirac fermion complete with the right-handed field vy, in which
case one can introduce the self-conjugate fields

X

w

[ [
X=vitvp X
w(.'

W=vgp+ V]
Then the mass terms can be written as

Linass = Dvpvg + Av§vy + Brivg + hae.

= (x , @ (D‘% DB/2> (f’) (11.129)

and can be diagonalised with the eigenvalues

1 2 _
m1,2:§(A+B:t\/(A—B) —|—D2>

and eigenstates

m = xcosf — wsinf
D
A-B

72 = x siné + wcos# tan 26 =
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Majorana mass terms couple a left-handed neutrino to a right-handed anti-neutrino and vice versa,
leading to processes

which violate lepton number conservation and allow e.g. neutrinoless double 3-decay, where two
neutrons turn simultaneously into two protons and two electrons without the emission of neutri-
noslfl shown in the Feynman diagram

]
ca
Y ¥
ca

where the vertex induced by the neutrino mass is denoted by the crossed circle in the middle.
Lepton number violation could, in turn, help to explain the cosmological matter-antisymmetry
via a process called leptogenesis, which would generate lepton asymmetry in the early Universe,
leading to the observed matter-dominated Universe in later stages.

Additionally, when the neutrinos are Majorana fields (option 1), phase transformations of the
neutrino fields are not a symmetry, which results in two more physical phases in the PMNS matrix,
bringing the total number of parameters up to 3 angles and 3 CP violating phases. The see-saw
model (option 2) results in even more freedom: the PMNS matrix is not even unitary as it is just
a submatrix of a larger mixing matrix which involves the heavy neutrinos.

The exact nature of neutrino mixing is still unknown and is under active investigation. So
neutrino physics is quite an open subject, and Nature can have more surprises in store for us!

310rdinary double beta decay, where two neutrons decay simultaenously according to 2n — 2pt + 2e~ + 2#, has
been observed in about a dozen nuclei and has a very long half-life of the order of 101° — 102! years.
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12 Non-Abelian gauge fields and quantum chromodynamics

Modern theories of particle interactions are built upon the concept of gauge invariance, which
means local (i.e. space-time dependent) symmetry transformations. We have already met an
example: the electromagnetic field and its interactions are specified by a local U(1) invariance.
Here we extend the notion of gauge invariance to more general symmetry groups, and sketch the
building blocks of the Standard Model of elementary particle physics.

12.1 Non-Abelian gauge invariance
12.1.1 Global non-Abelian symmetry groups

Let us consider a Lagrangian of N free fermions:
Lonatter = ViV — U MV, (12.1)
The first term is invariant under any unitary transformation
U, = Un¥, (12.2)

since
-1

_;c = @?'J"&Uzm = qjm{jjnk = ‘If'fflU—mk (123)

The mass term is invariant under all transformations that leave the mass matrix M invariant:
U'MU=M < MU=UM (12.4)

Such transformations obviously form a group G. The matrices U give a representation R of the
abstract group, so to any element v of G there corresponds a symmetry transformation R(v) such
that

v, = R(uY
and MR(v) = R(y)M (12.5)
We assume G is compact, and that it is a continuous i.e. Lie group, although this is not strictly
necessary: gauge fields corresponding to discrete groups can be defined as well. A Lie group
is usually given as a matrix group, i.e. one specifies a fundamental or defining representation;
examples are
orthogonal group : O(N) = {O € RV*N |OTO = leN}
special orthogonal group : SO(N) = {O e RV*N |OTO =1yun, detO = 1}
unitary group : U(N)={U e C"*¥ |UTU =1yxn}
special unitary group : SU(N)={U € CYVNMUTU = 1wy, detU = 1}
unit complex numbers : U(l)={{ e C|¢*¢ =1} (12.6)

Here we do not dwell on details of the theory of Lie groups and their classification; for our purposes
it is enough to keep the above examples in mind. We only note that

U(N) ~ SU(N) x U(1) (12.7)
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The representation R is called a unitary representation of Glﬂ well-known examples are the 25+ 1-
dimensional spin-j representations of SU(2) which enter the quantum mechanical theory of angular
momentum, or the representations of SU(3) that play an important role in the quark model.

For a Lie group one can introduce continuous parameters ¢* where a = 1, ..., dim G. The origin
of these coordinates is assumed to be the identity of the group, i.e.

We*=0)=e (12.8)
Introducing infinitesimal transformations by
R(y(€)) = g — 1€ ()i + O(€?) (12.9)

the Hermitian generators f, can be interpreted as giving the representation R for the Lie algebra
of G:
t, = R(T,) (12.10)

where the T, are a basis of the Lie-algebra satisfying
[T, Ty = i f*T. (12.11)

where f® are the structure constants of the Lie algebra. For the defining representation N of
SU(N), the generators Rn(T,) can be chosen as N? — 1 traceless Hermitian matrices satisfying

1
Tr RN(TQ)RN(TE,) = 55@ (1212)
For SU(2) the standard choice is
Ra(Ty) = % (12.13)
with 0% the Pauli matrices and
fabc — (abr_' (1214)
while for SU(3)
Aa
Rs(T,) = 5 (12.15)

where A, are the Gell-Mann matrices (7.78). Infinitesimal group elements can be expressed as
v(e) = e — ie*T, + O(€?) (12.16)

12.1.2 Covariant derivative and the gauge fields

Now let’s try to make the symmetry local
V'(z) = R(y(x))¥(2) (12.17)
However, the Lagrangian £ is not invariant any more

Lonsiter(V) = Lunaiier(¥) = i¥(2)7* (R(Y(2)) ', R((2))) ¥(a) (12.18)

321t is a mathematical theorem that all representations of compact Lie groups are equivalent (by similarity
transformation) to unitary ones.
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The reason for that is the presence of the derivative:

(12.19)

o Y(zx+ai)— Yz
0,¥(z) = lim ( A) (z)
a—) (1
where ji is the Minkowski basis vector along the direction .
However, the derivative g, is not covariant since it involves the difference of the field at two

distinct space-time points where they are transformed differently by the position dependent sym-
metry. This suggest the introduction of a group valued field U (y, x) which transforms as

Uy, x) = y(y)U(y, z)y(z) " (12.20)

which can compensate for the difference. This plays the role of parallel transport so that R(U(y, z))¥(x)
transforms the same way as U(y), so a covariant derivative can be defined as

D,¥(z) = lim U(z + aji) — RU(z + afi, z))¥(z)

a—+( @

(12.21)

Strictly speaking U depends on the curve connecting the two points and can be more properly
denoted as

UC,.,) (12.22)

where C, , is a curve connecting the two end points, while its transformation still only depends on
the end points:

U(Cay) = YU (Cry)y(@) ™ (12.23)

Obviously U(C, ,) = e. Therefore, when = and y are close and C,, is short, it can be expanded as
U(Cratap) = € —iaAl(x)T, + O(a”) (12.24)

where Af(z) are called the gauge fields.

Exercise 12.1. Show that
D,V (z) = 0,V(x) + iA;(2)t,¥(z) (12.25)

which is clearly analogous to the electromagnetic covariant derivative ({9.78|).
Solution. Writing (12.24) in representation R yields
R (Z/{(Ci-,z_,_aﬁ))k! = 0 — ’B'afli(.’l’:)(ta)kg + O(az) (1226)

S0

U(x +ap)p — RU(x + ajt, x)) ¥ (x);

D,¥(r), = lim

a—+0 a
_ iim U(z +ap)p — (6 — ia Ay (7)(ta)u + O(a?)) ¥(z),
a—+0 1
= lim Yz + “""3}"‘ — Y@ | iA%(2) (ta)i® (x)1 + O(a)
= OU(e) + ALt () (1227)

O
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Put differently, D, is a matrix differential operator with components

(Dy)it = 00y + 1AL () (ta) (12.28)
One can also introduce the Lie algebra valued gauge field
Au(r) = Al (2)T, (12.29)
and the abstract operator
D, =0, +1i4, (12.30)

in which case the concrete matrix operator ((12.28) can be considered as the representation of the
abstract operator under R:

R(D,) = 0, +1iR(A,) = 0, + 1A} (x)t, (12.31)
From one can derive the transformation of the gauge fields with the result
A (@) = A(2) Au(@)y(@) " +i (0 (@) 2(2)”" (12.32)
or, for an infinitesimal transformation
v(z) = e —ie*(x)T, (12.33)
one obtains
0A; () = e () + fb"“cb(:r:)A; (x) (12.34)

Exercise 12.2. Compute (12.32) and (12.34) using (12.23) and (12.24).

Solution. Starting from

U(Crarap) = € — 1aAj(x)T, + O(a®) (12.35)
and writing in the form
e—iaAl(x) = ~y(z+ap)(e—iaA,(x))y ()
= (y(z) + aduy(z)) (e —iaA,(z)) v (x) + O(a?)
= e —ia @A) +i@r@)@) ] +0@)  (1236)
gives
AL () = y(@)Au(2)y(2) ™ + i (97 (@)) (@)™ (12.37)

(recall that all terms of order a? and higher must be neglected). Substituting the infinitesimal

transformation (12.33) into this relation:
(Au(x) + 04u(z)) = (e—i"(2)Th) Au(z) (e +ie"(@)T) + i (9, (e — i€ (x)Th)) (e + i€’ (x)Th)
= Au(x) —ié"(x) [Ty, Au(2)] + e’ (2)Th + O(?) (12.38)

leads to

§A,(z) = 0,6 (x)T, — ie"(2) [Ty, Au(z)] (12.39)
In components
SAY(2)T, = 0. (x)T, — ic®(x)[Ty, AS(2)T,]
= 0u"(2)Tu + () Al () f* T (12.40)

which is just (12.34). ]
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Note that the covariant derivative transforms a

D, = 8,+iA, =9, +ir(2)Au2)y(@) " — (Bu(2) Y(2) ™" = 7(2) (3 +i4,) 7(@)"!
— A(2)Duy(z)™ (12.41)

which is analogous to the homogeneous transformation found in the electromagnetic case.
We also remark that shows that the gauge fields transform in the adjoint representation
apart from the additional gradient term.

Now the gauge invariant fermion Lagrangian density can be obtained by replacing the derivat-
wes with the covariant ones:

L = U i(PV), — U MY,
= kIszﬁ‘Ifk - ‘I’kﬂ'fkﬂpg - \I’k’}"u(f“)kg‘y‘{fli (1242)

Exercise 12.3. Show that (((12.42)) is indeed gauge invariant.

Solution. Let us write

/Cinv = ‘Cmat.t.(:r(q]) + ‘Cirlt.(‘y: A,L.L)
with ‘Cmat.t.(:r(q]) = ‘i’k?ﬁ@g - \I’kﬂ"fqujf
Lint(V, Ay) = =iy th U AL = —UyFR(A,) T (12.43)

From (|12.18)), under a gauge transformation

Lonatter (V) = Lunairer(V) = 1% (@)1 (R(¥(2) "9, R((x))) ¥ (2) (12.44)
while from
Lo, 4) = LW, Ay) = —F(@)y"R(3(2)) " (RO/@) R(AW (@) R(:(2))
+i0, R (@) R((2) ) R(3(2)) ¥(2) + ()7 R(A, () ¥ ()
= il (R((2) R (2))) ¥ (x) (12.45)
so the transformation of the gauge interaction compensates for the kinetic term. O

Note that the interaction with the gauge fields is of the form j** A% | where

"y woe
ja'u = ‘i’k"}’“(fﬂ)kﬂpg (1246)

are currents for the gauge charges labelled by a = 1,...,dim (. This is a straightforward general-
isation of the electromagnetic interaction to charges corresponding to the non-Abelian symmetry
group. In contrast to electromagnetism, which has only a single type of charge, a non-Abelian
theory with a gauge group G has as many charges and corresponding gauge fields as the dimension
of the gauge group.

33Here we used the identity 9, (v(z)™') = —y(z) 71 (9,y(x)) y(x) 1.
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Exercise 12.4. Show that j* = lf’m-“tﬁilﬂg are indeed the Noether currents corresponding to the
global transformations under G.

Solution. Under an infinitesimal global transformation

(S\IJ;C = —’i(a(ta)kg\l’;
(S\ijk = '?:Ca(?fa)k;\ijg (1247)

so according to Scctionundcr the ath transformation one has

AV = —i(ta) ¥ (12.48)
and so we obtain
= Mﬁa‘yk = iU (=) (ta) V1 = Uy (ta) Vs (12.49)
20,1
for the corresponding conserved current. ]

It is also possible to couple scalar fields to the gauge fields. Let us consider the scalar action
with N’ complex scalars
Locatar = (0,01.)" 0" ®). — O} M7 P, (12.50)

invariant under an N’-dimensional unitary representation S of the group G:
S(g)M*S(g) ™ = M? (12.51)

with generators

S(Ta)k = (Sa)u (12.52)
The gauge invariant action can then be written as
Line = (D,P), (D'®), — OrME®, (12.53)
with
(D#(I’)k = @ﬁ’k + 'I'.Ai(sa)k;q)g (1254)
12.1.3 The gauge field action

In order to construct an action for the dynamics of the gauge field, it is necessary to introduce the
field strength. In electrodynamics, the field strength is

Fl = 0,A, — 0,4, (12.55)

which is gauge invariant. It turns out that there is no similar gauge invariant for non-Abelian fields.
However, guidance is provided by the geometric interpretation as parallel transport. Namely,
parallel transport depends on the path; for infinitesimal movements, this is reflected in the fact
that covariant derivatives in different directions do not commute, so taking first an infinitesimal
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shift in direction » and then in direction p does not give the same result as in the opposite order.
Indeed, it is easy to compute

[Dy, D] = [0y +iANTa, 0, + iA)T))]
= (0,4, — 9,A)T, — ALALT,, T
= iTL(0uA] — D, A5 — [ ALAY) (12.56)

The non-Abelian gauge field strength can be defined as

Fi, = 0,4, — 0,A, — [ AL A (12.57)
or in a matrix form
Fu = F:UT“ (12.58)

Note that there is exactly one field strength tensor per gauge field. Due to the transformation rule
(12.41) of the covariant derivative, the field tensor transforms homogeneously

F, () = v(z)Fuy(2)™! (12.59)
L TrF,, () F" (x) (12.60)

is invariant. Let’s assume that the gauge group can be decomposed into fa.ctor
G:Gl X Gg X ...Gn (1261)

where each G is either a simple (i.e. non factorizable) non-Abelian group or a U(1) factor. Then
we can consider each factor separately. For a non-Abelian simple factor, one can always choose
generators such thaﬂ

1
TeRA(T)RulTy) = 50u (12.62)

where Ry is the defining representation of the group (d = N for SU(N)) so

TrF,,(x)F" (z) = %FL(J:)F“””(I) (12.63)

So it is possible to write down the non-Abelian analogue of the Mazwell action
1 (4] L I3
Lonuge = =13 Fful2) (2 (12.64)

where we introduced an arbitrary overall normalisation g. As a result, a general non-Abelian gauge
theory Lagrangian can be written as

£i11v = ‘ifk (’3,8’(5“ - Aa(ta)k!) ‘I’! + ((8#51'{ + ?:Aa#(sajrt) (I)t)* ((a,u.(sru + ’E'A;(Sa)ru) (I)'u)

_ » 1
— UMD, — SEMED, 4 Ly(D, V) — — F° (z) ™ (x) (12.65)

4g2" "

3 This decomposition is possible and unique for all compact Lie groups.
35This is ensured by the existence of an essentially unique invariant scalar product (the so-called Killing form)
on the Lie algebra.
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where £; is some gauge invariant interaction involving the scalar and fermion fields, composed of
terms such as e.g.

scalar self-interaction: Arstu @7 OTD, P, + hic.

Yukawa interaction: v, ®, ¥, U; + h.c. (12.66)
where

/\-r'.s'tu = S(ﬁ/):r’S(ﬁf.)j:s’s(q)tt’S(F}E)uu’)\r’s’t’u’
Yrkl = S(‘“{').,.,,fR('}'):krR(ﬂ{-)”;yr.-kq: (1267)

for any gauge group element ~, and h.c. stands for Hermitian conjugate.

12.1.4 Recovering the Abelian case

It is possible to rescale the fields

Ay = gAy Fu—gF, (12.68)
so that
Liny = U (iddy — gA (ta)rr) Ui + ("D, + ig A (54)14P)" (9, Py + 19 AL (S0)ruPu)
— UMD, — M D, + £4(D, ) — iFﬁu(m)F““”(m) (12.69)
and
Fy, = 0,4, = 0,47, — gf " AL A, (12.70)

In this case the gauge kinetic terms are canonically normalised
1 [ [ L 15 (= i
Lon = =7 (0,45 — ,A5) (9" A — 9 A™) (12.71)

just as for the electromagnetic field. This form of the Lagrangian makes it clear that for each
factor group the interaction strength is determined by the corresponding coupling constant g, and
the non-Abelian charges of any field are determined by its representation via the group generators:
t for the fermions, s for the scalars, and the adjoint generators for the gauge fields.

For the Abelian case U(1) the structure constants vanish (% = 0), so the gauge field is neutral
as is well-known for the photon in electromagnetism. The coupling constant g can be chosen as
the elementary charge e. All irreducible representations of the U(1) group are one dimensional,
and are parametrised by a single real number Q:

R(e™'@) = ¢7io@ (12.72)
Therefore the representations of the single generator T are
[ Q"
(V)
t — R(T)= @
\ QY
[ Q"
(@)
s = S(T)= 2 (12.73)
\ (@)
N.f
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and the action is

N N’
Ly = ) U (-iﬁ - Qf)eﬂ) U+ Y (040) — iQMeA D)) (0,0, +iQMeA,®,)
k=1 r=1
T, § 1 v ¢
— UMD, — M D, + L£4(D, ) — 7 @) P () (12.74)

So we conclude that the combinations Qi‘y)e and C2-$-¢)6 give the electric charges of the particles
created by the fields Wy, and @, (with a minus sign for anti-particles). Therefore a crucial difference
between Abelian and non-Abelian theories is that in the former the charges can take any arbitrary
value, while in the latter the charges are all quantised in units of a single gauge coupling and are
determined by the representations under which the fields transform. Therefore in a non-Abelian
theory the gauge fields are themselves charged under the gauge interaction according to the adjoint
representation.

12.2 Discovery of quark colour

The quark model introduced in Section describes a lot of features of the hadronic spectrum
well. However, it also leads to some puzzles, the chief among them being an apparent violation of
Pauli’s principle by the baryon decuplet. As discussed before, the wave function of the decuplet
is fully symmetric in the flavour indices and, since the spin of these baryons is 3/2; it is fully
symmetric in the spin indices as well. In addition, these hadrons are in the ground state of
the three-quark system, and simple quantum mechanics dictates that their wave-function is then
symmetric in real space coordinates, too. However, due to Pauli principle the full wave function
must be antisymmetric under exchanging any pair of the constituent quarks.

One may suggest an escape route by observing that flavour SU(3) is only approximate, so
maybe the symmetry in flavour indices is a weak link in the argument. However, for particles
composed of three identical quarks such as A™ = wuu, A~ = ddd and Q= = sss the wave
function is trivially symmetric in flavour, so the contradiction is definitely valid at least for these.

The eventual way out was proposed by Murray Gell-Mann and Harald Fritzsch: it is to introduce
a new quantum number called colour, which takes three value and assume that the wave function
is antisymmetric in the colour index. So the total baryonic wave function for the decuplet can be
written as

Z /dsPl/d3p2fd3p3¢’(jﬁl?jﬁ??13:‘3)2010203(I)flfgﬁgcclcgc:i D1, 01, f1.¢1: D2, 02, f2, €21 D3, 03, [f3,¢3)

gé\fi,uci,

(12.75)
where p;, 0;, f;, ¢; denote the momentum, spin-z component, flavour and colour of the ith quark,
i = 1,2,3 with ¥, ¥ and ® totally symmetric in their arguments/indices, and ¢ the usual 3-

dimensional Levi-Civita tensor.
So far this is just a theoretical argument; however, soon after its introduction it became clearly
supported by experimental results:

1. Electron-positron annihilation into hadrons
In ete™ colliders, electron-positron annihilation leads to the creation of particles, the domin-
ant route being an electromagnetic exchange. For example, to leading order in o muon pair

36In principle, the puzzle can be resolved with a quantum number taking more than three values, but as shown
shortly, experimental results indicate the existence of exactly three independent colours.
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creation is described by the Feynman diagram
e+

e’ +

while hadron creation proceeds dominantly via quark-antiquark pair creation
N q

e q

which is then followed by a process called hadronisation. Now the amplitudes corresponding
to muon and quark pair creations differ both due to the difference in charge and in mass.
However, provided the collision energy is much higher than the muon and quark masses, the
mass dependence can be neglected, and the only difference is the charge at the second vertex
which leads to the following relation between the amplitudes:

Alete” —»uu) = —g.A(eJre_ — utu)

Alete” —dd) = %A(B+6_ — )

[

AleTe™ — s5) = %A(B+6_ —putu) (12.76)

Since the probabilities are obtained as the modulus squared of the amplitudes and are additive
for independent channels, this leads to the following ratio of probabilities:

o(ete” — hadrons 2\ ? 1\? 1\* 2
= ( — — ) =l—5) t{35)] til35) =3 (12.77)
olete” — putpu~) 3 3 3 3
as long as the collision energy is much higher than the strange quark mass (cc. 135 MeV) but

lower than the threshold for the creation of a charm-anticharm pair (cc. 3 GeV). However,
the observed value for this ratio is

R~ 2.0 (12.78)

in the range of energy between 1.5 and 3 GeV. This is explained by the presence of colour,
since then there are three times as many independent end states for quark-antiquark pairs,
which leads to

o(efe” — hadrons) 2\ 2 1\ 1\? B )
olete — putp—) s l(_g) " (§> N 3 - (12.79)
Above the charm threshold this changes to
o(ete” — hadrons) 2\ 2 1\? 1\ 2\ 10
 — = _—— — — —_—= = 12.
h oletem — putu~) k l( 3) * (3) * 3 " 3 3 (12.80)
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Figure 12.1: The ratio R as a function of the centre-of-mass energy of the electron-positron
collision. The green curve is the value predicted by the naive quark model with three colours,
including thresholds and the resonance corresponding to the Z boson that mediates neutral current
weak interactions. The red curve indicates the prediction improved by taking into account quark
interactions using third-order perturbative QCD corrections, including heavy quark-antiquark
meson resonances such as the 1 (c¢) and the Y (bb) family. The lower the energies, the more the
interaction contribution matters, and at energies below 1.5 GeV even perturbation theory fails:
the quarks are strongly interacting, and the cross-section is dominated by contributions from
quark-antiquark bound states, corresponding to the vector meson resonances indicated in the plot.

From: Review of Particle Physics (K.A. Olive et al. (Particle Data Group), Chinese Phys. C38 (2014) No
9.)

while above the bottom threshold the result is

R o(ete” — hadrons) _, l(_g)ﬁ . (1)2 . (1>2 N (_2)2 . (i)zl 11
 oleter = ptp) ‘ 3 3 3 3 3 -3
(12.81)

Again, this is in full agreement with experimental data as shown in Fig. The crossover

between the two values happens at the charm threshold where R depends on energy; this
energy dependence disappears again for energies much higher than the charm threshold.

2. Decay rate of w°
The decay rate of the 7° meson can be calculated using the so-called Adler-Bell-Jackiw (ABJ)
triangle anomaly and the partially conserved axial current (PCAC) hypothcsi it involves
an integration over intermediate quark states. Again, the decay amplitude comes out a factor
3 smaller compared to the experimental result, which is exactly accounted for by the colour

37Gee e.g. Section 6.2 of the book T.-P. Cheng and L.-F. Li: Gauge theory of elementary particle physices,
Clarendon Press, Oxford, 1982.
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degrees of freedom. The decay rate itself, being the square of the amplitude, is proportional
to the number of colours squared:

2.3
2 X0 776 oV (12.82)

0 c 212 2
]'—‘(ﬂ- - 2{-}() = Nc(@u - Qd) 64713}’_13

where F; = 92 MeV is the pion decay constant entering the PCAC, @, = 2/3 and Q4 = —1/3.
Using the experimentally measured lifetime 7 = (8.4 4 0.6) x 10~ !7s, this must be compared
to

Lexp = h/7 = T7.83 £0.56 eV (12.83)

which agrees well with the theoretical prediction.

3. Furthermore, assuming that colour SU(3) is a gauge symmetry allows the construction of
quantum chromodynamics, which is supported by overwhelming evidence as the correct fun-
damental theory of strong interactions. This is the topic of the next Section.

12.3 Quantum chromodynamics: the gauge theory of strong interac-
tions

Quantum chromodynamics (QCD) is a non-Abelian gauge theory, where the gauge group is the
SU(3) symmetry acting on the colour degree of freedom of quarks. Quarks transform in repres-
entation 3, while antiquarks in the conjugate representation 3 of the group SU(3).. It is very
important to distinguish this from the Gell-Mann SU(3), which instead acts on flavours and is
only an approximate global symmetry for energies below the charm threshold acting on flavours
u,d, s. In contrast, SU(3). is an exact and local (gauge) symmetry.
The full QCD Lagrangian can be written as
Locp = _iFﬁ”qu + Z q(id — M,)q (12.84)
q

where ¢ runs over the quarks u,d, s, ¢, b, t, their masses denoted by M,. As just said, the quarks

transform in representation 3; besides the Dirac bispinor index, the fields ¢ have an additional
colour index ¢, transforming under a 3 x 3 SU(3) matrix U as

gi(x) = Uyq;(x) (12.85)

and in the product ¢(i} — M,)q a summation over colour indices is understood. The generators
of SU(3). in this representation are

1
ta = —Aa a=1

5 L8 (12.86)

where A, are the Gell-Mann matrices introduced in Section The covariant derivative is given
by
(Aa )kt

(Duq),. = O.qi. — -z'.g,,.A; 5 (12.87)
where g, is the strong coupling constant. The colour field strengths are given by
Fr, = 0,45 — 0,A — fs An A (12.88)
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where f$% are the structure constants of SU(3):

/\a )\b . b-/\c
) 12,
[2’ z] RN (12.89)

We note that it is possible to add an additional gauge-invariant term to the Lagrangian

Lo VR FY (12.90)

3272
which is, despite being a total derivative and so irrelevant for the classical equations of motion,
does contribute at the quantum level. The parameter # is defined as an angle, i.e. up to a period
of 2. It leads to strong CP wviolation, for example, an electric dipole moment for the neutron.
Current limits on such effects mean that

0] < 107? (12.91)

Since this term is allowed by all known symmetry principles, its absence (or smallness) is a challenge
to explain and constitutes a major open question at present. A leading scenario involves the
existence of a novel light particle called the axion, which has not been observed yet.

12.3.1 Confinement and asymptotic freedom

The theory of quantum chromodynamics must give an account of two fundamental observations:

1. No free quarks have ever been observed (their presence would be obvious from their fractional
charge). This suggests a very strong interaction binding them together, but even that is not
necessarily enough. The binding energy between quarks cannot be much more than a few
hundred MeV without being in tension with the observed hadron masses. However, the
quarks do not separate even in collisions which involve energy transfers that are orders of
magnitude larger, even up to the TeV scale. This is called quark confinement.

2. When considering the evidence for quarks in Scctionm we saw that during the scattering
of a high energy probe in the kinematical regime of large momentum transfer, the quarks
behave as almost free particles. This so-called asymptotic freedom seems to contradict the
presence of very strong forces responsible for confinement.

Below we give a quick sketch on how QCD solves both problems at the same time.

12.3.2 Running coupling, effective theories and the Theory of Everything

The explanation for asymptotic freedom is simpler as it only requires considering QCD where it is
weakly interacting and so perturbation theory can be applied. However, the eventual calculation is
still quite involved to below we give just a sketch of the results. The interested reader may consult
Appendix |E|where a relatively elementary derivation is given.

Let us first consider quantum electrodynamics where the interaction is mediated by photons.
However, once a photon is emitted by some charge and is propagating towards the other charge
participating in the interaction, it can interact with the vacuum itself. The true photon propag-
atois described as the sum of all Feynman diagrams with one incoming and one outgoing photon
leg, and is given by

38The propagator is nothing else but the amplitude describing the propagation of the field between space-time
points. In classical electrodynamics it is also known as the Green'’s function, which can be retarded or advanced,
depending on the boundary conditions. Quantum field theory uses neither retarded nor advanced, but a third
version called the Feynman propagator.
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where the first term is the naive photon propagator, the second term is the O(e?) i.e. O(a)
correction and the omitted terms are all of at least fourth order in e (second order in «). The
four-momentum ¢* is the one carried by the photon, while there is also a so-called loop momentum
k to be integrated over when summing over the intermediate states.

Now it turns out that the integral over k is divergent, so some care must be taken. However, we
know that QED is not valid to arbitrarily high energies, and so a cut-off scale A can be introduced.
Essentially, one only includes intermediate states below this energy scale. It turns out that the
divergence is logarithmic, so the dependence on the actual value of A is mild. Even better, this
dependence can be absorbed into a redefinition of the electric charge. So the idea is that the bare
electron would have a charge ey, but the measured quantity is the so-called renormalised charge,
which is defined to be the strength of interaction as observed in low energy processes, and is given
by the elementary charge e. Eventually, the value of the bare charge can be computed in terms of
the elementary charge and the cut-off, and the relation is given by

A2
el =é? (1 + g log — + ()((_rz)) (12.92)

3

where m is the physical electron mass. We mention here that the physical mass is similarly different
from the bare mass of the electron by interaction corrections (electromagnetic self-energy):

3a A1 R .
om = mo— (log 3 + 5) + O(a”) (12.93)
and the vertex
1)
A
Y

receives corrections as well, which lead to a shift in the gyromagnetic factor of the electron, away
from the value 2 predicted by the Dirac equation:

_ @ Y 2) — Y 9 0.
g=2(1+ =) +0(a?) = 200232... (12.94)

These formulae only take into account the corrections due to the electron/positron field and only
to the lowest order; eventually, other particles and their interactions must be taken into account
for more precise calculations, as well as higher orders in a.

The observation relevant to the problem of asymptotic freedom is that the propagator correction
depends on q, leading to an effective interaction strength that depends on the momentum transfer
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characterised by ¢". In fact, it can solely depend on the only Lorentz invariant ¢® and an explicit
calculation gives the differential equation

da 2a%
p— = +0(a®) (12.95)
dp 3w
where p?2 = —¢? is the relevant energy scale in the process. The interested reader can find a

relatively elementary explanation of this result in Subscctionof Appcndix@
Taking into account the existence of other fermion species this equation is modified to

dov 202

i

+0(a”) (12.96)

with zy = Y, Q7 for the charged fermions of charge );e relevant at scale g. At the minimum value

p = 2m, ~ 1 MeV the value is z; = 1, increasing to zy = 4 at 1 GeV and z; = 20/3 at 100 GeV

(note that quarks count with multiplicity 3 due to their colour). For energies above 2Myy, (where

My, ~ 83 GeV is the mass of the W¥) the contribution of the W bosons must also be added.
For simplicity we consider the solution of which is

a(f)

_ 2a(po) s
1 3 1 & Lo

a(p) = (12.97)

The usual choice for the fine structure constant is that measured from atomic physics, which
corresponds to the threshold scale pg = 2m,. = 1 MeV and has the value

alpe) ™t = 137.035999139(31) (12.98)

It is clear that the effective fine structure constant increases with energy. The energy dependence
of interaction strength such as in is known as the running coupling. The measured value
at the Z resonance is
a(Mz) ™' ~ 129 (12.99)
This agrees well with the prediction computed from the more complete equation .
Why does the coupling increase with the energy scale? Recall that high energy is the same as
short distance, so the physical picture is that the electron has a larger charge when viewed from

closer. The value of the elementary charge is the charge of the electron from a very large distance
compared to the Compton wave-length

= 2.4263102389(16) - 10~ ** meters (12.100)

meC

Exercise 12.5. A somewhat inaccurate, but useful analogy is provided by the Debye screening
in plasma. When placing a charged object inside a plasma, its electric potential field is modified
according to

Q .
Vir) = —r/d 12.101
() 47?50-1"(: ( )
where d is the so-called Debye screening length.

1. Compute the electric field E(7)!
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2. What is the effective charge Qeq(R) seen from distance R?

Solution. The electric field strength is then

. WP 7 .
B(F) = —gradV(r) = — V.0 QT (1 + g) e~/ (12.102)

orr  dmwegr?

The charge seen at distance R can be computed by Gauss’s theorem

QulR) = cofp af E) =@ (1 n %) L (12.103)

Note that right at the place of the charge one sees Q.¢(0) = @), which then monotonically decreases
to 0 as R > d. 0

What is the medium polarised when the electron is in a vacuum? Surprisingly, it is the vacuum
itself! Remember that the physical vacuum is not empty space: it is filled by the quantum fields
whose elementary excitations correspond to the photon, electron/positron and other particlcs{fl
Since these fields are quantum, they do fluctuate even in the vacuum, so the vacuum is effectively
an active medium like the plasma in Debye screening. A charged object distorts these ever-present
vacuum fluctuations: what happens is that the fluctuations become preferentially polarised in the
presence of the charge, building up an effective background of opposite charge density around the
object, which cancels some of the electric flux. When approaching the object closer one measures
a larger flux, and therefore a larger charge, since part of the polarisation cloud is left further out.
The result is the charge renormalisation which includes the effect of fluctuating electron-
positron modes up to the cut-off A. These fluctuations are represented by the electron-positron
loop in the perturbative expansion. Alternatively, their leading order effect can be computed by
borrowing methods from condensed matter theory of magnetic materials, as discussed in Appendix
E Vacuum fluctuations have many consequences, such as the running coupling, the anomalous
magnetic moment of the electron (and the muon), the Casimir effect, the Lamb shift in atomic
spectra, and the yet unobserved phenomena of vacuum birefringence and photon-photon scattering.

Note that the running coupling (12.97) blows up at the energy

Ao = ‘u.(]{32":%;uj ~ 10280 MeV (12104)

which is astronomically high, a phenomenon noted by L. Landau and called a Landau singularity.
Adding the other known charged particles brings this down to lower values, but it still remains
much higher than the Planck scale 10! GeV. Eventually, at this scale perturbation theory breaks
down, as also manifest from , so to investigate the presence of this singularity one
needs to go beyond perturbation theory. However, this is not necessary in practice since pure QED
ceases to be valid at energies around 100 GeV due to electroweak unification, and it is generally
expected that standard quantum field theory ceases to be valid due to quantum gravitational
effects around the Planck scale anyway.

39More precisely, in quantum field theory the vacuum is the ground state of the quantum fields that make up
matter at the fundamental level. Since these fields have a non-linear dynamics due to interactions, the vacuum is
one of the most complicated dynamical objects that exist in Nature, which seems surprising in light of the everyday
notion of the vacuum being just empty space.
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QED is an example of a theory with a coupling that increases with energy. It turns out that this
is a very general phenomenon; the chief exception is just the case of non-Abelian gauge theories
which manifest asymptotic freedom. For all other quantum field thcorie such as those with
scalar self-interactions and/or fermion-scalar Yukawa interactions in addition to Abelian gauge
fields, the couplings increase with energy and even taking into account non-perturbative effects
they are expected to blow up at some Landau singularity Ag. The proper interpretation of this
phenomenon is that these theories only work for energies below Ay so the ultraviolet cut-off A
cannot be increased any further. Such theories can only be used as low-energy effective descriptions,
and for high energies they must be replaced by some more complete theory. However, as shown
by the example of asymptotically free theories, there can exist models that can in principle be
valid to arbitrary high energies. The hypothetical model which provides a description of physical
phenomena to arbitrary high energies is called the Theory of Everything (TOE); such a theory
is called ultraviolet complete meaning that it does not have an upper energy limit for its validity.
The TOE must include quantum gravity and due to problems of reconciling gravity with ordinary
quantum theory, it is generally expected to be beyond the reach of quantum field theory (although
there is a recent attempt to avoid such problems, the so-called asymptotic safety scenario).

In contrast, a theory with a Landau singularity is called trivial, since the Landau singularity is
generally of the form

Ag ox €19’ (12.105)
where ¢ is the coupling constant (= e for QED), so the only way to get a UV complete theory
is to set the coupling to zero, i.e. a trivial (non-interacting) theory. The value of Ay is called
the triviality bound; in general it must be found from non-perturbative arguments, since it lies at
(infinitely) strong coupling.

12.3.3 Asymptotic freedom

For a non-Abelian gauge theory there are terms in the Lagrangian involving the product of three
or four gauge fields, which lead to interaction vertices of the form

The fermionic contribution to the running coupling has the same effect as in QED. However, the
gluon contribution arising from the above vertices has the opposite signlﬂ and for an SU(N,) gauge
theory with N; quarks in fundamental representation the running coupling is given by

dov, 11 2 o? i
— = —( —=N.—ZN; | - 4+ 0(a® 12.1
a du ( 3°° 3 'f> 27 +0(a;) ( 06)

40T his is valid in 4 dimensions or higher; in two space-time dimensions there is a number of theories manifesting
asymptotic freedom without non-Abelian gauge fields.

“Unfortunately, in contrast to the fermion contribution which was also present in QED, there is no good intuitive
way to understand why the sign is opposite for the gluons; this just happens to be the result of the field theoretic
evaluation of the necessary Feynman diagrams.
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For the origin of the antiscreening contribution the interested reader is referred to Appendix
For QCD with N. = 3 the combination

1. 2 2
N.—ZN;=11-=N; (12.107)

3773 3
is positive, which leads to a coupling decreasing with energy as long as Ny < 16; since there are
only six flavours at presently accessible energies, the QCD coupling decreases with energy. This
phenomenon is called asymptotic freedom.

The solution of the differential equation (|12.97) is given by

1 1 /11 2

as long as by > 0. The scale Agcp parametrises the initial conditions; the solution is only valid
for 1 > Aqep where the coupling is small enough. Moving closer to Agep from above higher
order corrections must be taken into account; these are dependent on further conventions, leading
to a scheme dependence in the scale Agep. The singularity of the coupling at the scale Agep
is not physical; there is no Landau singularity due to the fact that for low energies the physical
behaviour is governed by a new non-perturbative phenomenon, namely colour confinement. The
value of Agep depends on the scheme used to compute higher corrections, but is in the range
200...300 MeV. For processes involving momentum transfers far above this scale (= 1 GeV)
QCD can be treated perturbatively.

The theoretically predicted running coupling can be compared to the measured value of the
QCD coupling as function of the energy scale, obtained from various processes involving strong
interactions. The experimental situation is summarised in Fig. and (together with a vast
number of other data) confirms QCD as the correct theory of strong interactions, at least in the
high-energy (perturbative) regime.

A few important experimental facts explained by the running coupling:

1. Deep inelastic scattering

As discussed in Scction@ the inclusive cross section of the deep inelastic scattering depends
on two kinematical variables  and Q2. In particular, for high values of (9 the structure functions
depend mostly on x only, which corresponds to the presence of essentially independent i.e. free
point-like partons on which the scattering happens, which were identified with the quarks. Asymp-
totic freedom explains their why the interactions between partons can be neglected for processes
at high momentum transfers Q2.

A more detailed analysis shows that the structure functions show a slow (logarithmic) depend-
ence on (9%, which can be explained by perturbative corrections from the QCD interaction.

2. Flavour symmetry breaking

Exact SU(3) flavour symmetry would hold in the case when quark masses are equal: m, =
mg = my. Breaking of flavour symmetry depends on how quark mass differences compare to the
QCD scale Agep. It is clear that isospin is a quite good symmetry, since it is broken partly by the
m, — my mass difference, which is of the order of a few MeV, and by electromagnetic interactions,
which are much weaker than the strong interactions on typical hadronic energy scales. SU(3)
breaking is much stronger, as the strange mass mjs is smaller than Agep by only a factor of about
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Figure 12.2:
experiments.
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Since the masses of the other quarks ¢, b, t are much larger than Agep, extended flavour sym-
metries such as SU(4) perform much worse than SU(3), and so are not very useful. In fact, due
to their large mass in many cases the heavy quarks ¢ and b can be treated in a non-relativistic
approximation when describing hadrons containing them, in contrast to the light flavours u, d, s.

3. The Okubo-Zweig-ITzuka (OZI) rule

During the studies of the quark model it was observed that certain strong decays were sup-
pressed according to an interesting rule. To understand the observation, the first step is to note
that decay rates can in many cases be estimated from other similar processes. Recall that the
strong interaction is supposed to be flavour symmetric, so decays proceeding in a similar way with
just some flavours relabelled would have the same transition matrix element. However, the decay
rate also involves summing over the final states; this leads to a dependence on the momentum
space volume that is available for the decay products. This is the reason why among two otherwise
similar decays, the one with a higher value for liberated energy proceeds faster. Cf. for example
the decay rates of neutral kaons to two or three pions: neglecting the small correction from CP
violation, the one decaying to two pions is the short-lived K2 , while the one decaying to three
pions is the long-lived K7} .

However, it was observed that decays in which the process involved annihilation of heavy
quarks proceeded much slower than estimated or were suppressed compared to other channels.
An example is the vector meson ¢ which is an almost pure s§ state (cf. the maximal mixing
discussed in Section : the decay mode ¢ — 7 + 7% + 7~ is much suppressed compared to
¢ — K™ + K, although phase space considerations suggest otherwise. However, it is clear that
the suppressed decay eventually involves the annihilation of the s and s, since the decay products
are all non-strange particles. Typical diagrams for the two processes are shown in Fig.

To accommodate this observation, the following rule was introduced:

OZI (Okubo-Zweig-Tizuka) rule: strong decay processes that can only proceed via annihil-
ation of heavy quarks are suppressed with respect to those not involving such steps.

In diagram (a) there exists a cut axis at some time where the heavy quarks are absent, so
they annihilated before. The reason why the leading process is drawn with three gluons instead of
one or two is due to symmetry constraints. The colour singlet nature of the end state (cf. Section
excludes a single gluon intermediate states since that transforms as an octet 8. For two
gluons there is a singlet channel according to the decomposition 8 x 8 =1+ 8+ 8+ 10+ 10+ 27,
but the vector meson ¢ has eigenvalue —1 under charge conjugation C, while a two-gluon state has
C = +1 (with each gluon having C = —1), and strong interactions (as well as electromagnetism)
preserve C symmetry. So the intermediate state must contain at least three gluons. The OZI rule
itself is explained by the fact that the three gluons created in this annihilation carry a relatively
large ¢* among them, equal to the square of the mass of ¢ (which is m, = 1020 MeV), so the
corresponding strong couplings are suppressed by asymptotic freedom.

In diagram m (b) no such cut axis exists, and the gluons involved can be very soft (their
q® need only cover the creation of a light u-u pair), so the corresponding couplings are much
stronger. This explains why the left process dominates despite being at a disadvantage when it
comes to available momentum space volume for the final products. We remark that it is possible
to draw diagrams mediated by photons instead of gluons, but these contribute little since the
electromagnetic interaction strength « is so much smaller than as.
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Figure 12.3: Typical Feynman diagrams contributing to ¢ decay.

The diagrams are from the book D. Griffiths: [Introduction to Elementary Particles, Wiley-VCH, 2008,
redrawn by Krishnavedala for the Wikipedia page https://en.wikipedia.org/wiki/OZI rule.
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For the case of the J/W with quark content c¢, the effect is much more pronounced and can even
be treated perturbatively, finding a suppression by a factor of order a,(m.)*, where m. ~ 1.5 GeV
is the charm quark mass. As a result, the lifetime of the J/W is three orders of magnitude longer
than expected otherwise, leading to a very narrow resonance at energy 3.1 GeV, of width 93 keV
compared to the expected width of order of 100 MeV. Due the J/¥ being too light compared to
other charmed particles, its decay mainly proceeds via the analogue of the OZI suppressed diagram
for ¢ — 77 + 7% + 7, but with the strange quarks replaced by charm. The OZI suppression for
this case is so strong that electromagnetic decays proceeding via a single intermediate photon
eventually begin to compete with hadronic ones, and so the J/¥ has significant branching ratios
to leptonic end states like ete™, eTe ™y and pu* .

In the case of the family of upsilon vector mesons (T = bb) a similar OZI suppression hap-
pens, and the lifetime of the three lowest lying stat.c is again much longer than expected, with
significant branching ratios to leptons.

12.3.4 Confinement

Asymptotic freedom implies that the QCD coupling constant decreases with increasing momentum
transfer, which explains why quarks behave as (almost) free particles under deep inelastic scatter-
ing. This contrast with the experimental fact that no free quarks have ever been observed. So can
QCD explain this phenomenon, called quark confinement?

Since the strong interaction gets stronger with decreasing energy, one may argue that this
explains why the quarks are tightly bound into hadrons when the energy is low. Still, binding
energies are finite, and by looking at the masses of the hadrons, are expected to be around a
few 100 MeV per quark. So why don’t we see quarks when we create collisions with much higher
energies?

Confinement is clearly some strongly coupling phenomenon, so there is no hope to address
it using perturbation theory. The leading framework to study non-perturbative physics of QCD
directly from first principles (i.e. without involving additional assumptions) is lattice field theory,
which is a numerical approach based on Monte Carlo methods borrowed from statistical physics. At
the present state of art, the best simulations are able to reproduce the hadron spectrum quite well,
as shown in Fig. Albeit they do have their limitations, lattice QCD simulations demonstrate
the QCD describes the physics of strong interactions not only at high energies, but also in the
low-energy, non-perturbative regime.

However, can one understand confinement using some simple qualitative arguments, without
resorting to not very transparent numerical simulations? This is indeed possible using the so-called
hadronic (or QCD) string picture. Let us first consider interaction between electric charges. The
field of a positive and a negative electric charge can be depicted as

“2For the state T(49) there is enough energy to create a dd or wii pair and decay to a pair of B mesons; this
provides a process which is not OZI suppressed and therefore proceeds much faster, so this state has a large with
compared to the lowest three T mesons. The branching to these unsuppressed modes is more than 96%. Similar
phenomenon happens for excited states of the J/¥ charmonium system, where the first two states only have OZI
suppressed decay modes, but from the third one there exist decays into charmed D mesons via creation of light

quarks (cf. the discussion at the end of Subsection|11.3.2).
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From: S. Diirr et al: Ab initio determination of light hadron masses, Science 322 (2008) 1224.
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Note that since the total electric flux is constant the field strength varies as 1/R?, where R is the

distance between the charges. When both charges are present, due to the superposition principle
their fields can be added, resulting in the field

@

The force on any of the charges, which is given by the charge multiplied by the field strength
created by the other, is also proportional to 1/R?, which is Coulomb’s law.

However, the QCD Lagrangian (12.84) has terms which are cubic and quartic in the gauge field,
due to the quadratic term in the colour field strength . This results in a field equation which
is non-linear in the gauge fields Af,, so the superposition principle is invalid. A consequence is that
the field lines are interacting, so field lines connecting two coloured objects do not correspond to
a flux uniformly spreading with distance. The interaction between the field lines turns out to be
attractive, leading to colour flux tubes as depicted for the case of a quark and an antiquark:

>
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As a result, the flux per unit area and therefore the force stays constant with distance. This
leads to a quark-antiquark potential that is linear for large distances. A phenomenological potential
function is

V(R) = % +BR (12.109)

where the short distance behaviour is modelled by a Coulomb term, while the long-distance asymp-
totic behaviour is set by the linear one. This colour tubes behave as strings: stretching them
increases their energy, linearly with their length. Since this is a quantum theory, when the energy
stored in a string reaches the threshold necessary to create a quark-antiquark pair, it becomes
unstable: the string snaps and a new pair is created. So just pulling apart a meson does not lead
to freeing the quarks as illustrated below:

From: Review of Particle Physics (K.A. Olive et al. (Particle Data Group), Chinese Phys. C38 (2014) No 9.)

In fact, the above argument shows that no coloured object would be stable, since any colour
source would act as the endpoint of a QCD string, and when trying to free it from other coloured
objects, the string would snap until all excess energy is converted into hadrons. Therefore all
observable QQCD states are colour singlets. Since a quark transforms as 3, while an anti-quark as
3, the simplest uncoloured objects can be realised as follows:

mesons: (g 3x3=1+8
baryons qqq 3x3x3=1+8+8+10
antibaryons: Ggq 3 x3x3=1+8+8+10 (12.110)

where the group composition rules show that for such combinations it is possible to find colour
singlet states.

Exercise 12.6. Which of the following states are possible: qq, qqqq, qqqqq?

Solution. It is only necessary to find the decomposition of these states into irreducible colour
components:

qq : 3x3=3+6
qq3q : 3x3x3x3=(1+8)x(1+8)
=1+8+8+1+8+8+10+ 10+ 27 (12.111)

so qq is not possible, while gqgq is and would be a so-called tetraquark state. It is also easy to see
that gqqqq is possible, since it is (1 + 8 + 8 + 10) x (1 + 8) contains at least three singlets from
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the 1 x 1 and the two 8 x 8 products; this would be a pentaquark. In fact, some more advanced
group theory shows that the sufficient and necessary condition for a state composed of N, quarks
and Nz anti-quarks to contain at least one colour singlet component is that N, — Nj divisible by
three. O

12.4 Jet physics and evidence for gluons

To test QCD, it is also desirable to have evidence for gluons. This leads us to consider the physics
of so-called jets which are typically produced in high-energy collisions with hadronic end states.
Let us consider the collision e*e~ — hadrons. We already know from Sectionmthat at leading
order the observed data are well-explained by the creation of a quark-antiquark pair. After the
creation of the quark pair which involves high momentum transfer and is therefore called a hard
process, two hadron showers produced by so-called hadronisation involving soft physics, that can
be modelled e.g. using the string picturclfl Because of the large momentum of the initial quarks,
the generated showers are confined to some narrow cones forming so-called jets:

In addition, due to the break-up of strings connecting the two lead quarks some “stray” hadrons
are also produced in the space between the two jets as depicted above.

However, due to the QCD interaction it is possible to create more than two jets. For example,
a hard process leading to a gqg intermediate state is

et q

e q

In this process, if the gluon is hard enough and is emitted at a large enough angle, it leads to a
formation of a distinct third jet, with a probability that is suppressed with respect to the two-jet

43In fact, detailed predictions for hadronic end states are derived using Monte-Carlo event generators, which use
either string or cluster based models for the formation of hadrons.
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process by a,. Soft and almost collinear gluon emissions form part of the quark jet; the distinction
must be defined by a so-called jet algorithm, which gives a prescription of how to group particles
into jets. A gluonic jet can be distinguished from other processes (e.g. involving a high-energy
photon) by the existence of stray hadrons between it and the quark jets. Processes with three and
more jets have indeed been observed, with the characteristics matching those predicted by QCD.

Many characteristics of jets are determined by the initial stages of evolution which happen
at energy scales above 1 GeV, which makes perturbative calculations of these details possible.
In particular, the strong coupling measured from jet physics matches measurements from other
process very well as shown in Fig. The angular distribution of the jets in three jet events
depends on gluon spin, and can be used to confirm that the gluon has spin 1, as expected for a
vector boson. It is also possible to distinguish jets according to whether the initial particle was a
light quark (u, d, s), heavy quark (¢, b) or a gluon, with a quite good efficiency.
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13 Gauge theory of weak interactions

13.1 Intermediate vector bosons
13.1.1 Problems with the four-fermion interaction

So far, we described weak interactions using the four-fermion interaction (11.37):
G}J‘ ¥ v
Loo=——= J(i’T._}rca + h.c. 13.1
o ) (5.

involving the charged current

3
IS = il =)+ Y @va(l = 25)d; (13.2)
i=1

l=e,u,1

Here we flipped the current with respect to (11.55) which amounts to Hermitian conjugation, and
also introduced a notation for the three generations of quarks as follows

UL =U Uz =¢C U3 =1

dl =d dg =S5 dg =) (133)
and the flavour mixings
3
di = Z (VCI\’M).gj d;
j=1
1=1,2,3
3
vp = Z (UPMNS);J- Vj
j=1
l=e,p,T (13.4)

with vy 5 3 denoting the neutrino mass eigenstates, while 1, denoting the neutrino flavours selected
according to the lepton | = e, p1, 7 they are coupled with. The quark fields d; are the ones entering
the QCD Lagrangian , while d’; are the weak interaction eigenstates, i.e. the combinations
coupled to the u-type quarks u, ¢, t by weak interactions.

While this theory successfully describes weak decays of hadrons and leptons, and accommodates
the observed flavour mixing, parity and C'P violation, it has serious problems which prevent it
from giving a final and complete description of weak interactions. All of that is related to the

dimension of Gg; recall from Section that

-1
Gp ~ 10_“—2 (13.5)
m2
S0 its dimension is
[Gp] = eV (13.6)

Consider now high energy scattering processes with two incoming particles of 4-momenta p; and
po; the characteristic energy scale is given by s = (p; + p2)?, which is just the square of total
energy measured in the center-of-mass frame. By dimensional analysis, the effective interaction
parameter is given by

GFS (137)

This results in two, eventually closely related problems:
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1. Violation of unitarity
The scattering matrix introduced in is unitary by definition, which is related to
conservation of probability. Namely, unitarity implies that for a fixed initial state i summing
over all final states f gives unity:

D oISulP =1 (13.8)
I

This imposes upper bounds on the size of matrix elements, and ultimately on the scattering

cross sections. In general, cross sections at high energy must decrease as s~*, while simple
. . . . ) .

dimensional analysis using [o] = ¢V ™~ results in

o=G%s (13.9)

since the lowest order interaction amplitude is proportional to G, while the transitional
probabilities and so the cross sections are proportional to the square of the amplitudes. For
example, direct computation of the J = 1 partial wave cross section for the reaction

Vet+e€ — v, +pu (13.10)
gives a result behaving as (13.9), while unitarity bounds the amplitude as
Oy < 81 (13.11)

So for energies above

Vs~ G 300 GeV (13.12)

unitarity is violated. One could hope that this would be rectified by higher-order perturbative
corrections, but there is a serious problem with the perturbation expansion in the four-
fermion model.

2. Cut-off dependence

As discussed in Subsection higher order perturbative corrections in quantum field
theories are generally only defined by introducing a high energy cut-off A. This is due to the
presence of sums over intermediate states in the perturbative expansion , which are
usually divergent without truncation. The cut-off dependence can be absorbed in redefining
the parameters of the theory, such as couplings and masses (cf. and (12.93)). This
process is called renormalisation, and its physical content is that far below the cut-off scale,
physics can be parametrised in terms of effective low-energy parameters which are to be
determined from experiments. For quantum electrodynamics and quantum chromodynamics,
this results in a finite set of parameters: the fine structure constant, the QC'D scale Agep
and the fermion masses. After their experimental determination, other observational results
can be predicted in terms of these parameters.

However, for the four-fermion interaction every new order in GG brings an additional power of
A2, so a new power of cut-off dependence appears. This means that at every new order, new
parameters must be introduced to absorb the cut-off dependence. This spoils the predictivity
of the theory since the more precisely one computes, the higher order of perturbation theory
and consequently the larger number of experimentally determined parameters are needed.
The net result is that the theory ceases to give a meaningful description of physics at around

the scale .
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From the above discussion it is also clear that these problems are not present for theories with
coupling constants that are either dimensionless or have dimensions of a positive power of energy,
. . . . . d

since for a coupling constant g with dimension [g] = ¢V® one expects

92

o~ T (13.13)
or, in terms of the cut-off dependence, every new order introduces a factor A=¢. Therefore as
long as d > 0 the number of parameters introduced by the cut-off dependence does not grow.
Such theories are called renormalisable, while the four-fermion model is an example of a non-
renormalisable theory.

The preceding discussion is only valid in perturbation theory; non-perturbatively there could
be additional problems such as the Landau singularity discussed in Subsection which leads

to an upper energy bound on the field theory (cf. the notion of triviality).

13.1.2 The charged weak intermediate vector bosons

To remedy the situation, one can apply the lessons learnt from QED and QCD, and introduce a
particle to mediate weak interactions. Since charged currents involve charge transfer, the interme-
diate particle must be charged, and since the current is a vector, its field must also carry a Lorentz
index. So we modify the weak interaction Lagrangian to

Lrvp = gw (JSW" +hc.) (13.14)

This corresponds to resolving processes as in the following example corresponding to neutron
[-decay

so the conversion of the d quark into a v quark is accompanied by the emission of a W~ excitation
which then decays into an electron and an anti electron neutrino. This also demonstrates that in
contrast to the photon, W must be charged. Unlike the photon, it must also have a non-zero mass
since weak interactions have a very short range. Indeed, since transitions happen at the quark level,
their range must be smaller than the proton/neutron radius which is of order GeV! as determined
from their elastic scattering form factors, so My, must be larger than GeV. The Lagrangian for
the W field can be written down in analogy to the photon case, however it is necessary to account
for charge (i.e. the field must be complex) and for its mass:

Ly = —=(0,W} = 0,W}) (0"W" — 0"W*H) + My W W* (13.15)

I3

S
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Neglecting interactions, the field equations for W are

OW* — 9" (W) + MZW*H =0 (13.16)

Exercise 13.1. Derive the field equations (13.16).

Solution. Using the Euler-Lagrange formalism with respect to W’;

oc

= MjwH
oW, !
)
L,T = WY —0'WH (13.17)
9(9, W)
50 ;} ,C ‘} E
C ¢ = J"LI]%,I I’{"r” - ap‘ (0# I!i}y - 8;} .H?#) ( 1 3 ’ l 8)

— au
(;} I’{I}I a ( 8;; I"i’!i )

which is just (13.16). Varying the action with respect to W, gives the complex conjugate of the
above equation of motion. O

Computing the divergence of (13.16)) leads to
gWH" =0 (13.19)

and so
(O+Mp)WH =0 (13.20)

As usual, this equation can be solved in terms of plane waves

Ak 1 ’ - = - Sk i
1V — o - ) ) —ik-x Ty () * ikex 9
W, — f e 2:1 (aa(k)(# (k)e + ba(f»)cp (k)*e ) (13.21)

where the four-vector k* is (Ej, ,?J with Ej = \/ k2 + M, cﬁfx)(k) are three independent vectors
satisfying
kel (k) =0 (13.22)

and a, (), b\, (k) are complex coefficients, which after quantisation become the annihilation operat-
ors of particles and the creation operators of anti-particles, in analogy to the complex Klein-Gordon
field discussed in Subsectionsa.nd A convenient basis for the three independent solution
corresponds to

longitudinal polarisation : c(l}(k) =Ny (CU, ,a)
transversal polarisations : €2 (k) = (0,&)

P (k) = (0, &) (13.23)
where the parameters are determined by (13.22) and by orthonormality

(&r}(k‘)((j)#(k)* — _5“.-‘3 (1324)
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(the Lorentz norms can only be normalised to —1 since k" is time-like, and as result of (13.22),
the polarisation vectors are space-like). The result of non-zero mass is therefore the existence
of physical longitudinal polarisation; zero mass vector bosons such as the photon can only have

transversal polarisation The transverse vectors are simply orthogonal to k

gk=0 i=23

and orthonormal in the usual sense

Exercise 13.2. Compute ¢y and Nj.

Solution. €y can be obtained from

k- eD(k) = N (q,Ek - Eﬂ) —0 (13.25)
S0 ~
kE
= —— 13.2
€ E, (13.26)
while Ay can be obtained from
(K k2 M3,
eD(k) - eV (k)% = N (—2 — kz) —No)P (13.27)
E; k% + M2,
leading to
k> 4 M3, _
N2 = M (13.28)
k2ME,
(the phase of N is physically irrelevant and can be chosen arbitrarily). O
Canonical quantisation leads to
).l P)] = 08 F )
Ba(B). 0L (R = w8 (E - F) (13.29)

with all other commutators vanishing, and computing the interactions using perturbation theory

leads to the relation )
Gr _ 9w

V2 M

(13.30)

Supposing that the interaction strength is not very much different from 1, this leads to My being

order of 100 GeV.

“We already know this from classical electromagnetism; a short explanation is that the longitudinal mode of a

zero mass vector particle turns out to be a pure gauge component, and is thus not physical.
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13.2 Spontaneous symmetry breaking

Introduction of intermediate vector bosons resolves the immediate problems with the fermion-
fermion scattering. However, processes involving longitudinal components of the W# bosons are
still problematic because the longitudinal polarisation vector (computed in Exercise [13.2) has
components that grow linearly with momentum and bring back the same problems as before.

Vector bosons corresponding to a non-Abelian gauge symmetry would have no such problems
(since longitudinal polarisation is missing), but gauge symmetry forbids the introduction of mass
terms since they are not gauge invariant. It seems we have arrived at an impasse: there seems to
be no way to have a theory of weak interactions that is valid for energy scales over a few hundred
GeV. Fortunately, this problem can be solved using the so-called Higgs mechanism. To understand
its origin it is necessary to learn about spontaneous symmetry breaking first.

13.2.1 Spontaneous symmetry breaking and Goldstone’s theorem

Let us start with the simple example of a complex scalar field ® with a U(1) invariant self-
interaction, governed by the Lagrangian density

Lo =0,07°0"® — V(D"D) (13.31)
The Hamiltonian of such a scalar field is given by
H = fdgsr (8&’8&'* + VOV + V(Q)*(I))) (13.32)
The classical vacuum corresponds to a configuration for which H is minimal, which implies
0,2 =0 and V = min. (13.33)
Let us choose
A
Vo= e+ el
with A > 0 (13.34)
which is minimal when
2442 o
(D] = Do =/ (13.35)
So the classical vacua are degenerate; the independent solutions are
Ui
(I) = —
V2
21
V= —= 13.36
v (13.36)
and are related by the U(1) symmetry
O — e D (13.37)

When quantising the system, a choice of the vacuum must be made first; all possible choices are
equivalent by U(1) symmetry, so we choose to expand the field around ® = &, (i.e. ¥ = 0):

O = % (v + p(x)) /" (13.38)
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where p describes the radial, while © corresponds to the angular degrees of freedom in ® space.
This can be interpreted as a non-zero expectation value of the scalar field in the vacuum:

v

D(x 13.39
@) = 2 (13.39)
its independence of z reflects the translational invariance of the vacuum state.
Exercise 13.3. Express the Lagrangian (13.31) in terms of p and ©.
Solution. One can compute
0,9 = eie(w)/'b'i Oup + ! (v+p(x)) 0,0
I : /2 \ v °)) Opt
4 2
H 2 2 A 3 Ay ‘
vV o= = - 13.40
R e A i v (13.40)
and substituting into (13.31) gives
1 2p(x 2 _
Lo = = |0.p0p+ |1+ ﬁ + P 0,00"0
2\ v vz )t
4 2
H 2 2 A 5 Ay ‘
+— - - - — 13.41
R 5" " 16" (13.41)

We note that the term —p?/\ corresponds to a shift in the vacuum energy density, and can be
dropped. O

Separating the quadratic, i.e. free field part
1 I 1 AR ayal 22 a A<

shows that p describes excitations with mass v/2j:, while © is a real scalar field with zero mass.
Furthermore, the interactions only depend on the derivative of ©, so the Lagrangian is invariant
under the shift ©(z) — O(z) — a, which is just the original U(1) invariance. This makes it
manifest that the Lagrangian is independent of the choice of the vacuum, i.e. the angle ¥.

The zero mass excitations are called Goldstone bosons. Despite the classical nature of the
computation above, theiwr existence is eventually a general conclusion valid also in the quantum
theory, due to the

Theorem 13.4. (Goldstone’s theorem) When the ground state of a field theory is only invariant
under a proper subgroup H of a continuous symmetry group G, there exist zero mass scalar boson
excitations, in one-to-one correspondence with the generators which correspond to broken symmet-
ries (i.e. those not leaving the vacuum invariant). Due to the correspondence, their number is
exactly dim G — dim H.

Without discussing the detailed proof here, we note that the validity of the theorem is clear
from the following heuristic reasoning. Acting on the vacuum with a broken generator produces
a physical excitation due to the non-invariance of the vacuum, which has zero energy since the
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transformation is a symmetry of the Hamiltonian. Such an excitation, due to being global (i.e.
position independent) has wave number k = 0, so it satisfies

E*—k*=0 (13.43)

and therefore has zero mass. In addition, due to rotational invariance of the vacuum, the excitation
has spin zero, i.e. it corresponds to a massless scalar boson particle (cf. our discussion between
the relation of zero spin to rotational invariance in the rest frame in Subscction.

A well-known example of spontaneous symmetry breaking occurs in ferromagnetic materials,
where the existence of non-zero equilibrium magnetisation below the Curie point breaks rotational
symmetry. The spontaneous magnetisation is called an order parameter; in the above example

this role is played by the scalar field ® according to (13.39).

13.2.2 Chiral symmetry breaking in strong interactions

Another example, this time in particle physics, is related to the scalar meson octet composed of
the pions, the kaons and the 7 meson (cf. Subsection. Keeping only three flavours and in the
limit of zero quark masses m, = mgq = ms, the strong interaction Lagrangian is invariant under
separate SU(3) x U(1) transformations of the left and right handed quark fields:

SUBr: g — UMgn
ULgr:  qr— e “Rgp
SUB)L:  qL— Ha(;d)qib
Ul): g — e g (13.44)

called a chiral symmetry (i, j are flavour indices 1, 2, 3 corresponding to u, d, s). The combination
SU(3)g x SU(3), is assumed to be spontancously broken by strong interactions to the usual
flavour SU(3) which consists of the “diagonal” transformations U) = /(X), This breaks eight of
the sixteen SU(3)r x SU(3), symmetries, which implies there should be eight Goldstone bosons.
These are exactly the members of the scalar meson octet; their odd parity corresponds to the
chiral nature of the transformations broken, which are the ones with U = (X~ The reason
why the octet masses are not exactly zero is that non-zero quark masses explicitly break the chiral
part of SU(3)g x SU(3)L, so the symmetry is not exact to begin with. However, this pattern
of chiral symmetry breaking explains why the masses of the scalar mesons, especially the pions
are so small compared to other hadron masses (remember that m, > m, 4, so explicit symmetry
breaking of strange particles such as the pions is much larger than for non-strange ones). Due to
their non-zero mass and relation to chiral symmetry breaking, the scalar meson octet particles are
called pseudo-Goldstone bosons; chiral symmetry breaking is a part of standard strong interaction
phenomenology.

Spontaneous breaking of chiral symmetry corresponds to the following vacuum expectation value
(order parameter)

(@45) = 04 A ira (13.45)

where the quantity A, has dimensions of energy. Such an expectation value is Lorentz invariant,
but it is not invariant under SU(3)r x SU(3),, since

4i9j = qriqL; + qLiqr;j (13.46)

222



so a non-zero expectation value like is only left invariant by diagonal transformations
U = UE) | Non-perturbative Monte-Carlo studies show that chiral symmetry breaking indeed
happens in quantum chromodynamics.

Switching on non-zero quark masses leads to explicit chiral symmetry breaking and gives masses
for the pseudo-Goldstone bosons that are linear in the symmetry breaking parameter given by the
quark masses (cf. Exercise below); the small value of the scalar masses is explained by the
quark masses being small compared to the strong interaction energy scale, which holds very well
for u and d, and much less for s.

The diagonal U(1) symmetry ar = ay is just baryon number; the so-called axial U(1) corres-
ponding to ar = —ay is broken by quantum effects (not spontanecously, so it does not correspond
to any vacuum degeneracy), which in fact explains why the SU(3) singlet 1’ is so much heavier
than the octet particle 7, but we do not enter into details here.

Exercise 13.5. A toy model of chiral symmetry breaking is given by the linear sigma model
Lo - 1, Ao 2 -2 2 .
Lo = if?pwa“fr + 5(_?,108“0 ~3 (7% + 0 — £2) (13.47)

where 7 = (my, mp, m3) are three scalar fields that model the pions (note that their indices do not
correspond to space components!), while o is a scalar field that does not correspond to any known
particle. This model is eventually invariant under SO(4) rotations of the four-component vector

of fields

o o
[LE Q. o m (13.48)
2 T2
3 T3

with OTO = 1,.4. The full symmetry group can be decomposed as SO(4) ~ SO(3)1 x SO(3)2.
SO(3) is just rotations acting on 7 , leaving ¢ unchanged.
Show that the remaining symmetry transformations are given in infinitesimal form as
T — T+ do
o — 0-—WT (13.49)
with & being the vector of three infinitesimal parameters of SO(3);. Compute the Noether currents
corresponding to this symmetry.

Solution. One can write an infinitesimal 4-dimensional rotation matrix as
Oup = Oap + Wap a,b=20,1,2,3 (13.50)

with 0 corresponding to the direction o, and OOT = 1 implies that wy = —wp. SO(3); is

generated by transformations for which wg, = 0, while SO(3), is generated by matrices satisfying
Wip = —Wp =W

where 4,5 = 1,2,3 and w; makes up the vector & in (13.49). One can then show ¢? + 72 is an

invariant under these transformations

— =

(0 —@7)* + (F + @o)? = 0? + 7 + O(w?) (13.51)
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Similar computation shows the invariance of the kinetic term %ﬁpﬁa"ﬁ + %8”08“0', so (|13.47) 1s
indeed invariant.

To compute the Noether current, we notice that, using the notations of Section the field
variations corresponding to wy, k = 1,2, 3 are

Akﬂ'j = (Sij' AkO' = — T
so the three currents are
u oL Ao oL A
T = 00,1, T 5@, K

= f?“i'rj(?kja + (F_}#U(—?Tk)

= od!m, — molo

Exercise 13.6. Consider the effect of spontancous and explicit symmetry breaking in the linear

sigma model (13.47).

1. Taking the vacuum configuration as o = f,, show that expanding around the vacuum one
obtains three massless and one massive scalar fields! This breaks the SO(3); symmetry, but
leaves SO(3); unaffected.

2. Adding a small explicit SO(3)2 breaking term
L, =L,+¢co (13.52)
show that it results in a mass term for the pseudo-Goldstone boson fields 7!
Solution.

1. Just substitute
o=0+ f; (13.53)
and expand the Lagrangian (13.47) in powers of the fields.

2. The potential to be minimised is now

AL . - ‘
3 (7% + 0% — jf)2 —€o (13.54)
and the minimum is given by 7y = 0 and the solution of
A ,
5{7(02 — ) =c (13.55)
To first order in ¢ the minimum is shifted as
€
og = fr — — 13.56
0= F - 17 (13.56)
Substituting o = ¢’ + ¢ results in a non-zero mass for 7, which is given by
9 € ‘
m. = — (13.57)
I
We note that the mass of ¢ is also shifted by a small amount
3€
mf, = /\fﬂ% + ﬁ (1358)

224



O

It is an interesting observation that a simple extension of the Noether theorem can be used
to compute what happens to the current under the explicit symmetry breaking. Repeating the
derivation of Section with a Lagrangian density transforming as

L — L+ wp AL (13.59)
modifies (|8.47) to
oL
— NP, | = A 13.
o (a(a#q)u) k ) KL (13.60)
In our case applying the transformation (13.49) to the Lagrangian (13.52) gives
AL = eAo = —emy, (13.61)
so we obtain
Ol = —emy, (13.62)

so the divergence of the current is just the pseudo-Goldstone field multiplied by the magnitude of
the explicit symmetry breaking.

In the case of the quark model, the part of the chiral symmetries which is broken is called azial
, and the corresponding equation is called the partially conserved axial current (PCAC)
relation, which leads to relations between physical properties of pions and the parameters of the
symmetry breaking, such as e.g. the following relation between the 7- K mass splitting and current
quark masses (i.e. quark masses defined from chiral symmetry breaking):

m, + My mfr

2m 2m?2, —m?

and other interesting result For a detailed discussion the reader is referred to Chapter 5 of the
book T.-P. Cheng and L.-F. Li: Gauge theory of elementary particle physics.

13.2.3 The Higgs mechanism

The problem of massive gauge bosons is solved by a mechanism which occurs when one attempts
to break spontaneously a gauge symmetry. As an example, let us consider the model (13.31)), but
this time coupled to a U(1) gauge field:

Ln = —{FuF™ + (0, — iqA)P (0" +igA")D — V(3°D)
F, = 0,A, — 0,4, (13.63)

We assume that in the absence of gauge fields V' induces spontaneous symmetry breaking so the

Vacuum COI‘I’CSpOHdS to
v

V2

45Examples for the latter are the Goldberger-Treiman relation and the Adler-Weisberger theorem, both of which
which allow to express the nucleon axial coupling strength «v in ({11.32) in terms of the pion-nucleon interaction.

|(I)O| =

(13.64)
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Substituting
1 : .
D= — (v+ p(x))e®O/ (13.65)

V2

and assuming again a potential of the form

A
Vo= el + el
with A > 0 (13.66)

one can write the Lagrangian in the form

1 1 1 1 1
Ly = _ZF#VFW + 50#,00”,0 + B) (v + P)z (1_,8#@ + qA,u) (;8#@ + G‘A'u)
4 2
1 D ‘
e \/2 T (13.67)

Exercise 13.7. Derive (13.67).

Solution. Using the results of Exercise we can write

: o/ 1 : 1
(0, +igA,) @ = ¢/ 7 (a#p +i(v+p) (58#@ + un))

s 9 0 VA 5 A, (13.68)

Vi = ——+up+ —
Hp 16;0

and substituting into (13.63) gives (13.67). O

The first important point is that the symmetry is not really spontaneously broken, as sometimes
is mistakenly claimed. Note that in contrast to the case in Subsection the symmetry trans-
formation is now a gauge transformation, so although it connects vacua

(@) = et (13.69)

with different ), these states are connected by a constant (i.e. global) gauge transformation, and
are therefore physically equivalent. Put in another way, gauge symmetry is really an artifact of
describing the model with redundant variables such as the gauge potential A, so “breaking” it is
not a genuine physical symmetry breaking.

However, something else does happen. Let us introduce a new field B, by writing

1 i
4B, = ~0,6 + ¢4, (13.70)

l.e.

1
Bu= Ayt 0,0 (13.71)

This corresponds to a gauge transformation under which

®(z) = O(z)e 9@ = %(fv +p) (13.72)
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Rewriting the Lagrangian in this so-called unitary gauge and dropping the vacuum energy term
results in

]' s J‘ ]‘ y
Ly = = FuF" = 50,000+ - (v +p) ¢ BB
2 2 \/»“‘2’\ 3 Ay o
— 120 — - 13.73
1p 5" 16" (13.73)
Looking at the quadratic terms in the Lagrangian
1 » q*v? i 1. . " 2 9 . . .
Ly = —ZFWF + TB”B + §(')#p(') p — i p° + interaction terms

we see that it describes a vector boson of mass Mp = quv and a scalar particle of mass My = v/2pu.
Note that the massive vector boson B,, is a composite made from the massless gauge boson and the
would-be Goldstone boson field ©, with the latter supplying the missing longitudinal polarisation
degree of freedom as is manifest from (note that in Fourier space d,, corresponds to —ik,
in terms of the wave number £,,).

This is called the Higgs mechanism (in full: the Englert-Brout-Higgs-Guralnik-Hagen-Kibble
mechanism ), and it can be formulated as follows:

When a gauge symmetry is “spontaneously broken”, the gauge bosons corresponding to the broken
generators become massive by absorbing the would-be Goldstone bosons as their longitudinal polar-
isation components. The massive scalar boson left over in the above example is called the Higgs
boson; depending on details of the symmetry breaking there may be more than one Higgs bosons.

In a non-relativistic setting, this mechanism was proposed in 1962 by P. W. Anderson following
work in the late 1950s on symmetry breaking in superconductivity. Its application in particle
physics was first discussed in 1960 by Y. Nambu; however, it was not clear how to evade the
Goldstone theorem in relativistic field theories that seems to imply that there should always be
zero mass Goldstone bosons. Since no zero mass bosonic particles are known in Nature, this seemed
a serious obstacle to application of the mechanism in particle physics. In fact, as we see from the
above example the Goldstone modes are simply non-physical due to gauge invariance, and the
physical degrees of freedom consist of a vector and a scalar boson, all of them massive.

Therefore the discovery of the Higgs mechanism in 1964 was far from trivial; it was achieved
independently by three groups of authors:

e R. Brout and P. Englert;
o P. Higgs;
e G.S. Guralnik, C.R. Hagen and T.W.B. Kibble;

listed in temporal order of publication. Their papers eventually contain much more than the simple
classical argument above, including explaining how the mechanism works at the level of quantum
theory and how it evades the Goldstone theorem due to gauge invariance. However, these papers
were largely ignored at the time because of the problem with high energy behaviour of models
containing massive vector particles. It was only shown by G. 't Hooft and M. Veltman in 1971-72
that in theories with spontaneous symmetry breaking these problems are absent. Their work on
the perturbative renormalisation of non-Abelian gauge theories was a crucial step leading to the
acceptance of such theories as the basis of particle physics model building. In addition it also has
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direct phenomenological importance for precision tests of models of particle physics; 't Hooft and
Veltman were awarded the Nobel Prize in Physics in 1999.

In 1967, S. Weinberg and A. Salam showed that the Higgs mechanism can be used to break the
electroweak symmetry of S. Glashow’s unification of weak and electromagnetic interactions, which
is discussed in the Section

The electroweak unification combined with quantum chromodynamics makes up the Stand-
ard Model of particle physics, which comprises the state-of-the-art knowledge we have about the
fundamental constituents of matter and their interactions (excluding gravity).

The famous prediction of the existence of the Higgs boson was made by P. Higgs, which is why
in most places the mechanism is simply called the Higgs mechanism. After the discovery of the
Higgs boson responsible for electroweak symmetry breaking (discussed in Subsection ) in
2012, P. Englert and P. Higgs shared the 2013 Nobel Prize in Physic.

13.3 Elements of the Glashow-Salam-Weinberg model

13.3.1 Gauge symmetry and fermion multiplets

We recall that under the weak interactions, left-handed fermions organise into doublets

(), (), (), G) (), G), o wm

The charged current interaction induces transitions between members of these doublets. It is
natural to assume that the W¥ vector bosons are gauge bosons that acquire mass via Higgs
mechanism, which solves the problems with high-energy behaviour of scattering amplitudes. The
simplest gauge group to accommodate the fermions is SU(2),, where the index L signifies that it
only acts on left-handed fermions; the right-handed components do not couple to W# and must
therefore be singlets.

SU(2), has three generators which in the two-dimensional fundamental representation are

RaT) =5 =123 (13.75)

0 1 0 —i 1 0 .
T = ( 1 (}) 3 Ty = ( 7 0 ) 1 T3 = ( (} -1 ) (1376)

T, = T, +iT; with Ry(T) = ( 0 1 )

where

The generators

0 0

T = Ty —iT) with Ry(T ) = ( ! 8 ) (13.77)

correspond to transitions upward/downward within the doublets, and are mediated by the W+
bosons. However, the generator

T 171 0 ‘
ENE ( - ) (13.79)

46R. Brout died in 2011, and the rules of the Nobel Prize exclude splitting it among more than three recipients.
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corresponds to a neutral current interaction. A proposal would be to take Ty to be the elec-
tromagnetic interaction. This would mean that the gauge coupling is the elementary charge
g = e =+Vdra =~ 0.3, which leads to My =~ 100 GeV from (13.30).

However, this is impossible for two reasons:

1. The gauge bosons of SU(2)y break parity invariance, while the electromagnetic interaction
is known to preserve parity.

2. In any representation Tr Ty = 0, but the sum of charges in each of the doublets (13.74)) is

non-zero.

One way to make Ty correspond to the electric charge is to enlarge the fermions into triplets by
involving new fermions, which must be heavy enough so that they escaped detection so far. Such
a model was indeed proposed by H. Georgi and S. Glashow in 1972 but it quickly fell from favour
after the discovery of neutral current weak interactions in 1973.

The other alternative is to enlarge the gauge group with a U(1) factor to account for electro-
magnetism. The full gauge group is

SU2) x U(1)y (13.79)

with the U(1) generator Y/2 where Y is called weak hypercharge. As we see shortly, electric charge
is a combination of 73 and Y, and we choose the normalisation of Y so that

Y
Q=Ty+ (13.80)
in analogy with the relation (7.76)), but with different symmetries involved: the T; weak isospin
and the Y weak hypercharge. Note also that the hadronic isospin and hypercharge are global
symmetries, while their weak counterparts are local (gauge) symmetries.

In any case, relation (13.80) allows us to assign the following weak properties to the fermions:

e the left-handed fermion doublets have weak isospin 1/2, with T3 = +1/2 for their upper
components and T3 = —1/2 for their lower components. Using the known electric charges,
left-handed lepton doublets have Y = —1, while quark doublets have Y = 1/3 (since Y
corresponds to a U(1) transformation, these are the same for both members of the doublets).

e right-handed fermions
uRr, dRr, Cr, SR, tRr, br, €R, PR, TR

are singlets under SU(2),, so they have T' = T3 = 0 and their weak hypercharge Y = 20Q),
where @ is the electric charge (in units of ¢); i.e. Y(lg) = =2, Y(qg) = 4/3 for ¢ = u,c,t
and Y(qr) = —2/3 for ¢ = d, s,b.

e If the neutrinos are Dirac particles, the right-handed neutrinos exist due to their non-zero
mass. They have T' = 73 = 0 and Y = 0, and do not have electric or weak interactions
(neither strong ones, by definition).

From the above assignment, the part of the Lagrangian involving the fermion fields and gauge
bosons can be explicitly written down using the rules of gauge theory (cf. Section [12.1). We
do not do that here; we only note that there are two coupling constants g and ¢’, corresponding
to SU(2)r and U(1)y, respectively. Note that the assignment of weak quantum numbers ensures
that left and right fields corresponding to the same flavour carry the same electric charge, therefore
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the electromagnetic interaction preserves parity. The eventual electromagnetic field is a mixture
between the neutral component of SU(2), and U(1)y, as discussed later in|13.3.2] The pattern of
symmetry breaking underlying the Higgs mechanism is

SU2)L xU(1l)y — U(1)em (13.81)

where the electromagnetic subgroup is generated by ) given in .

However, there is another neutral current interaction corresponding to the other independent
combination of T3 and Y, mediated by a vector boson Z of zero electric charge, which has a mass M
that is expected to be similar in magnitude to My . This mediates a neutral current interaction,
which preserves flavour since T3 and Y are diagonal in flavour space. Since left-handed neutrinos
transform non-trivially under SU(2),, they do couple to the weak neutral current interaction
mediated by Z. As a result, the Glashow-Salam-Weinberg model predicts the existence of weak
neutral current interactions, resulting processes such as

vi+p — v+p
v+n — y+n (13.82)

(compare these to the charged current neutrino processes in and (|11.17), which always
change flavour as well).

Neutral current interactions of neutrinos were discovered at CERN in 1973 by experiments using
the Gargamelle bubble chamber, which then disproved the Georgi-Glashow model and confirmed
the predictions of the SU(2), x U(1)y electroweak theory, for which Glashow, Salam and Weinberg
were awarded the Nobel Prize in Physics in 1979.

13.3.2 Higgs mechanism and vector boson masses

The origin of vector boson masses is clear: it is connected to spontaneous symmetry breaking. The
simplest way to implement is by introducing a complex scalar field doublet called the electroweak

Higgs field, which has the form
o= ( O+ ) (13.83)
®o
with both components being complex scalar fields, and which transforms as the fundamental
representation 2 under SU(2),. One member of this doublet should be electrically neutral to

allow for a vacuum expectation value that leaves U(1)gy unbroken; choosing Y (®) = +1 makes
the lower component neutral according to (13.80). Then a scalar potential

V=200 + ) (2'0)’ (13.84)
leads to an expectation value with

: 2
\;5 v = % (13.85)

for which one can choose the following orientation:

(@) — % ( 0 ) (13.86)

v

|(I)0| =
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In polar variables, the field can be written

D(z) = mp{ C“(U) } \2 ( § +?7(3:) ) (13.87)

Let us consider now the pattern of symmetry breaking. The general SU(2), x U(1l)y gauge
transformation is

el (z)1 e—-cc(:c) Y

where T* are the SU(2)., generators (weak isospin) while Y is the U(1)y generator (weak hyper-
charge). Since the Higgs field is a doublet and has weak hypercharge —1 we must substitute

Therefore the Higgs doublet is gauge transformed as
Py , ’(z) +e(z) 3 (e'(x) —ie*(x)) P,
—7 D 4§ —1
(%) ‘”‘p{ ( @) +ic(@)  —3e@) + () @,
Now if the Higgs has a vacuum value, it can always be rotated into the form
()
V2 \ v

where v is real. This is left invariant by the transformation with ¢'?(z) = 0 and ¢(z) = €*(z)/2,
which are

B[ =
b=

—

B—.*.c‘(.a ( i-}-Y,/Zj

So the one-parameter gauge symmetry subgroup generated by

_ 3 Y
Q=T"+ 3
is unaffected by the Higgs mechanism. The gauge boson corresponding to this generator does not
couple to the Higgs vacuum field, so it does not gain mass and a gauge field for the electromagnetic
gauge group U(1)g = U(1) gy

It is also clear that the physical Higgs boson is electrically neutral, since it corresponds to
quanta of the excitations n(x) of the Higgs vacuum field

)
NACES )
which is invariant under U(1) gauge transformations and so does not couple to the electromagnetic
field.
As for the U(1) Higgs model discussed in Subsection [13.2.3| the dependence on the Goldstone
modes (i (x) can be eliminated by introducing the unitary gauge. The gauge covariant derivative
is

D, = 8, — igTiWi, — %g'YB# (13.88)

with g denoting the SU(2), while ¢’ denoting the U(1)y coupling. For the Higgs doublet it has
the form

D, = (aﬂ - %ngW’kﬂ - %Q'B#) o(z) (13.89)
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In the unitary gauge

] % I ? U 1 0
Du® = (8" 9 Whn = 59 B") V2 ( v+ n(z) )

The gauge boson mass terms are the ones independent of 7(x) in
D, @' D'

which are

1 [/ g g on . 9 0
£gm = 5( 0 v ) (§Tk1’1"kﬂ -+ 5.8#) (5’]"};1’1/; + EBPL v

?""2 1 r ! ! ‘
= 3 {92 (W W+ Wo,W3) + (gWs, — ¢'B,) (gW4 — g B“)} (13.90)

Exercise 13.8. The neutral gauge boson mass terms have the form

v? . > —qq wi o o
5 (Wau B ) ( i g? B (13.91)

Find the eigenvalues, and also the eigenvectors in the form

Z“ = I-’Vgﬁ cos 914,-' — B“ sin 9],.1:'
fl# = I-’I’rg# sin 91.1; + B# CcOS 914,-' (1392)
Solution.
tanfy = g
g
) 2 4 2
Jfé = 'b'z 974 g
My = 0 (13.93)

O

The gauge field A, mediates the electromagnetic interaction and from (13.92) the interaction
strength is given by
e = gsinfy = g’ cos Oy (13.94)

which is equal to the elementary charge (e = v/4ma in our units). The mass of the weak charged
bosons W+ described by the fields

1
V2

WE = — (Wi, £iWa,) (13.95)

are given by
qu

232



while the mass of the weak neutral vector boson Z is
M, = %\/gz + g'? (13.97)

Taking properly into account the normalisation factors of 2 in (13.89) and /2 in {]13.95[], (]13.3Ub

is changed to

Gr ¢ ‘
7; = (13.98)

and combining this relation with (13.96)), the Higgs vacuum expectation value can be determined
v=2"Y1G."? ~ 246 GeV (13.99)

The angle 8y is called the Weinberg angle. There is the following relation between 6y and the
gauge boson masses:
_ My (13.100)
P= M2 cos? Oy o
which can be shown to result from an additional (so-called custodial) SU(2)" symmetry which is
due to the doublet representation chosen for the Higgs field. This parameter receives corrections
at higher orders of perturbation theory and its comparison to observations is a sensitive way to
test for deviations from the Standard Model.
fw can be directly measured from parity violating effects e.g. in the Moller scattering e +p —
e~ + p, or the muon pair creation process e~ + et — u~ + p. These result from the fact that
these processes can proceed via the exchange of a Z boson in addition to the usual electromagnetic
contribution. The present measured value is

sin? By = 0.23126(5) (13.101)

at the scal My (in the MS scheme), i.e. fy is about 30°.

The weak vector bosons were discovered by the UA1 and the UA2 collaborations at CERN'’s
Super Proton Synchrotron (SPS) in 1983. For their decisive contributions to the experimental
discovery of the W and Z bosons, C. Rubbia and S. van der Meer were awarded the Nobel Prize
in Physics in 1984.

Subsequent generations of experiments have greatly improved and extended the experimental
tests of the Standard Model, determining parameters more precisely and excluding deviations with
higher and higher cert.aint} The best values for the masses of Z and W at present are

My, = 91.1876(21) GeV (13.102)

and their properties (such as decay width and branching ratios) are in very precise agreement with
the predictions of the Standard Model (including higher order corrections).

47Since coupling constants are energy dependent (ef. Subsection ), the scale and the renormalisation
scheme must be given.

48More precisely, models proposing observable physical effects beyond the Standard Model (in the jargon: BSM
physics) have some parameters corresponding to the new effects, and part of the parameter space is excluded by
experiments. As there has yet been no clear evidence for BSM physics, the excluded part of these parameter spaces
has grown considerably for the majority of BSM models. In some cases the allowed parameter space has shrunk to
zero, making the model fully excluded.
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An interesting part of the story is that the number of weakly interacting ligh neutrinos can
be determined from studying the decay of the Z boson, with the present result

N, = 2.984 + 0.008 (13.103)

13.3.3 Fermion masses and mixing angles

There is a problem that we avoided so far. The fermions are chiral: the left-handed and the
the right-handed fermions transform in different representations of the SU(2), x U(1l)y gauge
symmetry, and therefore mass terms are excluded! For example, a mass term for the electron
takes the form

meée = me(érer + Erey) (13.104)

(where e now denotes the electron Dirac field and m, is the electron mass). However ¢ is part of a
doublet and ep is a singlet under SU(2)y, so is not invariant under SU(2).. In addition,
it also violates U(1)y since the weak hypercharges of e, and ep are not equal, so under a U(1)y
transformation exp(—ieY/2)

e, — exp(—ie/2)er
er — exp(—ie)eg (13.105)

corresponding to the assignments determined in Subsection This is also the reason while
there is no flavour mixing involved in since there is no physical significance of a mixing
matrix as it can be eliminated by relabelling the flavours as long as the fermions are massless.
However, the Higgs field solves this issue as well via the so-called Yukawa couplings. These are
the same sort of interactions that Yukawa proposed to describe the strong interactions and couple
a spin-1/2 fermion field to a scalar boson field. Let’s see how it works for the mass of the v and d

quarks. Introducing the notation
Q= ( “ ) (13.106)
dj,

QuP.dp (13.107)

for the doublet, the term

is SU(2), x U(1)y invariant

SUR)L @ Qu®odr — UlsQsUny @ dp = Qu®odr by UTU = 15,9

Uy : Qua®udp — ¢ “PQue e 3dp = Qu®Pudg (13.108)
(note that U(1)y transformations have the form e ). Adding a term to the Lagrangian
YQuPodp + h.c. (13.109)

produces a mass term and a coupling to Higgs field upon the substitution of the following expression
(valid in the unitary gauge)

a0
O(r) = 7 ( v+ (z) ) (13.110)

Y - y
P dde+ L
N NG

49Here light means that M, < Mz/2, so the Z is kinematically allowed to decay into a neutrino pair.

as follows

YQa®odp + hoc. — nddp + h.c. (13.111)
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so d acquires the mass
yv

V2
One can generate mass terms in the same way for the lower components of all doublets, including

the leptons. For the upper components of the doublets, we recall from Exercise (7.7) that the
conjugate doublet defined as

my =

(13.112)

transforms as the defining representation 2 under SU(2).:
SU2) @ o — Uys®s
but due to the conjugation it has the opposite hypercharge Y = —1. As a result, the term
yQu. P up + h.c. (13.113)

is SU(2),, invariant (with the same reasoning as in ((13.108)), while it is also U(1)y invariant

according to
Ul)y : Qua®uup — €3Qu e e Pyup = Q0 up (13.114)

Upon substituting (13.110) leads to masses for the u quarks
yv Y
yQa®Poup + h.c. — urLugp + —=nurugr + h.c. 13.115
YQa® 7 75 ( )

and similarly for the upper components of all other doublets.
Including three generations of quarks and leptons the general Yukawa terms can be written as

JU L!,Ct I)(_J_,H + 1 JU Lact(I)r_tV;H + 1 J” Qar_t I)Ctde + 1 J” )(J‘H_!(I UjRr (13116)

where the generation indices 7, j run from 1 to 3, with the notation

Q; = ( :j ) L, = ( ?’ ) (13.117)

dl—d 31—(’
dy = s lo=p
dq:b EQ—T

(note that here the neutrino indices 1,2, 3 label the flavour eigenstates e, p, 7, in contrast to

Subsection (11.4.3) where they labelled the mass eigenstates). This leads to the following mass
matrices:

u w) U % vy U
(W) _ (@ @ _ )

m z_: _JU \/_ ‘i _J'U \/{_

(d) (d)y U ( m v

Jz_: \/— J;} \/—
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Using a theorem of linear algebra, any matriz can be diagonalised by bi-unitary transformations,
e.g.

m, 0 0
S Tms = 0 m. 0 (13.119)
0o 0 my

where Siui; are unitary matrices (determined up to phase redefinitions), and similarly for the other

three cases m'@, m*) and m\"). Mass eigenstates are obtained by redefining the flavour basis states
as

wip = (Siu))”?.r..}L

¥

Uip = (Si,u)) U (13.120)
L
so the mass terms become diagonal
= () ! (u)f (W (glw) 71 _ ) ol 4 1 ‘
Uipmy; ujp — Uyp, | Sp o Mg Sp  Ur = Myt +mec'c 4+ myt't (13.121)
: PR )

and the CKM flavour mixing matrix is obtained as the relative transformation of the left-handed
d quarks with respect to the left-handed u quarks, i.e.

Verar = Sy (13.122)
while the neutrino mixing matrix is
l v e
Upmns = Si)TSE : (13.123)

Note that all these mass terms are Dirac type; Majorana mass terms (cf. ), if exist, cannot
come from Yukawa couplings to the Standard Model Higgs field. Therefore if the existence of
Majorana mass terms is confirmed by experiments (e.g. by observing neutrinoless double -decay),
it would be a signal of physics beyond the Standard Model.

We close by noting that the existence of Majorana masses opens the possibility of explaining
the smallness of neutrino masses. Using the results in Subsection that the neutrino mass

matrix appering in [11.129|is of the form

(D% Déz) - (:«(:? 3) (13.124)

where the zero entry comes from the fact that Majorana mass cannot be produced by the Standard
Model Higgs, mis the Dirac mass which is of order of the fermion masses produced by the Higgs,
while M is a Majorana mass term that comes from physics beyond the Standard Model. For
example, if one considers the so-called Grand Unification Theories, the typical ratio is expected to
be m/M ~ 107'3. Then the two eigenvalues are

m2

i My ~ M

my ~ —

and one naturally ends up with a very light Majorana specie which corresponds to the observed
neutrino, and a 'superheavy’ one which cannot be observed at presently available energies.

50Note that the sign of the fermion mass in the Dirac equation carries no physical significance, and can be simply
redefined.
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13.3.4 The Higgs boson and present status of the Standard Model

Note that the coupling of each particle to the Higgs boson is determined by the particle’s mass.
This is true even for the Higgs itself; due to the relation {|13.85|i the Higgs mass My = v2u
is determined, since the vacuum expectation value v is known (cf. (13.99)). Since prior to the
discovery of the Higgs all other relevant particle masses were knowr’'| once the Higgs mass of
My = 125.7 + 0.3 GeV was pinned down from the data obtained by the LHC experiments CMS
and ATLAS, all other properties of the particle such as lifetime and decay branching ratios were
predicted by the Standard Model (SM). So measuring these it can be decided experimentally whether
the discovered particle was really a proper candidate for the SM Higgs boson; up to now, all the
data are consistent with this identification, and possible deviations are continually becoming more
and more constrained by the data.

Deviations from SM predictions could result from the existence of other Higgs bosons which
also contribute to particle masses, making it possible for the Higgs couplings to deviate from the
SM values, or from the Higgs boson being a composite, rather than elementary object. Indeed
the Higgs boson is a very unique particle, as all other spinless bosons (such as pions or kaons) are
composite particles; however up to now there are no indications of compositeness for the Higgs
boson.

Presently the Standard Model is well-established and consistent with all observations. It is not
an elegant model, however, and there are several reasons why it is not considered to be the final
word in particle physics:

1. It has a large number of parameters. The gauge group is a product SU(3).x SU(2), xU(1)y,
resulting in 3 couplings (plus eventually the QCD # angle, cf. ) There are the fermion
masses: three charged lepton plus three neutrincifl plus six quark masses. The two flavour
mixing matrices contribute three angles and one C'P violating phase ca.ch In addition to
these there are also the Higgs mass and vacuum expectation value. Taken altogether these
are 26 parameters, which is not very e]cgant However, it must also be kept in mind that the
model explains a vast amount of observed data, and typically for a given class of phenomena
only a few of these parameters are actually relevant.

2. There is no explanation for the fermion generations, nor for the parity and CP violations;
they are simply built into the structure of the model. There is a clear hierarchy between
masses, which span many orders of magnitudes, as well as between family mixings, but the
standard model does not provide any explanation for these.

3. Similarly, it does not provide any explanation for the absence of strong C' P wviolation coming
from the QCD # angle.

4. It is also unclear where the neutrino species mixring comes from. In the case of the quarks,
the mixing matrix eventually corresponds to a misalignment between the flavour basis of
the strong and weak interactions. The neutrinos only participate in the weak interactions,

*1Except for neutrinos, but due to their small mass their coupling to the Higgs is minuscule anyway.

2Excluding Majorana masses.

%31n the presence of Majorana masses there would be further parameters in the neutrino mixing,

" Some people, in fact, see a resemblance to the epicycles in the geocentric model (exemplified by the inclusion
of neutrino oscillations at the price of adding seven new parameters, not counting Majorana masses and related
additional mixing parameters), and wish for a Copernican revolution that would put all the phenomena in a new
light!
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8.

so it is not clear where the misalignment described by their flavour mixing matrix comes
from. Although their mixing can be included by introducing the necessary parameters in the
standard model, its origin is as mysterious as that of the three generations itself.

The Higgs sector seems ad hoc, simply the minimal choice for symmetry breaking. The
symmetry breaking mechanism is destabilised in the presence of other high-energy scales,
and there seems to be at least one such scale given by the Planck units (3.16) and (3.18).
This is called the hierarchy problem.

. It cannot accommodate the dark matter inferred from cosmology, or explain the dark energy

making up about 2/3 of the energy density of the Universe.

It does not include gravity: it is a notorious outstanding problem of theoretical physics to
harmonise or unify general relativity with quantum theory in some way:.

The Higgs sector has a problem of triviality (cf. Subsection|12.3.2).

The last two problems mean that the Standard Model is theoretically incomplete as it stands.
However, it is not entirely clear what is the scale where new physics should manifest itself, nor it
is clear what this beyond-the-standard-model (BSM) physics should be. In the decades since the
'70s, a large number of such models were constructed, involving ideas such as grand unification,
supersymmetry, extra dimensions, string theory etc. However, at presence there is no observational
evidence for any violation of the Standard Model apart from the cues coming from cosmology and
astrophysics (existence of dark matter and dark energy), which are not specific enough to pin down
any details yet. These issues are at the forefront of contemporary theoretical and experimental
research in particle physics and related areas.
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14 Accelerators

14.1 Linac, cyclotron, synchrotron

14.2 Cross section and luminosity

239



15 Detectors

15.1 Anatomy of high energy particle detectors

15.2 Principles of particle identification
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A Tensor method for Lie group representations

A.1 Tensors for GL(n,C)

Consider an n-dimensional complex vector space V' with an inner product

u,v eV — (u,v)
(quy + Bug,v) = a*(uy,v) + B (uz, v)

(u, avy + Bug) = au,vy) + B(u, vs)
The dual of this vector space
VYV ={f:V = C|f(aus + Buz) = af(u) + Bf(u2)}
is isomorphic with V' via the mapping
weVie f,eVV: fu(v) = (u,v)

A basis of V is given by n linearly independent vectors ey, ...,e,; any u € V can be uniquely

written as
k)
u = E U;€;
i=1
The dual basis for VY =V is given by elements fj, ..., f; such that
(fisej) = 05
If the basis €1, ..., e, is orthonormal i.e.
(eir€5) = 0y

then it is self-dual. From now on we work in orthonormal basis, and then the scalar product of
two vectors
u = u;e; vV =116;

can be written as
(u,v) = ulv;

Under an invertible linear map V' — V| the components of a vector transform as
r__ T
w, = A,

where the matrix A_f is invertible. The set of all such matrices is called the general linear group
and denoted by GL(n,C). The above transformation gives an n-dimensional representation of this
group on V:

A€ GL(n,C) > Dy(A):V -V
Dy(A)(ue;) = ule;
which is called the defining representation. One can also define a dual representation DY (A) on
VY =V by requiring that
(D} (A)u, Dy(A)v) = (u,v)
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Denoting the matrix DY(A) by A, this means in components

AijujAigvr = uiv;
ie.
A'c'ink = ()‘jk
which in matrix form means that
_ I
A= (Af)

which is called the contragredient of A, and the dual representation is also called the contragredient
representation
The space of tensors of type (r,s) is defined as

T =VRVe.. VeV eV e. VY=V [VY)™

r factors s factors

If we have a basis e;....,¢e, for V with a dual basis fi,..., f; for V'V, then a general tensor
T € T*) can be expanded as

T= ﬂl---'-‘:l‘f]l---,;se'-‘:l K- ®e, f.}l ®---® f;s
The group G'L(n, C) is represented on the tensor product by the product representation D):

D"9(A) = Da(A) ® --- @ Dy(A) @ D(A) ® --- @ Dj(A)

-

e o
r factors s factors

which can be written in tensor components as

o A T

ﬁlm‘irjl Ts

Ty oo o= Ay o Agg

L L LT S
1ty Jy - Js 1 Jsds

A.2 Interesting subgroups of GL(n,C)

Special linear group

SL(n,C) = {A € GL(n,C)|det A =1}

The condition on the determinant can also be written as

A
A

A

. A'-‘:njn - C'-‘:l---'ﬁln

C'-‘:l---in, 3;1.?']. " '-‘:njn = C.jl---jn

€j1egn iz -
Unitary group

U(n)={A € GL(n,C)

AAT =T}

Le.
A * ¥
fl.ﬁ'ink = ();L

Special unitary group

SU(n) = {A € Un)|det A = 1}
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A.3 Relation to the permutation group

The permutation group S, of order r acts on the space 7% of tensors in the following way. An
element of S, is a bijective map = : {1,...,r} — {1,...,r}, which simply acts on tensors by
permuting their indices:

T—1T"
(T‘)z‘l..,i,\ = Lip(ryeiage
This defines a representation P, of S,, where the permutation 7 € S, is represented by the linear
map

P,.(m) 0y 7(r0)
T—T"

It is important to realise that the action of the permutation group commutes with the represent-

ation of GL(n,C) i.e.

DO (AP, () = P.(7) D"V (A)

which is simply the fact that if we permute the indices of a tensor and then apply the transformation
by A € GL(n,C) then we get the same result if first apply the transformation A and permute the
indices afterwards. This is a consequence of the fact that all indices are transformed by the same
matrix A.

The representation P, of the permutation group S, can be decomposed into several irreducible
components, and due to the above observation they are also invariant subspaces of the represent-
ation R"Y(A). In fact, these subspaces are also irreducible:

Theorem A.l. Any subspace of T which forms an irreducible subrepresentaion under the
action of the representation P, is also irreducible under the action of D).

This fundamental theorem (whose proof is omitted here) means that one can generate new
irreducible representations of GL(n,C) by decomposing tensors of type (r,0) according to their
symmetry under permutation of indices. For tensors of type (r,s) the situation is somewhat
different as demonstrated below. Examples:

1. (2,0) tensors
Such tensors can be decomposed into a symmetric and antisymmetric part:

_ 7+ -
Ti:;' - T;; +T£j
1

T;+Ty) T, =

1
- _
Tu — 5 ij 5(

5 ( i — 1)

T
The representation formed by the symmetric component is an n(n + 1)/2-dimensional irre-
ducible representation, while the antisymmetric one is n(n — 1)/2-dimensional.

For the case of GL(2,C) the latter is a one-dimensional, but non-trivial representation, since
T~ can be written in the form

and the representation of GL(2,C) acts as

!
tl‘:irj—' = Ai’iAj’thij
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We can then read off
t' = (det A)t

So on T~ the matrix A € GL(n,C) is represented by its determinant.

2. (1,1) tensors
In this case the two indices transform differently:

T’ - A.,:..,:F’I;fj—' (A_l) .

ij J'j
so there is no permutation symmetry to use for decomposition. Instead, this representation
has two irreducible components. One of them corresponds to the traceless part

N 1
T5=T5—-_ (Tt T)d5

which forms an n? — 1-dimensional representation (since a traceless n x n matrix has n? — 1
independent components), while the trace

TI‘T:TH—f—TQQ—f—“'—l-Tnﬂ
itself is invariant so it transforms as the trivial representation.

For a general (r,s) tensor, it is necessary to consider symmetry classes in both index types sep-
arately, and also to decompose using lower rank invariant tensors obtained by taking traces on
index pairs formed by one fundamental and one contragredient fundamental index in all possible
independent ways. Here we do not pursue this further, as it turns out there is a much simpler way
to construct all irreducible representations for SU(n), which is the case of most interest for us.

A.4 Tensors for SU(2)

For SU(2) things are much simpler. First of all, the antisymmetric tensor T; now transforms
trivially due to det A = 1. In fact, there is no need to consider tensors which are antisymmetric in
any of their indices because

e If the number of indices which are antisymmetric under exchange is larger than 2, the tensor
is identically zero;

e If a tensor is antisymmetric under swapping any two of its indices

Til...-;pkz'p+1,,.z'qez'q+l...a;n = —T-el.,,z'puer1...iqk-¢'q+1...m
then it can be written as
Ty ipkipi.igligsn.in = Liy..in€ki

and since the SU(2) transformation acts trivially in the indices k,l they can be simply
eliminated and the rank of the tensor reduced by two.

An additional simplification is that the fundamental representation is equivalent to its contragredi-
ent: the condition for the unity of determinant

Cilizfliljl A'¢'2j2 = €j1j2
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can be written in matrix form as
ATeA =€
which can be rearranged as
y —1 ;
(A") =eAc! (A.1)

so the two representations are equivalent - they are related by a basis transformation defined by
€. Note that the rank 2 Levi-Civita symbol satisfies the following matrix properties:

Therefore for a construction of the representations of SU(2) it is sufficient to consider only sym-
metric tensors. The two examples of the previous subsection can be specialised to the case n = 2
as follows:

1. (2,0) tensors
Such tensors can be decomposed into a symmetric and antisymmetric part:

_ 7t -
T; =T5 + T
1

1 _
—(Ti; + Ty) T;; = = (Ti; — Tj)

+
T; = 9 i 9

The representation formed by the symmetric component is an 3-dimensional irreducible rep-
resentation, while the second one is one-dimensional and can be written in the form

T =te

i i

The representation of SU(2) acts as
trﬁ.ﬁ'j = Aﬁh"‘ljjftﬁij

We can then read off
t'=(det A)t =t

So the antisymmetric part forms the trivial representation of SU(2).

2. (1,1) tensors
In this case the two indices transform differently:

T’ - A.,:..,:F’I;fj—' (A_l) .

ij i'd

so there is no permutation symmetry to use for decomposition. Instead, this representation
has two irreducible components. One of them corresponds to the traceless part

1

T =T5 4

(Th1 + T3) 0;5

which forms a three-dimensional representation (since a traceless 2 x 2 matrix has 3 inde-
pendent components), while the trace

Tr T = TH —f—TQQ

itself is invariant so it transforms as the trivial representation.
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A.4.1 TIrreducible representations of SU(2)

Now let us consider the representations of SU(2). According to the above properties and the main
theorem, all irreducible tensors can be obtained as the fully symmetric component of 7%, These
can be written as

T,

1.0y

where the tensor is symmetric under all permutations of its indices.

In the language of quantum mechanics, the fundamental representation corresponds to a spin-
1/2 degree of freedom, with the basis vectors interpreted as spin-up and down along some chosen
direction z:

er=[1) ex=[)

with the spin projection being S* = +1/2.

Due to permutational symmetry, the independent components of the tensor T;, ; can be
labelled by the number of indices taking the value 1 with the rest taking value 2. There are
exactly r + 1 independent choices, which correspond to the following spin states

Ty M- 1) S*P=r/2
Ty M. ) SP=r/2-1

T |t ... W) S*=—-r/2+1
Topn2: [ ... 1) SF=—r/2

Here we omitted symmetrisation in the positions of the spins which is implied by the symmetry of
the tensor; e.g. the second state when properly written corresponds to

1
r

(o) L M) e [ )+ [ 1)

S

since
Tor.n="Two 1==Tn.o="Tn. 12

Defining j = r/2, this is nothing else but the states of a spin-j system, and gives the irreducible
representation of SU(2) corresponding to spin j, with

This means that one can construct all the irreducible representations of SU(2) using only 7"
tensors.

Note that this can easily be extended to construct representations of U(2). The determinant
of any unitary matrix A € U(2) is a phase

det A = %%

We see that any such matrix can be written as the product of a phase and an element of A=58SU (2)
as follows:

A=¢%A
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so we have the isomorphism

U(2) ~ U(1) x SU(2)

Now any representation of U(1) is one-dimensional; they can be parametrised by a real number
t € R, so that a group element €' € U(1) can be represented by multiplication with a phase ¢"?.
Combining these representations with those of SU(2) we get a general irreducible representation
of U(1) parametrised by (¢, 7). It is described by a fully symmetric tensor

T;

1025
which transforms under the unitary A € U(2) decomposed in the form
A=¢%A detA=1

as

=4y, .. Ay

iyt - i;12j

T

-
tl,..‘!,zj

A.4.2 Relation between SU(2) and SO(3)

Let us now look at the 3-dimensional representation of SU(2), which is given by a symmetric
tensor with 2 indices:

! L.
T;; = AwAjy Ty

l.e.

T = AT A"

Using
AleA=e= AT = 1A e

we can write
Tel=A (Tc_l) At

so we can rearrange 1" into a new tensor V = T'e~! which transforms as

V= AVA!

ZIH'l ]FlZ 21112 __zzjll
( T]Z TZZ ) ( TQQ _Tlﬁ )

Note that Tr V' = 0, therefore V' can be written as

In components

3
V= Z o v € C

k=1

with det V' = — (v} + v3 + v3). The action V' = AVA~! of A € SU(2) can be written as

3 3 3
Z Vo = A (Z -kark) A = Z v Ao A1

k=1 k=1 k=1

Since AopA~! are Hermitian and traceless, there exists a real matrix O(A)y. such that

3
Ao A7 =) "0 0(A)y, (A.2)
=1

247



Now we have

=1 =1 k=1
l.e.
3
U; = O(A);k’bk
k=1
Due to
=AVA '= detV' =detV

we have

’L‘ig + 1;;2 + -U;Q = *Uf + ’Ug + -v?j
so the matrix O(A) is a 3 x 3 orthogonal matrix. With some more effort one can show its
determinant is +1 and so it is an element of SO(3). Therefore the 3-dimensional representation
of SU(2) is the same as the complexified version of the defining representation of SO(3). Tt is
complexified due to the vector v = (v1, v2, v3) being complex; however its real and imaginary parts
transform independently due to O(A) being real, so the representation can be restricted to real
vectors .

This correspondence can be stated in the following way. The 3-dimensional group SO(3) leaves
the 3-dimensional scalar product

U - U = wv; = w00

The corresponding metric is given by d;;, so the Clifford algebra corresponding to SO(3) is defined
by the anti-commutation relations

By Clifford’s theorem, all irreducible matrix solutions to this relations are related by similarity
transformation, so all of them are equivalent up to redefining the basis. This is solved by the Pauli
matrices i.e.

[ =o0;

As a result, spinors corresponding to 3-dimensional rotation group form a 2-dimensional complex
space. The spinor transformation corresponding to rotations can be obtained by embedding the

3-vectors into spinor space as
3
T=I-0= E TEOk

Note that z is a Hermitian matrix. The spinor transformation S(Q) corresponding to a rotation
O € SO(3) is defined from the relation

Oz = 5(0)2S(0)!

Note that the right hand side is automatically hermitian as it should be. Orthogonality of O
implies that det Ox = det #, which can be guaranteed by S(O)" = S(O)~!ie. S(O) € SU(2). In
components the above relation is

3

Z KTIO) = Z S(O)x10,S(0)!
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l.e.

3
Z Onoy = S(O)UJS(O)T
k=1

which is the same correspondence as (A.2). Note that this relation always has two independent
solutions: if S(O) is a solution, then —S(O) works as well. So the correspondence between SU(2)
and SO(3) is 2-to-1, which means that SU(2) is a double covering of SO(3).

We can also obtain an explicit solution for S(Q). Let us first consider the following element of

SU(2):
) —igp/2 0
) _ —ipos/2 _ e
Asz(p) = e7¥7% = ( 0 e/ )
A simple computation gives

A3(p)o143(p) " = o1 cos p — oasing
A3(p)oads(p) ™t = o1sinp + 3 cos ¢
As(p)or1As(p) ™! = 0y

SO .
A3()orAs(0) = a10s(0)uk
=1
where
cosp —sing 0
Os(p) = | sing cose 0
0 0 1

which is the rotation around axis 3 with angle .
We can replace axis 3 by a general direction given by a unit vector & and denote by O(pé) the
rotation around € with angle . Then the corresponding spinor transformation is given by

S (O(@E‘)) — foivEE/2

Denoting one of the solutions
A("(‘{)) _ 6—1@9(&0{'2

it is easy to see that the other solution can be written as
Ao +2m) = —Ax(yp)

Therefore rotating real space by an angle 27 (which is identity in terms of real rotations SO(3))
corresponds to a sign change in spinors. In particular

Ax(27) = —Ax(0) = T

This is the reflection of SU(2) being a double covering of SO(3).

249



A.4.3 The Lie algebra su(2) and its representations

Any matrix A € SU(2) can be written in the form
A — il
where

AA'=1:H =H'
detA=1:Tr H=10

The matrices H span the Lie algebra su(2), and can parametrised by 3 independent real parameters
and can be written in the form

where

01 0 —i 1 0
“1:(1 0) ”2:(?: 0) ”3:(0 —1)

TR0 = (Sk!]I + €kimOm

Therefore the group elements can be written as

3
A =exp (—'iz thk)

k=1
where ¢, € R are the parameters of the group, while

Ok

2

te =

are its generators, which satisfy the Lie algebra relations
[tk, ff] = ickhntm

In quantum theory these are the commutation relations satisfied by the three component of angular
momentum; therefore, angular momentum operators form a representation of su(2).

Note that according to our previous result, the spinor transformation Az(p) = e~ %%/ 2corresponding
to the rotation O(¢é) around the unit vector € with angle ¢, is given by the parameter choice

€= @€

Representations of the Lie group always correspond to representation of the Lie algebra. Take a
representation of SU(2) on some vector space V'

Ae SU(2)— D(A):V -V
We can then consider infinitesimal group elements, i.e. assuming that ¢, € R is small we can write
3 3
A = exp (—?Z cktk) =1—1 Z ety + O (cz)
k=1 k=1
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Expanding the representation matrices the same way

3
DA) =1y —iY e+ 0()

k=1

we can identify

Jp = D(tk)

as the representation of the Lie algebra induced by D. Note that applying the group representation
property
D (A1) D (Az) = D(A1Ay)

to infinitesimal group elements implies that .J, satisfy the same relations as the ¢, i.e.

[-.)-’rk_._ -_)-’rg] = 1€kim J-m

The irreducible representations of these commutation relations are all known and can be obtained
by introducing the step operators

J:t = Jl :|: ’BJQ
[J3, Jo| = £ Ju
[J-i—! J—] = 2J‘3

Then the irreducible representation corresponding to spin j € %N has a basis spanned by the 27+ 1
vectors
|j?ﬂ1) m:—j,—_}‘f—l,j

with the following action
J3|j,m) =m|j,m) (A.3)
Jilj,m) = \/(J —m)(j+m—1)[j,m+1)
J-lgym) = /(G +m) (G —m+ 1) [j,m 1)

A.4.4 su(2) representations in the tensor product method

Let us assume we take n representations of the Lie group SU(2)
AeSUR2)— D(A): Vi, =V, k=1,....,n
Then the group acts on the tensor product space V =V, ®@---®V,, according to the representation
AeSU2)— DA =D(A)®---®D,(A): V@V, > V® -1V,
and denote Now we can get the infinitesimal form the tensor product action by considering

(]IV] —1 Z erDq (tk)) @ ® (]Ivn — EZ €Dy, (tk)) =1y — ?Z exD (tk) + O(CQJ

k=1 k=1 k=1
where D (tk) = Dl (fk) ® ]IVQ [ ]Ii'/n + ]I'l"'l ® 2 (tk) R R ]IV“ + - ]Ii'/l &® ]IVQ Q- ® D-n (tk)



So the action of a Lie algebra element in the product representation is obtained by summing over
terms in which it terms on individual factors separately.

Let us now use this knowledge to make a connection with the tensor product method. Consider
the product of 2j copies of the spin-1/2 representation. The highest vector in this representation
has m = 7 and corresponds to a spin-j multiplet:

g0y =111 1)
27 spins up

In the tensor notation, this corresponds to the tensor component with all indices taking the value
1:
Tii.a

Now we can act with 7 once. According to the above rule, it acts on all components separately,
meaning that it turns one spin down in all possible ways:

T =Rt .+ D+ )

where in each term we have exactly one spin down. In terms of the tensor notation, this corresponds
to the tensor component with exactly one index taking the value 2, completely symmetrised:

Tora+ Tiza+ T
Note that the properly normalised basis vector can be obtained by comparing this result to
T-1j.3) = /2jli,j = 1) (A4)
resulting from (A.3), so

T
7] 1)—\/2—j(|¢T---T)+IN-.-T>+ +11... 1)

Going one further, we can act with T_ once more. Again we must act on each spin separately
in all terms, but the terms where we act on a spin already down give zero. Therefore we get all
possible terms with any of the two spins down with all others up:

Ty =2 Y, lode b))

1<k<l<n

The factor of 2 comes from the two possible orders of turning down the kth and the Ith spin. This
corresponds to to the tensor component with exactly two indices taking the value 2, completely

symmetrised. Using (A.3)
which upon substituting (A.4) leads to
T215.5) = V25(2j — 1)2

3,3 —2)

and we obtain

2
TRy S P T

2j(2j = 1) 1<k<I<n

- Sl
\/( 27 ) 1<k<i<n
2
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Now the general pattern is

T i) =r 3 ledi b o)

1<ki1<..kr<n

which corresponds to the symmetrisation of the 2j-index tensor components with exactly r taking
the value 2. On the other hand

T 5.5y =225 —1)...(2 —r+ 1)l |j,j — )

s0 we obtain

c . . 7!
|J;J—’-">—\/2j(2j_1)“‘(2j_?‘+1) S bbbk )

1<k <...kr<n
1
S U S NP,

27 \ 1<ki<..ke<n
r

A.5 Tensor method for SU(n)
A.5.1 Reducing the problem to 7.0

First we show that the contragredient of the fundamental representation is contained in 7~ 10),
We start by noting that the completely antisymmetric part of this tensor space has exactly

(221)-

components, since all n — 1 indices must be different and can be chosen from n possible values,
with different orderings giving tensor elements that are related to each other by an appropriate
sign (equal to the signature of the permutation which relates the two orderings).

Taking an element A € SU(n) we can write

Cil---in,Ailjl et Ainjn = C.jl---jn
and so

A, . . ) — . A1
c11---'¢I1ra"_1'¢1.;‘1 e A‘n,—l.?n—l - (Jl-u.;‘n ("_1 )jnin,

*
‘injn le . -jn

(n—1,0

Consider now the completely antisymmetric component of 7 ) which is described by a tensor

Tiy.sin1]

where the brackets denote the antisymmetry in the indices. This has exactly n components T},
(k=1,...,n) and can be written as

T[ = €iyin 1k Lk

i1.in—1]
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The inverse of this relation is

7 1
LS,
k ('n — 1)!(¢1---¢n—1k [i1.cip—1]

Now consider transforming the tensor with A € SU(n):

T[’ A

T'ol---'-‘:n,—ll =

. A T—'[j-]_---.]f-n—l]

i1j1 e in—1Jn—1

Then we obtain

Yol J‘ !
T, = mcil---in—lkT['él,,,i.,l_l]

1
= mfil...m_lkAém o
1 A* !
= mflkf(}i-u,'.jn—ll'fj_'[.?-l---jn—l]
= AT,

A

in,—ljn—lj_'[.?_l---jn—ll

Therefore the tensor Ty belongs to the space 7(Y: the contragredient of the fundamental repres-
entation is identical to the fully antisymmetric component of the product of n — 1 fundamental
representations. In order to construct all representations we can therefore restrict our attentions
to tensors 70 which are products of the fundamental representation only.

A.5.2 Tensor symmetry classes and Young tableaux

Let us consider the action of SU(n) on the tensor product of N copies of the fundamental repres-
entation, i.e. the space of tensors 70, This space carries an action of the permutation group
S, which is generally reducible. As we have seen, decomposing this space into irreducible repres-
entations of SU(n) is essentially equivalent to decomposing it into irreducible subspaces under the
action of Sy.

Now we recall that irreducible representations of Sy can be labelled by Young tableaux, ex-
amples of which are shown below.

N=2 N=3




The Young tableaux of Sy have N boxes arranged into rows whose length monotonically decreases
from top to bottom. When considering a tensor T;, ;,, the standard fillings of the tableaux
dictated by the representation theory of the permutation group are obtained by writing the i
into the boxes in such a way that &k increases from top to bottom in each column and from left to
right in each row. The corresponding symmetry class is given by anti-symmetrising over indices
occurring in each column, and then symmetrising the tensor over the indices which occur in the
same row. Let us consider the cases N = 2 and N = 3 to illustrate the decomposition.

1. N = 2 has two symmetry classes:
(a) Class [2]: the only filling of the Young tableaux is

corresponding to the symmetrised tensor
Tiliz + Tizil

The dimension of this representation is

n(n+1)
2
(b) Class [1?] has the filling
'i]
.2'2
which gives the antisymmetric tensor
’-_{;:1'.‘:2 - TEQ.‘.]_
with dimension
n(n—1)
2

2. N=3
(a) Class [3] with only one standard filling
‘2 : flllly symmetric tensor T"il-égis + Tiz'il'i:i + Ti:iiz'il + T"il'i:iiz + Ti:a'il'iQ + TEQisil

with dimension
n(n+1)(n+2)

6
(b) Class [2, 1] with two standard fillings
T ‘ : mixed symmetry tensor T imis — Ligiviy + Livivis — Lisivio
i3 : : : :

with dimension
n(n+1)(n—1)

%]



.| %1 ] 13 .
. |— : mixed symmetry tensor T iyiy — Liyiyis + Liginiy, — Ligiai;
i : : : :

with dimension
n(n+1)(n—1)

3
(¢) Class [1?] with only one standard filling
iy | fully antisymmetric tensor T} ;.. — Thyivia — Lininis — Livisio + Ligivio + Linisiy

with dimension

n(n —1)(n — 2)
6

The total dimension works out as follows:

n(n+1)(n + 2) nn+1)(n—-1) nn-1)n-2) 4
G +2 3 + 6 =n

The contragredient fundamental representation of SU(n) corresponds to the diagram [1"71]; i.e.
n — 1 boxes arranged in a single column. Note that it does not make sense to consider more
than n rows since anti-symmetrisation over more than n indices would vanish. Columns made of
exactly n boxes can be eliminated from the diagram since anti-symmetrising over n indices each
running from 1 to n gives the n index Levi-Civita as a factor in the tensor which can be eliminated
analogously to SU(2), so to obtain all the inequivalent irreducible representation it is enough to
consider diagrams with n — 1 rows only.

For the case of SU(2) the only surviving Young tableau are composed of one single row, giving
the fully symmetric tensors as the irreducible representations of SU(2).

A.5.3 The adjoint representation

An interesting irreducible representation is obtained by considering the product of the fundamental
and contragredient fundamental representation, corresponding to a tensor M;; which transforms
as

J,I:} = Aﬁf f'l%; inl'f..,:ﬂ",];f
which can also be written in the matrix form
M = AMA" = AMA™

This can be decomposed in the traceless and the trace part, both of which are irreducible under
the action of the group. The trace part is invariant so it is the fundamental representation, while
the traceless part

. 1
M; = M; — = (Tr M) 65
J ] J
, it |

is an n? — 1 dimensional representation, which form a complex vector space. These are n x n
complex matrices which can decomposed into hermitian and anti-hermitian parts:

S R 1/~ -
M =5 (a1 + 21" + . (a1 - 2t
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The transformation M’ = AM A" keeps this decomposition invariant, so the representation can be
restricted to the Hermitian part, which is now a real vector space (only real linear combinations of
hermitian matrices preserve Hermiticity). The Young tableau for this representation can be shown
to be the diagram [2,1"72] (one row of length 2 and n — 2 rows of length 1):

N
B

Just like for SU(2), any A € SU(n) can be written as
A=

with H a hermitian traceless matrix which has n? — 1 independent real parameters. Therefore the
Lie algebra su(n) of the group SU(n) is exactly the space of hermitian traceless matrices, and so
the real version of the above n? — 1 dimensional representation gives an action of the group on its
Lie algebra. This is called the adjoint representation, which is irreducible for SU(n). Lie groups
for which the adjoint representation is irreducible are called simple, so SU(n) is a simple Lie group;
another example of a simple Lie group is SO(n) with n > 3 with the exception of n =

There are exactly n2—1 linearly independent traceless hermitian matrices A, which are normally

chosen to be orthogonal under the matrix inner product defined by the trace operation:
Tr /\a/\b = 25@

(the factor 2 is included for conformity with the SU(2) case where the A, are the Pauli matrices).
The general group element can then be written as

n%-1 A
A =exp (—-z'. Z (a?“)

a=1

with ¢, € R.

A.6 SU(2) examples

Since there is only one irreducible representation for every dimension d, they can be denoted as d,
so we write 1 for spin-0, 2 for spin-1,/2, 3 for spin-1, 4 for spin-3,/2 etc. Now let us consider the
irreducible components of products of the fundamental representation 2.

1.2®2=1¢3
There are two Young tableaux

Handl:m

5350(4) has the same Lie algebra as the product group SU(2) x SU(2) and its 6-dimensional adjoint representation
decomposes into two invariant subspaces of dimension 3.




The first one corresponds to the antisymmetric part, which has only a single non-trivial
component corresponding to the spin state

1
V2

forming a spin-0 (singlet), while the second one is the symmetric part with three independent
components corresponding to the states

1)
1

V2
L)

(IT4) = 1)

(I + 1)

and describes a spin-1 (triplet).

2R22=262¢4
There are now three Young tableaux:

wd [T T

(a) The first one corresponds to the completely antisymmetric part, which vanishes since
the indices only take two values.

(b) The second one corresponds to two mixed tensors

e ‘[2, 1), : T,

K 111213
3

i | s | | |
i [2! 1]2 : Til't'Q'i:i - TiQilis + Ti:a'iQil - TiQi:iil
‘2

- T"i:*,izil + Tizilizi - T"i:*,il'EQ

[2,1]; can only have non-zero elements when 7; # i3, so the two non-trivial components
are

[T4) = 1) + [114) — [I11)
M) = [ + 1) — )

which results in the spin-1/2 doublet

1

2, 1] :—= (1) — 1))

S

2
1

V2

How does the representation work? On the generators ¢ it is given by

(M) = L) (A.5)

Tl Tl T
Ji = Dagawa(ty) = %®H®H+]I®EL®]I+]I®]I®EL



We can then easily compute

T (1) = A1) = +3 (1114 = [191)
s (1) = 1)) = =3 (I14) = [141)

The step operators act as

Te (1) = [441) = [H11) — [+14) =0
To () = 1)) = ) + 1) = 1) — 1) = [144) — [41)
Te (1) = [H1) = [H0) + 1) = [14) — 1) = 1) — [411)
T () = [H) = [H4) = [14) =0

so the two states (A.5) form the up and down component of a spin-1/2 doublet under
the action of the Lie algebra su(2).

(2, 1]2 can only have non-zero elements when i; # iz, so the two non-trivial components
are

M) = 1) + [T41) — 1)
[T = [T + ) = )

which results in the spin-1/2 doublet
1
V2
1
—= () — N
75 (1) = )
One can again establish that these two states form the up and down component of a
spin-1/2 doublet.
It is interesting to observe that in principle one could form a spin-1/2 object by pro-
jecting two spins to a singlet, which can be performed in three different ways:

2, 1]z :—= (1141 — 1))

| Singlet combination | (12) | (13) | (23) |
Spin-up state | = ([141) — [111) | =5 (11D — 111)) | o (F10) = [141)
Spin-down state | 5 ([TH) — [14)) | = (1440 — [ | &5 (R14) — 1))
However, these three doublets are not independent: the states in (12) can be obtained by

taking the difference of the corresponding states in (13) and (23). The two independent
doublets [2,1]; and [2, 1] can be identified as (13) and (12), respectively.

(c) I:l:l:l corresponds to the completely symmetric component, which comprises four
states forming a spin-3/2 multiplet

13/2,+3/2) = [T11)
13/2,+1/2) =

-

1
5 (D) + [140) 4+ 111)
3/9 _1/9) — 1
3/2,-1/2) = Z2 (1H14) + 1110 + 1)
3/2,-3/2) = |44

It can be established by direct calculation that the action of the generators Jj, on these

states agrees with the j = 3/2 case of (A.3).
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A.7 SU(3) examples

For SU(3), a standard choice of the basis in the Lie algebra su(3) is given by the eight Gell-Mann
matrices

010 0 —i 0 I 0 0
M= 100 =1 0 0 A= 0 -1 0
000 0 0 0 0 0 0
001 00 — 000
1 00 i 0 0 010
00 0 | -1 0 0
M=[00 —i =—| 0 =10 (A.6)
02 0 V3 0 0 2

An element A € SU(3) can be written as

LA
A =exp (—-iz C“;)

a=1

The action of the matrix A on a 3-dimensional complex vector space is the fundamental repres-
entation 3. The Lie algebra su(3) has 8 generators ¢, and

A(l
2
Two of the generators can be simultancously diagonalised, here they are taken to be I3 = t3 (third

component of isospin) and ¥V = —2t3/ V3 (hypercharge), under which the three basis vectors of 3
have the following eigenvalues:

Ds (t,) =

| [ B | Y ]
1) | +1/2 | +1/3
12) | —=1/2 | +1/3
13) 0 —2/3
The contragredient representation 3 is given by
() = e (1Yo
=A"=exp|: €a——
p 2. )
so the generators are represented as
A
Ds(t,) = —%

The three basis vectors of 3 have the following eigenvalues:

L [ [ Y |
| -1/2] -1/3
2y [ +1/2 ] —1/3
By 0 | +2/3
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A71 323=336

There are two Young tableaux

H and [ T

The first one corresponds to the antisymmetric part, which is spanned by the three states

_ [ L [V ]3]
5 (123) = [32)) [ -1/2 [ -1/3 1)
7 (131) —[13)) | +1/2 [ —1/3 | [2)
Z(12)-2D) [ 0 [+2/3]]3)

which form a representation 3 with the identification of basis vectors given in the table. The
second one is the symmetric part corresponding to a representation denoted 6.

AT72 3%3=158

In this case we can avoid using the Young tableaux, instead we can simply decompose into a
traceless and a trace part. The trace part is the singlet 1, spanned by the state

1

V3

The traceless part is the adjoint representation 8 which is spanned by the states

(J11) +]22) + 133))

| (L V[ [ &6 V][ 15 [v]] 1,1V |
12 7+17]0 13) [ +1/2] 1 132) [ +1/2 -1 ‘;%(LLU —|22))\ 0 \0 \
jﬁ(ﬂl)—— 22)) | 0 |0 123) | —1/2 ] 1 131) | —1/2 | -1
21) —1[0

The way we split up the representation into these tables is not accidental and can be under-
stood using isospin symmetry. The first three generators 1, t2 and t3 form an su(2) subalgebra
which is identified with the isospin. Under this su(2) the three states in the first table form an
isospin-1 triplet, the states in the second and third table form an isospin doublet, and the state in
the fourth table is a isospin singlet.

How do we know this? Let us look at the generators of the isospin subgroup in representation 3:

010 1 (0 =2 0 1 (1 00
000 0 0 0 0 0 0

So 3 splits into an isospin doublet formed by |1) and |2), while |3) is an isospin singlet. One can
write the following correspondence with the usual interpretation of su(2) as a spin:

1) < (1) [2) &)

Similarly 3 splits into an ‘anti-doublet’ (contragredient doublet) formed by |1) and |2), while |3)
is an isospin singlet. From Scction@we know that the anti-doublet is related to the doublet by
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a basis redefinition with the 2-index Levi-Civita e, cf. eqn. {i so we have
1) < 1) — 1)

Now we see that the three states in the first table can be interpreted in su(2) language as

112) - =)
5 ([11) = 22)) & Z5 (114 +[1)

21) © — [

Apart from some phase redefinitions, these are indeed the three components of an su(2) (isospin)
triplet.

The states in the next two tables obviously form isospin doublets, since
the state in the last table can be written as

- 122))

3) is a singlet. Finally,

(IN) 1))

1 -
77 (1)

which is indeed the correct expression for an su(2)

isospin) singlet.

AT73 33323=10838010
3 ® 3 ® 3 is represented by a 3-index tensor Tj,;,i,, transforming as
I_:‘-{]_Qt; = AtlhAqu /_1£iHT}1}z}i A € SU(:-%)

There are now three Young tableaux:

wd [T T

The first one is [1%] which is the fully antisymmetric component which is the trivial one-dimensional
representation since the fully antisymmetric component has only one component proportional
to the three-index Levi-Civita tensor, which is invariant under SU(3) due to det A = 1 for all
A € SU(3). The third one is the fully symmetric component 10, which decomposes under isospin
as follows:

‘ Isospin 3/2 (quadruplet) ‘ I3 ‘ Y ‘ ‘ Isospin 1 (triplet) ‘ I ‘ Y ‘
1111) +3/2 | +1 -5 ([113) +[131) + [311)) +1]0
7 ( 21) +[211)) [ +1/2 [ +1| [ J-(123) +[213) + [132) 2)+[321)) | 0 [0
2) +1221)) | —1/2 | +1 75 (1223) +1]232) +[322)) —110
%) —3/2 [ +1
‘ Isospin 1/2 (doublet) ‘ I ‘ Y ‘ ‘ [sospin 0 (singlet) ‘ I ‘ Y ‘
' 3)+331)) [ +1/2 | -1 | ] 333) (0] 2]
23) + )) | —1/2 | -1
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This describes the decuplet formed by the spin-3/2 baryons.
There are two mixed tensors corresponding to the tableau [2,1]. The first one is

[2? 1]1 : Tg — T

1i2t3 igigiy T T52i1'53 - Tisiliz

Here 71 # i3 by antisymmetry. Let us list the possibilities:
1. An isospin doublet formed by
1

(|112) = [211)) : [y = +1/2,Y =1

(

122) — [221)) : [y = —1/2,Y =1

S-S

2. An isospin triplet formed by
1

([113) — [311)) : [y = +LY =0

(

S

123) +

213) —

312) — [321)) i Iy = 0,Y =0

Sl

1
(|223) — 322)) : I3 = —1,Y =0

x|

2

3. An isospin singlet

(

312) — [321) +

132) —

231)): I;=0,Y =0

S

4. Another isospin doublet
1
V2
1
— (]331) —
ﬂ(l )

(1332) —

233)): I3 = +1/2,Y = —1

133)) : [y = —1/2,Y = —1

In the octet formed by the spin-1/2 baryons, the first doublet corresponds to the the proton/neutron
isospin doublet (contains no strange quark), the triplet is the X hyperon isospin triplet, the isospin

singlet is the A hyperon, and the last doublet is the = hyperon isospin doublet.

In fact this is not yet the full story since 3® 3 ® 3 = 1 & 8 & 8 & 10; however, we only see
an octet and a decuplet of baryons in Nature. The reason is that the quarks also have spin which
decomposes according to 2®2® 2 =2 @ 2@ 4, i.e. two spin-1/2 and one spin-3/2 components.
For the decuplet, the wave function is entirely symmetric in both flavour and spin since it is the
product of representation 10 for the SU(3) flavour and the spin-3/2 representation 4 for the spin

part.

It turns out the the general rule is that the combined spin/flavour wave function must be

symmetric. The decompositions of the flavour and spin parts can be written as

20202=2,$¢2,54
30393=108 ®8,310
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So there are four independent ways to compose states which transform as an octet of 8 and have
spin 1/2, but none of them is symmetric under simultaneous permutations of spin and flavour
indices. By explicit examination it can be seen that there is only one combination of these which
is completely symmetric under permuting flavours and spins together: this gives the spin-1/2
baryon octet. In addition, we can see that there is no way to see to make the flavour singlet 1
symmetric by extending it with a spin component, since the complete antisymmetry of 1 requires
the corresponding spin wave-function to be completely antisymmetric as well, but such a wave
function vanishes as shown in Section .

A final remark: enlarging the combined spin-flavour symmetry to an SU(6) with a fundamental
representation 6 and its contragredient 6 allows to fit the scalar and vector mesons into the
representation 6 ® 6, while baryons can be accommodated in the fully symmetric part of 6 26 ® 6
(and antibaryons in the fully symmetric part of 66 ©6). The fact that the combined flavour-spin
wave-function of baryons is fully symmetric under exchange of the particles is an essential part of
the puzzle which necessitates the introduction of the colour SU(3).

B Running coupling and asymptotic freedom

Here we consider the running coupling to leading order using an approach that elucidates the mech-
anism behind screening and asymptotic freedom adapting ideas from the description of magnetic
matcrialslﬁ

B.1 The running coupling

The interaction potential between two opposite charges at a distance r can be written as
V(r)=——. (B.1)

Taking into account vacuum polarisation the interaction strength depends on the energy/distance
scale. Introducing the energy scale A = 1/r corresponding to distance r one can writﬂ

2(A) ‘
a(N) = e (B.2)
The interaction strength, also known as the running coupling, can be related at two different scales
as
2
2 Af — € (A) B 3
FN) = iy (B.3)

where ¢(A’, A) is the contribution to the vacuum dielectric constant from field modes between A’
and A. Taking A" < A ie. ' > r, charge screening means that

e(N,A) > 1. (B.4)

However, the dielectric properties of the quantum vacuum are related to its magnetic properties
by Lorentz invariance (constant speed of light):

e(N, A)pu(N, A) =1 (B.5)

%The derivation in this section is adapted from the lecture notes by A. Grozin entitled ‘Asymptotic freedom:
history and interpretation’, available as arXiv:0803.2589.

5TNote that here the energy scale is denoted by A for instead of p as in Scctions|12.3.2| and|12.3.3| of the main
text; the reason is that in the following g denotes the magnetic permeability of the quantum vacuum.
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and so screening entails that the vacuum is diamagnetic:
p(AA) < 1. (B.6)

This can be related to vacuum energy in an external magnetic field, which results in a polarisation

contribution of the form
1
AE,,. = (— — 1) —V (B.7)
j

which can be interpreted as a change in vacuum energy. Therefore the magnetisation property of
the vacuum can be determined by evaluating the shift of vacuum energy in an external magnetic
field. To lowest order in the coupling constant e(A) it will turn out that for a small change in scale

1-— ﬂ"/ﬂ <1 (BS)

the vacuum energy shift can be written in the form

. AQ B2
which results in 200 \2
e !
p=el=1- Snﬁlogp. (B.10)
Therefore we obtain 2(1\) 2
, e
E(N) = [1- ,SOW logj\—m 2(A) (B.11)
or A2 \
a(A) —a(N) = +,Bga(2‘—ﬁ) log E (B.12)
resulting in the differential equation
da(N) . a(A)? ‘
which can be rewritten as dar(A) (A)2
o o«
A A =+ 9 (B.14)

Charge screening corresponds to 3y > 0 which means the running coupling increases with energy,
equivalently it decreases with distance.
The above equation can be solved explicitely with the result

a(Ao)

o) = T e (A /Ag) 2

(B.15)

where a(Ag) is the initial condition given as the coupling at some reference scale Ay. For asymp-
totically free theories with 8y < 0 it is customary to rewrite the solution as

1

() = [ og (A7) 2

(B.16)

which is the same as Eq. (12.108) with




B.2 Charged scalar: Landau diamagnetism

Let us assume we have a charged spinless (scalar) particle of mass m with the Lagrangian density
. _ 2 _ :
L= (Dup) D'o—m’ply  Dyup=0up —ieAup. (B.17)

We compute its vacuum energy in a box L, x L, x L. for a magnetic field B along z. We can
choose the vector potential A, = Bx and A, = A, = 0 giving the equation of motion

[(6?“ —ieA") (0, — ieA,) + mg} 0 =0 (B.18)
ie. (D + e2B%*2? + 2ieBx0, + mg) =0
We look for the field modes in the form
o= o iBtikyytik.z n(2) (B.19)

which results in

N2
(—af. + e*B? (iI‘ - j—é) ) On(x) = (B> = m® — k2) ¢u(x) .

Using the solutions of the usual harmonic oscillator

1, W, . _ o 1 ‘
( 263; +57 6}5) Yn(z) =0&, =w (n + 2) (B.20)

the energy levels of a relativistic charged particle in a magnetic field are given by the Landau levels

1
E.(k,) = :I:\/m2 + k2 + 2eB ('n + 2) (B.21)
and "
=tz -2 B.22
Ou(2) = (x BB) (B.22)

Henceforth we neglect the mass m for simplicity. As usual, the degeneracy of these levels is given
by

-BL,.L
¢ T (B.23)
2m
and summation over the z momenta is given by the integral
L
—= | dk,. B.24
5 (B.24)

The vacuum energy is then

L eBL.L 1\  eBV 1
B = g Pt 24+ 2B(n+-) =22 [ ak. 2428 (n+2).
vac 2?’!’] S Z T 2e (”+2) (27)? Z : ¥ ee (n+2)

(B.25)
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The sum can be performed using the Euler-Maclaurin formula

N 1 N+1 1
S (n n 5) = [ @ 3 PN ) - PO+ (5.26)
0
Let us consider the integral term first:

N+1 BV N+1
f flx)de = — [ dk, f dzy " \/k? + 2Bz (B.27)
0 (271-) 0 n
and defining
5

it can be rewritten as

V kTle
— / dk, / mx@\/ k2 + k2 = L,; / dkzdkxdky\/kg + k2 + k2 (B.29)
(2m) 0 (2m)

which is just the vacuum energy without a magnetic field. So the shift is

1 eBV d
AELundau = _(J— fd-]»z ‘d_ \/ k? -+ 2eBx
1.

6 (47)°

2B2V [ dk
= i2 = (B.30)
z=() 6 (4?7) |k3|

Recalling that we only need the contribution of modes A’ < |k,| < A

dk. [N dk. A2 "
el —>2fM W :logp (B.31)

we obtain the result 1 2( .'\_) A2 B2 B.32
- -
€ og ——V. 3
3 (4”)2 ” ( 3 )

Note that here we specifically substituted e with its value at the scale A since we compute the
contribution for a small interval between A’ and A. Therefore for a complex scalar we obtain

AEva.c =

Bo = 3 (B.33)

which is positive, leading to charge screening. As a result, the coupling in scalar quantum electro-
dynamics increases with energy or, equivalently, the effective charge decreases with distance.

B.3 Dirac fermion: Landau paramagnetism and Pauli diamagnetism

For a Dirac fermion the vacuum energy is given by
i

where the negative sign is due to Fermi statistics. Surprisingly, this means that the contribution
of Landau levels is paramagnetic, since the only change from the above derivation for the charged
scalar is a relative sign and a factor of 2 accounting for the spin degeneracy:

1 é? A? B?

AFELanday = —2-—— log ——V . B.35
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Why is the sign change compared to the usual Landau diamagnetism? The reason is that the usual
condensed matter derivation is performed in the presence of a Fermi sea consisting of positive energy
electrons, instead of the Dirac vacuum considered here.

However, for a fermion we also have a spin contribution, which is this case leads to diamagnetism
(again contrary to the usual result). Neglecting the mass, the energy levels are given by the Zeeman
effect as

w=/k?— g,s,¢B (B.36)

with g, denoting the gyromagnetic factor for a particle of spin s. For a massless particle the spin
projection s. can only take values +s, therefore

d*k
m

_ (gsseB)* [ &k 1 N , 2 [dk

2 2 2
B 5 € A B ‘
- 2(5"85) (47T)2 ]'Og AQ 2 V . (B.ST)

For a Dirac fermion one can obtain the gyromagnetic factor as follows. The Dirac equation can be
written as

YD, =0 D, =0, —ieA, (B.38)
which implies
1 1
0 =7""Dy\Dytp = 3 {+*,7"} DA\D,¥ + 5 [v*,7*] DAD,¥
. 1
= D%+ 2 [v',"] [Dx, D] ¢ (B.39)

The first term is the same as the Klein-Gordon equation ll in external field, and the second
term describes the spin Zeeman coupling. Using

Dy, D,| = —ieF)y, (B.40)
and F,, = —F,, = — B, this term can be written as
1
I [v*.7*] [Dx, D)4 — 2¢ BE30) (B.41)
where 1 )
12 12 v 2 ‘
Y3 = 5{'7 o = 1 [’}’ 7 } (B.42)

is the operator for the z component of the spin, which is the same as the generator of rotations in
the rest frame in Eq. (5.139). Therefore the gyromagnetic factor is g, = 2 for a particle with spin
s =1/2, giving

¢? A2 B2 ‘
and so
e? A? B?

4
AEV&.\L‘ = AELanda.u + A‘E'Pa.uli = 5

3(am)? A% 2 (B.44)
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giving

Bo = 3" (B.45)
The upshot is that coupling the electromagnetic field to a Dirac fermion field also leads to charge
screening. Substituting this result into the running coupling equation (B.15) gives equation (12.97).

B.4 Non-Abelian gauge fields

For simplicity, let us first consider the SU(2) case. We use the Lagrangian defined as in (12.69),
which for a pure gauge theory without matter fields is

1 (4] s L £ [es £ @ aoc [
L=-G,G" Gy, = OuAL — 0,A% + g™ AD A, (B.46)
The field equations are
. " abe gbv e /
oGy, +ge™ATG, =0 (B.47)
Consider the field equation of the charged field
— Al a2 ,
A, =A, -4, (B.48)

in the external field Aito linear order, which can be written as

D'Go, +igG3 A~ =0

v I
G,,=Du,A, —D,A,  D,=0,—igA, (B.49)
In the gauge D“A; = 0 and using [D,, D,] = —'z'.ngw_, we can write the equations of motion as
2 A— . 3 -
DA, — 2igG,,A™" =0 (B.50)
We take a magnetic field of colour 3 and oriented along z, so Gig = —G_fm, = —B. The two spin

polarisations of the A~ field are given by A~ = is, A~* with s, = +1, so finally
(D? +2igBs,) A" =0, (B.51)

showing that the gyromagnetic factor of a spin-1 field is g; = 2.
Therefore, in this case the Landau diamagnetic contribution is
1e%(A) ) A% B2

AE\;}L =2 a U2
3(am)? T A7 2

with a degeneracy factor 2 due to the two polarisations of massless spin-1 particle compared to
the scalar result (B.32)). The Pauli paramagnetic contribution is given by

(32 AZ BZ
——slog ——V,
(4?7)2 08 A2 2 ’

—2(gss)” (B.53)

with a sign opposite to the fermionic result (B.37) due to the difference in the sign of the vacuum
energy between bosons and fermions.
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Note that the Landau diamagnetic contribution with a coefficient of 1/3 is overcompensated
by Pauli paramagnetism with the coefficient —(g11)? = —4, arriving at the net coefficient

1 11
=" B.54
3 3 (B.54)
i.e. we obtain antiscreening!

We can now consider a general non-Abelian field theory corresponding to a simple gauge group

(. The coupling strength of a field multiplet to any of the gluon fields is given by
gt4 (B.55)

where t% is the generator of the representation of GG in which the field multiplet transforms. To
evaluate the total contribution, we need to replace €2 by the sum of the multiplet charges squared,

which can be computed from
Trgt}gts (B.56)

for any fixed a. Here no summation is meant and all choices of a give the same result due to group
symmetry. Introducing the quadratic Casimir

Trt4th, = Cro™ (B.57)
we obtaln 1 4 1
,1(30 = —Ecad‘i + §Cf + EQ, (B58)

where C,q; is the quadratic Casimir of the adjoint representation (the gluon contribution), while Cy
and Cy are Casimirs for the Dirac fermions and complex scalar fields, respectively. For an SU(N.)
gauge group Chdj = N, and with ng fermions in the adjoint representation with Cy = 1/2 the result

15

, 11 2
#3(] = _EN(: + gnf (B59)

which is the result quoted in Eq. (12.106). In particular, QCD with N,. = 3 is asymptotically free
as long as ny < 16.
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